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PREFACE TO THE 


The design of this work will be understood by reference 
to the following extracts from a Grace of the Senate, passed 
in May, 184G, which will regulate the exaidination of Can- 
didates for Mathematical Honours in January, 1848, and 
succeeding years. 

It was determined by the Grace referred to, 

1 . That Questions and Problems being proposed to the Questionists 
on eight days, instead of six days as at present, the first three days be 
assigned to the more elementary, and the last five to tho higher parts of 
IMathcmatics : that after the first three days, there shall be an interval 
of ciglit days ; and that on the seventh of these days the Moderators and 
l^xamincrs shall declare, what persons have so acquitted themselves as 
to dc&ervc Mathematical Honours. 

2. That those who are declared to have so acquitted themselves, 
and no others, be admitted to the Examination in tho higher parts of 
IMathcmatics : and that after that Examination, tho Moderators and 
Examiners, taking into account the Examination of all the eight days, 
shall arrange all tho Candidates who have been declared to deserve 
Mathematical Honours into the three classes of Wranglers, Senior Optimes, 
and Junior Optimes, as has been hitherto usual; and that these classes be 
published in the Senatc-HoUbe at nine o’clock on the Friday morning pre- 
ceding the general B.A. Admission. 

3. That the subjects of tho Examination on the first three days shall 
be those contained in the following Schedule 

Euclid. Book I. to VI. Book XI, Props, i. to xxi. Book XII, 
Props. I, II. 

• Arithmetic and the elementary parts of Algebra ; namely, the Rules 
for the fundamental Operations upon Algebraical Symbols, with their 
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simple and quadratic Equations ; Arithmetical 
eion, Permutations and Combinations, the Bine- 
Se princij)les of Logarithms. 

of Plane Trigonometry, so far as to include 

the solution of triangles. 


The elementary parts of Conic Sections, treated Geometrically, 
together with the values of the Radius of Curvature, and of the Chords 
of Curvature passing through the Focus and Centre. 

The elementary parts of Statics, treated ^^ithout the Differential 
Calculus; namely, the Composition and Rc'^oliition of Forces acting 
in one plane on a point, the Mechanical Powers, and the properties of the 
Centre of Gravity. 


The elementary parts of Dynaaiic^:!, treated without the Differential 
Calculus; namely, the Doctrine of Uniform and Uniibnnly Acceleiatcd 
Motion, of Falling Bodies, Projectiles, Collision, and Cvcloidal Oscil- 
lation«». 


The Ist, 2nd, and 3rd Sections of Newtons PuiNdriv; the Pro- 
positions to bo proved in Newtons manner. 

The elementary parts of IIv drosiaticn, treated without the Diffe- 
rential Calculi! 3 ; namely, the pressure <>j noii-ela^-f ic Fluids, specific 
Gravities,' floating Bodies, the pressure of the \Ii .iml the construction 
and use of the more sinqdc Tnstruinonu and M j* hi’i*‘ 

The elementary parts of Omrs : namely, th(‘ laws of Reflexion «and 
Refraction of Rays at plane and spherical siiifact not including Aber- 
rations; the E3 ’c; Telescopes. 

The elementary parts of Astronoaiy ; so far as they arc necessary for 
the explanation of the more simple pha.noineiia, without calculations. 


4. That ill all the‘'e subjects. Examples, and Questions arising 
directly out of the Propositions, shall be introduced into tho Examina- 
tion, in addition to the propositions themselves. 

5. {T/iis article refers merely to the dat/s and hours of Examination^ 
and U ihertfore omitted.') 

• The words “ treated geometriLdlly,” which were oiiginally inserted in this place, 
are iio\/ omitted by Grace of the Senate. 
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6. Tliat the ?i‘oflcrators and Examiners 
declare Candidates, though they have not deserfWl 
nours, to have deserved to pass for an Ordinary Dojgi^, 
Mathematical part of the Examination for such degree' 



•and such persons shall accordingly be excused the ]\rathcmatical part 
of tlie Examination for au Ordinary Degree, and shall only be required to 
pass in. the other subjects, namely, in tlio parts of tlie Examination 
assigned in the Schedule to the last two days : but such excuse shall be 
available to such persons only for the Examination then in progress. 


When the preceding regulations had passed into law, it 
struck me very forcibly that, in order to carry out the 
expressed wishes of the University, it would be desirable, if 
not necessary, that a short course of JMathematics should be 
compiled, of which the Schedule agreed upon by the Senate 
should be, as it were, the table of contents. It appeared 
to me that, with regard to several of the subjects, there were 
no books in use, which would put before the student the 
portif»ns to which it would be necessary for him to devote 
his attention, without an accumulation of other matter which 
would be likely to confuse and peri)lex. I mentioned the 
necessity of such a book several times in the course of con- 
versation, and found that others agreed as to the want, but 
did not hear of any one who seemed disposed to undertake 
the labour requisite for its supply. Under these circum- 
stances I determined to attemjit the task myself, trusting 
that the intention would be appreciated, however much the 
execution of the design might fall short of my own hopes, or 
the requirements of the case. 

For indeed it is a task of no ordinary degree of difficulty, 
to write an elementary work upon an abstruse subject ; points, 
which appear to the writer plain and intelligible without 
explanation, sometimes assume a very different aspect to the 
beginner, and difficulties of which the author is scarcely 
aware, may be of huge dimensions to a mind not already 
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with the mode of thinking which belongs to each 
Hence it has come to pass that so few 
eleini^ntaiy works have long retained their ground; and 
hence also, an author may conclude the expediency of en- 
deavouring, so far as he may, to follow in the steps of those 
few who have shewn an aptitude for this kind of writing. 
Time has, I think, proved that, of all works which Cambridge 
has produced, that which the most nearly fulfils the conditions 
of a perfect elementary treatise, is Wood's Algehra^ a work 
which it is impossible too much to admire for its simplicity 
and admirable perspicuity. In writing on Algebra, therefore, 
I have endeavoured, as far as possible, to take Dr Wood’s 
treatise as a model: and, indeed, in all other parts of my 
work, where the nature of the case allowed, I have endea- 
voured, though I fear not always successfully, to keep the 
same example in view. 

I may remark also, in general, that it appeared to me 
that the worst fault into which I could fall, in such a work 
as the present, would be an atfcctation of originality. Ori- 
ginality belongs to the progression of science, but not to 
the exposition of those portions which may be regarded as 
permanent. I have, therefore, endeavoured to deviate as 
little as possible from the methods pursued in those books 
which appeared to me, on .the whole, to be the best and the 
most generally acknowledged. 

In each treatise I have introduced all propositions which, 
according to my judgment, can fairly be included in the 
intention of the Grace of the Senate, omitting however some 
which are usually given, but which are only applications of, 
or deductions from, the fundamental propositions. To take 
an example, in the treatise on Statics I have not given the 
investigations for pullics, when their own weight is taken 
into account, nor when the strings of the pullics are not 
parallel, because these are only deductions from the simplest 
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case ; and it would seem to be iinadvisable to 
intended to be of the simplest description, with^ dc^uetioiis 
and applications which may be indefinitely 
Nevertheless my judgment may have led me into error; 
and, indeed, the only authorized comment on the meaning 
of the Grace will be the Examination Papers of 1848 and 
the few succeeding years: the character of those papers 
may perhaps render it necessary to modify some portions of 
my work in a succeeding edition, should that be called for. 

I will, however, be bold to give my opinion, that the 
success of the new scheme of examination depends, to a 
considerable extent, upon the Grace of the Senate being 
interpreted in the narrowest manner possible. The great 
number of the subjects of which a knowledge is required, 
renders it impossible for students of no great ability, or 
whose attention is principally devoted to other academical 
pursuits, to obtain a very extended knowledge of each; a 
very real and useful knowledge may doubtless be acquired, 
but it can scarcely be expected to be adequate to the task 
of answering questions proposed, unless those questions be 
almost confined to that small number of propositions which 
may be considered to be classical in each subject. 

A few remarks may be made respecting certain of the 
following treatises, and the plan upon which they have been 
written. 

The treatise on Algebra has, as I have before observed, 
been formed as much as possible, on the model of that by 
the late Dr Wood. I have given Euler’s proof of the Bino- 
mial Theorem for fractional and negative indices, as being 
at once the most elegant and the most useful as a mental 
exercise. 

In the treatise on the Conic Sections, I have principally 
followed the demonstrations given by Mr Hustler, partly 
because they appeared to me as elegant as could be desired; 



viil 


PREFACE TO THE FIRST EDITION. 


and putvdy because that work having been long published, 
and being -Usually counted the text-book in this subject, I 
thought it well to deviate as little as possible from the 
beaten track. I have, however, abbreviated to some extent 
by omission, making it in general a necessary condition of 
the admission of any proposition that it should be necessary 
to the understanding of the first three sections of Newton's 
Principia; by this and other means, I have endeavoured to 
render as little formidable as might be a subject confessedly 
difficult and unpalatable. 

In the subject of ]Mcchanics, it is more difficult than in 
either of the preceding to determine precisely the limits to 
which questions may, according to the Grace of the Senate, 
extend. On principles to which I have before referred, I 
have made the treatises on both Statics and Dynamics as 
brief as possible. 

In giving an Imglish version of the first three sections of 
the Principia, I have endea\oured to adhere, as nearly as 
circumstances would allow, to the original, only giving the 
demonstrations a form more convenient for the purposes of 
the student; and any intei*])olati('i)^ of my own have been 
enclosed in brackets. In one instance (Lemma VI.) I have, 
after the example of a version much used in the University, 
substituted a different mode of demonstration for flie very 
short method given by New ton ; but the mode of demonstra- 
tion adopted may be now% I think, considered classical, as 
having been given in the notes to the Jesuits'* edition of the 
Principia, 

The most difficult subject to treat in a clear and 
Elementary manner is, I think, the last. Astronomy; yet 
is there none upon which a treatise adapted to the ilew 
scheme of examination was more required. For hitherto 
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Astronomy has only been studied for the purpose^ of the 
Senate-house examinations by a few, and those the more 
advanced of the candidates for Honours ; and consequently 
no book has been called forth containing those elementary 
portions of the subject, which will henceforth be required, 
in a form adapted to the needs of the majority of students. 
With regard to the manner in which I have treated the 
subject, I may remark, that 1 have not construed the words 
of the Grace, “ without calculations,” so as to exclude the 
introduction of mathematical symbols when by that means 
distinctness of explanation could be most easily attained ; 
and also I may say, that to no subject more than this does 
the remark apply which I have already made, namely, that 
it is difficult to determine what is and what is not in- 
tended to be included in the schedule of subjects, and that 
the difficulty will only disappear under the light of the Ex- 
amination Papers of 1848 and a few succeeding years. 

In conclusion, I will only add that the following pages 
have been written under a pressure of other engagements, 
and at a consequent degree of personal inconvenience, wliich 
would only have been submitted to under the conviction of 
the necessity of such a work in the present state of the 
University. I am well aware of the imi>erfcction which 
must necessarily attach to the performance of my task, but 
which yet, I trust, will not be such as to affect to a ma- 
terial extent the utility of my book to those for whom it has 
been principally written. 


December, 1U46. 


H. GOODAVIN. 
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In presenting this Third Edition of my Elementary 
Course I have only a few remarks to make. 

I have reprinted the Preface to the first Edition, with 
a few omissions, although some portions of it may be now 
unnecessary, because it seems to explain, as well as I could 
wish, the intention of the work, and the principles which 
guided me in composing it. 

The scheme for the Examination, which was sanctioned 
by Grace of the Senate in May, 184G, has been slightly 
modified by a recent Grace, in accordance with a recom- 
mendation made by the Board of Mathematical Studies. 
The words, “treated geometrically,” which were originally 
appended to the “ Elementary parts of Optics,” are now 
omitted. On this account I have not reprinted the remarks 
made in the Preface to the first Edition, on the mode of 
treating this subject adopted in this work. The propositions 
which were introduced into the second Edition, with a 
view to carry out more exactly the intentions of the original 
Grace, have been retained. I have, however, inclosed them 
in brackets, to mark the fact that they are not necessary to 
the completeness of the treatise. 

Some portions of Newton’s Three Sections, which I 
ventured, partly with a view to simplicity, and partly from 
the example of a version much used in this University, to 
omit in the former editions, I have inserted in the present. 
The principal addition is the Scholium appended by New- 
ton to his First Section. I trust that the three Sections, 
as I have now given them, may be deemed complete ; at the 
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same time several good results will, I believe, be found to 
arise, £f the Student will aeeustom himself to consult the 
original Latin. 

Various additions have been made throughout the work, 
which need not be specified. But by careful arrangement 
of the matter, notwithstanding that this edition is printed 
in a bolder type than the preceding, the bulk of the volume 
has not been increased. 

It is my intention to publish, as soon as my engagements 
will permit, a small Volume supplementary to the present, 
containing such notes and illustrations as could hardly be 
introduced into the work itself, but which yet would form a 
most desirable and, if T mistake not, a pleasing addition to 
the Mathematical Course. On this account T have suppressed 
an AjDpendix, containing a view of the Solar System, com- 
piled from Humboldt’s Cosmos, believing that it will find 
a more appropriate place in the projected Volume. 

The sheets of this Edition having been carefully inspected 
by a friend, I send the volume out with greater confidence 
ill its freedom from errors than on former occasions. 


H. G. 


Cambridge, 
October, 1849 . 
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1. Algebra in its most comprehensive sense may be 
defined as being ,the science of reasoning by means of general 
written symbols.* 

In its simplest form wc may consider algebra as a more 
general species of arithmetic, in which the reasoning and the 
operations refer to certain general representatives of numbers, 
instead of being applied to the symbols of specific numbers, 
viz. the digits 1, 2, 5,..Avliich are the subject of arithmetical 
reasoning. The science of algebra is of a far more gcncraV 
and comprehensive character than this ; but even restricting 
our views to such a science as Avould be formed by a substi- 
tution of symbols of numbers in general for the nine digits, 
we may sec at once the greatness of the advance which we 
have made beyond the limits of mere arithmetic, because any 
rule which has been established by means of algebraical sym- 
bols will be universally true, since the symbols may represent 
any numbers whatever ; whereas it is dillicult to establish a 
rule by means of operations which deal with particular num- 
bers only. This remark will be imdcrstoocl better as the 
student proceeds. 

In the following treatise it will be assumed that the stu- 
dent has already made himself acquainted wdth arithmetic; 
but some of the rules and operations of that science will be 
proved and explained as applications of algebra. Indeed, 
the theory of some of the arithmetical processes will seldom 
be seen distinctly, until the mind has been informed by the 
more general science. 

• The etymology of the name, Algebra, is given in various ways. It is, however, 
pretty generally considered, that the word is Arabian, and that from those people we 
had the name, as well as the art itself, as is testified by Ijiicas de Burgo, the first 
European author whose treatise was printed on this art, and wlio also refers to former 
authors and masters, from whose writings he had learned it. Tlie Arabic name he 
gives it, is Alghebra e Almucahala, which is explained to signify the art of restitution 
and comparison, or opjiosition and restoration, or resolution and equation, all which 
agree well enough with the nature of this art. Some, however, derive it from various 
other Arabic words. Hutton's Tracts, Uistury of Alyebra, 
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2. The symbols used to denote numbers or quantities 
are usually the letters of the alphabet ; and it is the common 
practice to express known or determined quantities by the 
early letters, as a, b, c..., and unknown by the latter, as a?, y, 
^ ; but tliis rule is purely conventional, and need not be 
strictly followed. 

It will be convenient here to enumerate and explain the 
various signs w'hich are used in algebra. 

S 3. -f Plus, signifies that the quantity to which it is pre- 
fixed must be added. Thus 2 + 3 is the same thing as 5 ; 
using letters, a + h represents the sum of a and b, whatever 
arc the values of a and b, or a and b added together. 

4. — Minus, signifies that the quantity to which it is 
prefixed must be subtracted. Tlius 3 - 2 is the same thing 
as 1 ; and a — represents a with b taken from it. 

5. Since the signs + and - prefixed to a quantity b in- 
dicate addition and subtraction, they would seem to imply 
some antecedent quantity to which b is to be added or from 
which it is to be subtracted ; they arc used however without 
this restriction, and for the present it will be sufficient for 
the student to consider + 6 as a quantity which is to he added, 
and - b as a quantity which is to he subtracted. One of the 
signs + and - is supposed to prefixed to every algebraical 
quantity : + a is termed a jmitlae quantity, - a a negative 
quantity. When + a is not preceded by another quantity, it 
is usual for shortness’ sake to omit the +, and to write 
simply a. 

A simple illustration of the meaning of a negative quan- 
tity may here be of service. A debt may be regarded as a 
negative quantity, inasmuch as it is a cpiantity to be subtracted 
in ease of there being any property, (which is positive,) from 
wdiieli to subtract it. 

6. X Into, signifies that the quantities between which it 
stands are to be multiplied together : thus 2 x 3 is equivalent 
to 6. 

This sign is frequently omitted, or its place supplied by 
a point: thus a x b, ah, a. h, are equivalent. 
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7. Who'i the Jjame quantity is multiplied into itself 
several times, the product is represented in an abbreviated 
form, by placing above the quantity a figure indicating the 
number of times that it is repeated : thus a x a is written a^, 
and a X a X a, . ^2 called the second poiver, or the square 
of a; d? the- third power, or the cube; the fourth power, 1 
and so on ; is the same thing as a. 

' The figure which indicates the power of a quantity is ^ 
called its index or exponent. The meaning of the terms 
power, index, exponent, will be hereafter much extended. (See 
Art. 25) 

. r 8. -r- Divided hy, signifies that the former of two quan- 

tities between which it is placed is to be divided by the 
latter. Thus 6-i-2 is equivalent to 3. 

Division is however more generally represented by writing 
the two quantities as a vulgar fraction: thus is written 

~ , and is commonly read for shortness' sake thus, a hy b. 
h 

Wc will anticipate the result of a subsequent article, (Art. 
js.*),) by saying that ^ may also be written thus, a’". 

O/ 

9. The difference of two quantities is sometimes repre- 
sented by the signj^j thus a-^b means a — b, or b — a, accord- 
ing as a is greater or less than b. 

10. When several quantities are enclosed in a bracket, 
thus (a + 6-c), it is intended that any sign prefixed or affixed 
to the bracket should apply to all the quantities included by 
it ; thus a-{b + c) means that b and c are both to be sub- 
tracted from a, {a + bf means that tlie sum of a + 6 is to be 
multiplied by itself, (2 + 1) (.“5 + 2) is equivalent to 3 x 5 or 15. 

A vinculum or line draAvn over several quantities, thus 
+ c, is in all respeets equivalent to a bracket. 

. 11. .-. is an abbreviation for the woi’d therefore; and 

for the word because, 

.=J.2. The s<iuare root of a quantity is represented 1^ 

writing over the quantity the si^n or more briefly y/ , 

1—2 
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which is in fact a corruption of the letter r standing for radix 
or rooti and is termed a radical: thus ov \/ a means the 
square root of a. Similarly the cube root is denoted by v^, 
the fourth root by v a, and so on. 

We will again anticipate the result of an article already 
referred to, (Art. 25) by stating that a may also be written 

w 

thus, a”; in like manner ^ may be written thus, a". 

A quantity under a radical sign, the root of which cannot 
be extracted, is called an irrational quantity or a surd : thus 
\/ 3 is a surd quantity. Quantities which involve no surds 
arc called rational, 

• 

~ 13. The number or quantity by which any other quan- ; 
tity is multiplied, is frequently called its coefficient: thus in 
the quantities ax, ly, a and 7 may be called the coefficients 
of ,r and y respectively. When no coefficient is prefixed to a 
letter, l is always understood. 

14. Any combination of symbols is called an algebraical 

expression, and sometimes an algebraical formula, 1 

/ An cx 2 )rcssion is said to be of u dimensions with respect} 
to any letter, when the highest power of that letter in the 
expression is ni thus 4 So® + 1 Is of three dimensions with 
respect to a. 

When an expression is composed of two quantities con- 
nected by the sign 4 * or -, it is called a binomial expression ; 
when of three, a trinomial; when of several, a polynomial: 
a + 6 is a binmnial, a + ^4‘C4da polynomial. 

When an expression is composed of quantities connected 
by the sign x, (either expressed or understood,) the several 
quantities are called factors of the expression : thus a, b, c, 
tiva factors of abc, 

15. = Equals, signifies that the quantities between 
which it is placed arc equal to each other. Thus the sym- 
bolical sentence 2 ^3 = 5 expresses the fact that 2 and 3 added 
together make 3, 

The signs > and < are sometimes used to denote respec- 
tively yreater than and less than. Thus a>h would express 
that a is greater than b. 
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16. An algebraical sentence expressing equality between 
two expressions, such as + 1 = 2, or oi® + ic + 1 = 0, is called 
an equation. 

17. Similar or like algebraical quantities are such as 
differ only in the value of their numerical cocflGicient: thus 2 a 
and 5 a are like quantities. 

18. One quantity is said to be a multiple of another, 
when the one can be divided by the other without remainder, 
or when the one contains the other as a factor: thus 4 a is a 
multiple of a, and ax of x. 

19. One quantity is said to be a measure of another, 
when the former will ^vidc the latter without remainder. 


20. The student will find it advantageous, before pro- 
ceeding further, to fix in his mind the knowledge acquired 
from the preceding articles, by practising upon some simple 
examples. And it may be worth while in this place to re- 
mark, that the science of algebra, as well as others which will 
be treated of hereafter, are most easily to be acquired by 
the practice of them , and indeed it may be said to be almost 
impossible to acquire and retain a perfect familiarity with 
algebraical theorems, except through the medium of a con- 
siderable amount of industry expended on the working out of 
examples. Wherefore, once for all, the student is earnestly 
requested after reading any new rule or theorem to turn to 
the examples illustrative of it, and work as many as possible 
before proceeding further. 


ADDITION. 

21. Rule. The addition of algebraical quantities is per- 
formed by connecting those that are unlike with their proper 
signs, and collecting those that are like into one sum. 

•The addition of algebraical quantities would in fact be 
performed by writing them one after another, and connecting 
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them by the sign + ; but the preceding rule indicates the mode 
of reducing the sum so written down to its simplest form, 
'When like quantities occur with diftcrent signs, their alge- 
braical sum is found by taking the smaller coefficient from 
the greater and prefixing the sign of the greater: thus 4a - 3a 
would be Avritten a, and - 4a + 3a Avould be Avritten - a. 

It will be seen that addition thus considered is a A^cry 
different operation, in some res])ccts, from arithmetical addi- 
tion, since in arithmetic to add is ahvays to increase, but in 
algebra to add is only to connect a series of quantities with 
their proper siqns ; and a quantity may therefore be decreased 
by luiA’ing another, Avhich is negathe, added to it. 

The order in Avhich the result of the addition of scAcral 
quantities is AATiticn doAvn is immaierial, but it is usual emteris 
paribus to folloAV the order of the alphabet : thus Ave should 
write a + 6 + c, not a + c + 6. 

The folloAving arc exainjffes of nxlditioii, Avhich the student 
may verify : 


+ h 

iia - ft 



a + ijh 

a + 3 6 



Sum 3a + 46 

Srt 4 2ft 



- 2(/ + b 

2,1 - ft 



a + 3 6 

a Sb 



— a + 46 

3a - I'ft 



a~ + 2 a 6 + 31/ 

“ a + 6 + 

C + 

d 

2ar - a6 + 46“ 

a - 6 + 

c + 

d 

3a^ + Sa6 - 26 “ 

a + 6 - 

c + 

d 

2a‘-* + 4a6 + 5l/ 

a + 6 + 

c - 

d 


2a + 2ft + 2c +2rf 

a® + be + ctl 




ft* + bd+ c* 




a* + ft* + c- 





2a’^ + St'** + 6c + + cd 
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ax + by ’+ cz 
hx - cy - as 
^ cx ay ^hs 

(a + b - c) X + (h - c + a) y + (c - a - h) s 


SUBTRACTION. 

22. Rule. One algebraical quantity may he subtracted 
from another by changing its sign and adding it to the other. 

The reason of this rule is apparent ; for to subtract + a 
is by definition the same thing as to add - a ; and to sub- 
tract a quantity which itself ought to be subtracted is nothing 
else than to add that quantity. Using an illustration already 
adopted, wo may say that to subtract a debt is the same thing 
as to add to property. 

Hence also \vc sec that - prefixed to a bracket changes the 
sign of all the quantities in that bracket, so that - (a + 6 - c) 
is equivalent to - a - ft + c. 


Dilfereiice a - ^^ft 

2a®+oaft- Ir 
- 4aft + 67r 
(X ‘ + 7 (T ft — l- ft"* 


a -f ft - 2c 
a - ft + c 
2ft - 3c 

a + ft - (c 4 rf) 
a - {b - c) + d 
Qb^oc - Qd 


i:XA3IPLES. 

2d + ft 2a - b 

d 4 ft — cfc 4“ ft 

a 4ft 


4 (a 4 ft) - {<■ - d) y 

(ft* + c)x^ + (a 4 d) If 

(a - c) ar - (a 4 (*) f 
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MULTIPLICATION. 

23. Unlike quantities cannot be multiplied together any 
further than by connecting them by the sign x , or writing 
them together without sign. Thus a multiplied by b gives 
ab or ba, for it is indifferent whether we consider a to be 
multiplied by 6 or 6 by a. ^ ^ 

But like quantities are multiplied together by adding their 
indices. Thus x for a® signifies aaa and a* sig- 

nifies aaaa, therefore x = aaa x aaaa = aaaaaaa = 
by definition, for q} means nothing else but a multiplied into 
itself seven times. 

The sign of the product of two quantities is determined 
by this rule ; viz. the product of two quantities affected by 
the same sign is positive^ of two affected by different signs 
negative. 

Thus + (X X + b - + ab ; 

X + 

-f^ifx— 6= — a6; 

— f/y X — h = -f ah. 

This rule may be thus exi>lained : 

(1) + a X -f 6 signifies that a is to be added b times, 
which is the same as adding l ab times, therefore the result 
is + ab. 

(2) + a X - 6 signifies •that b is to be subtracted a times, 
which is the same thing as subtracting 1 ab times, therefore 
the result is - a 6. 

(S) - a X + 6 signifies that a is to be subtracted b times, 

therefore, as in the last case, the result is - aft. 

(4) - a X - b may be interpreted to mean that - a is 

to be subtracted b times, or that - ab ii^to be subtracted, 
or that ab is to be added, therefore the result is + aft. 

Numbers are multiplied together as in common arithme- 
tic : thus 2a X 3ft is not written 2 x Saft but Gaft. 
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What has been isaid hitherto applies chiefly to the multi- 
plication of simple algebraical quantities, or expressions of one 
term only. When two polynomials are multiplied together, 
each term in the multiplicand must be multiplied by each 
term in the multiplier, and the sum of all such products 
(arranged as is most convenient) will be the complete product 
required. 

It is usual in algebraical multiplication to commence with 
the term on the left hand of an expression, instead of com- 
mencing on the right as in arithmetic. 

When the same letter occurs in an expression with dif- 
ferent indices, it is usual, and in most cases of the application 
of algebra necessary, to arrange the expressions according to 
the powers of that letter: thus the expression + 
ought not to be written 1 + Six? — S_x - x^y but it may with 
propriety be written as we have given it, in which case it is 
said to be arranged according to ascending powers of x ; or it 
may be written thus — -I- So?® - Sa? + 1, in which case it is 

said to be arranged according to descending poivers of x. ‘The 
student cannot be too careful in attending to the proper 
arrangement of expressions. 

EXAMPLES. 


a + 6 a + 6 

c + rf a — b 

ac + be a® + ah 

ad + bd - ab - 6® 

Product ac + be + ad bd a® — b^ 


a + bx + car 
a - bx + €0? 

€? + abx + acx^ 

- abx - l?x^ - bex^ 

aco? + bex^ + (?x** 

a® + (2ac — + c^x^ 
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In this example the product has been arranged according to 
ascending powers of on, because the multiplicand and multiplier 
were so arranged; and on this account the two terms in- 
volving viz. 2ac.v^ and — b'x^, have been collected into 
one term, and the combined quantity 2ac — 6^ is considered 
as the coefficient of oi^. 

X^ + 2X -- l 

- 2a; + 1 

x^ + 2x^ — 

— 2 or* — 4a;^ + 

x^ + 2c^’ — 1 

x^ — 4a’® + 4a; - 1 

The operation of multiplication may be sometimes ab- 
breviated in the folloAving manner. 

It is easily seen by actual multiplication, that 

(a + 6) X (a — 6) = a® — 6®, 

or that the 2 }roduct of the sum and difference of two quantities 
is equal to the dijference of their squares : a theorem which may 
be used in the hiultiplication of such quantities as those in 
tlic last example, or more generally, in the multiplication of 
two polynomials which involve the same alge))raical quantities 
but different algebraical signs. 

Thus {x^ + - 1) X {cc^ - Qx -h l) 

= (a;® + 2a; — l) X - 2x - l) 

= X* - {2x — l)® =V - (4a;® - 4a; + l) 

= OJ* - 4a;® + 4a; - 1, 
the same result as before. 

Again, (a; + y + ^ - w) x (a; - y + -s; + w) | 

= (a; + y-w)x(a;H-^-y-i4 

= (a; + zf - (y - uf 

0 ^ + 2xz + ^yu - u^, 

a result which may be verified by direct multiplication. 
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DIVISION. 


24. Division being the inverse of multiplication, its rules 
may be deduced from those of multiplication. 

Quantities which arc not pow'crs of the same quantity can 
be divided one by another only by writing one under the other 
in the form of a vulgar fraction. 

But quantities which arc powers of the same quantity 
can be divided one by another by subtracting the index of 
the divisor from that of the dividend. Thus a'* -f- a = a^, 
because, as we have seen, a x = d?. 

The rule of signs is this; the division of quantities of 
like signs gives a ^positive quantity, and of unlike signs a 
negative. 

Sometimes the division of unlike quantities can be par- 
tially effected : thus f f ^ where the dividend can 

aha d 

be divided by the foctors a and 6 of ahd, but not by the 
factor d. 

When a polynomial is to be divided by a simple quantity 
each term of the polynomial must be divided by it, and the 
sum of the terms so found affected with their proper signs 
will be the quotient. 

The process of dividing one polynomial by anotlier is 
one of greater difficulty, but is rendered sufficiently simple 
by its analogy to long division in common arithmetic. The 
first step is to arrange the divisor and dividend according to 
cither ascending or descending powers of some letter com- 
mon to the two ; the division of the first term of the dividend 
by the first term of the divisor gives the first term of the 
quotient ; multiply the divisor by this term, and subtract the 
product from the dividend ; bring down as many more of the 
terms of the dividend as may be required, and repeat the 
process until all the terms have been brought down. 

The only poijit in this rule which seems to require ex- 
planation, is the arranging of the expressions according to 
powers of some common letter. The reason may be given 
thus : division is the inverse of multiplication, and in order 
to make division successful we must be sure that we follow 
exactly the reverse steps of some particular mode of multi- 
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plying, for two expressions may be multiplied together in 
many different ways according to the arrangement which we 
choose to adopt ; now we are sure of following an exactly 
reverse process by attending to the rule of arrangement 
which has been given, for the quotient and divisor may be 
conceived to have been multiplied together according to this 
rule to form the dividend. 

It cannot be positively asserted that the operation of 
division will never succeed unless the quantities be arranged 
according to the powers of some common letter ; but it may 
be said that in general the operation will fail, and that we 
can never ensure success unless the quantities be so arranged. 


EXAMPLES. 

a + a® — 6* (^a - fe Quotient 
d? + ab 

^ab^b^ 

•-ab^b^ 


X --y) ar* - Sx^y + Sxy^ - y® - ^xy + y* 
a? — x^y 

- 2a;*y + 3a?y* 

- 2c^y + 2a?y- 

xy - y* 
xf - y^ 

I 

^ X + y) y" — sd'~^y + - &c. 

+ af‘~'y 

- + y” 

- af‘~'y - af'-’‘y’‘ 

af‘~*y^ + y" 


- af-y + y" 

&c. &c. 
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Let us determine under what circumstances the preced- 
ing division will terminate. Suppose n to be an odd number, 
then we shall arrive at length at a remainder + y", which 
is evidently divisible hy x + y, and therefore the division ter- 
minates; but if n be even, we shall have the remainder 
- ojy""' + y”, which is not divisible by a? + y, and therefore 
the division does not terminate. 

In like manner it may be shewn that ^ + y" is never divi- 
sible by X -y, and that of - y" is divisible by a? + y if w is 
even, and hy x ^ y whether n is even or odd. 

The folloAving example is given to shew the importance 
of arrangement : 


a + lja®4“2a + l (^a + I 
a^ + a 

a + 1 
a +• 1 


thus the operation terminates; but suppose we had proceeded 
thus : 


. o / 1 1 o 

a + \ J l+2a + a~V^ + &c. 

a a- 


1 

1 +- 
a 


1 

+ 2a 

a 


1 1 

a d? 



and the operation will never come to an end. 
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Let US determine under what circumkances ^“ + + 6 is 

divisible by x + y. 

X y) + (IX + 6 (.r + a - 2/ 

+ yx 

(a - y) .r + h 
{a - y) X + ay - if 

b- ay ■¥!/ 

We have then in general a remainder h ay + if, and 
+ a oj + ?> is therefore not divisible by a? + ?/ unless y be 
such a quantity that 6 - ay + if = 0 . 

In like manner we can determine the condition of 
0^ + ax? + hx + € being divisible by a? + y. 

X + yj .1^ 4 - ax^ + Ifx -h e {a? + (a - y) + 6 - ay + y® 
x^ + yx'^ 

(a — y) + hx 

(a - y) x^ + (ay - y’) x 

(I) - ay -{• if) X + e 

{h - ay 4 - //) j:' 4- 6y - cey® + y® 

- /.-y + aif - f 

Hence the division is not possible unless y be such a 
quantity that c - fcy 4- ay^ - if = 0 . 

ON THE MEANING OF FRACTIONAL AND 
j NEGATIVE INDICES. 

25 . Hitherto a” has been understood to signify a x a x ... 
n times, and therefore n has been supposed to be a whole 
number. But it becomes a question whether it may not be 
possible to assign a meaning to the symbol a" in other cases, 
^vhether, for instance, we may not assign a meaning to aa, and 
to In doing so the only thing to be attended to is, that 

no supposition be made contradictory to any thing which we 
have at present laid down, and it will manifestly be most 
con^enicnt that the rules for multiplying and dividing such 
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quantities as we s»jcak of should be the same iis in the case 
of a positive index. Suppose then we make this convention, 
that the rule of indices which has been proved in the case of 
positive integer indices (Art. 23) shall hold true in all cases ; 
that is, let us assume that univei'sally, 

a*" X a" = (l) 

and — = a*""” (2)* ; 

then it will be found that these assumptions, which contradict 
nothing preceding them, will be sufficient to determine the 
meaning of a" when n is fractional or negative. For we have 

by (1) . 

ah X ah = a-l+a = 
but ah X a-* = ; 

or = \/ a. 

Or more generally, 

^ j- . 1 + i to p terms 

a' X X p times or = « ; 

11 1 
but a'’ X o'” X p times = («'' ; 

1 

or a!' = y/a. 

1 

Hence the symbol represents the root of fl, and a^ 
represents the root of : thus 4^ = 2, and 4.i^ = 8. It will 

be seen also that v / \/ a *= s / ^ e = and so on. 

Again, siqiposc that in (l) we write — n for n, then we 
have 

X = a”*”” ; 


but by (2) 


fjm 

a" 


= a"' 


• It will be easily seen that these two assumptions are not independent, (2) being 
immediately deducible from (1). 
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a™ 

X = — , 

a” 

which proves, that to multiply by is the same thing as to 

divide by a”, or that a“" = — ; thus 2'^ = and 4“i = i. 

a” v/2 ^ 

Thus we have assigned to negative and fractional indices 
a meaning not inconsistent with any thing which precedes, 
and which will be found of great service. We shall therefore 

henceforth use the symbols and n}\ a'^ indiifcrcntly. 

26. A rather remarkable consequence follows from (2), 
which will recpiire a few words. If we suppose m and n to be 
equal, we have 

0‘" 

a"' 

or 1 - 

T.his result is, at first sight, somewli;jt ])aradoxical, nevertheless 
it must be received as true, being a l{*L’i+lmato deduction from 
our previous assumptions ; moreover, it is not wholly incapa- 
ble of being interpreted in such a way a- to make it intelli- 
gible. For suppose, firsts that is a n.uniber greater than 
1 ; then, if we extract its square roof, it is evident that the 
square root will be less than the number Itself; let the square 
root be again extracted and the number will be still further 
decreased ; let this process be repeated a great many times, 
say a thousand, then the number will have decreased at each 
process, but will never be made less than l, because if so, con- 
versely a quantity less than 1 might be made greater than l 

_i _ 

by squaring, which is absurd; hence a^'^, which represents 
the square root of a taken a thousand times, must be very 
nearly = i, but not quite. Again, secondly ^ let a be a number 
less than 1, and let the same process be performed upon it, 
then it is clear from the same kind of reasoning that the 

number will increase at each process, but that it can never 

1 

become quite = i : hence also in this case nearly = l, but 
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not quite. But is a very small quantity indeed, and it 


therefore appears that, whether a be greater or less than i, 
when n is very small, a" very nearly = 1, and hence we can 
see the meaning of the cqu*Qtion a” = 1. '^ 


THE GREATEST COMMON MEASURE. 


27. Dke. The greatest common measure of two numbers is 
the (jreatest number which will divide both without remainder. 

The greatest common measure of two algebraical expres- 
sions must be defined rather differently. 

Def. het two algebraical expressions he arranged accord^ 
ing to descending powers of some common letter, then the factor 
of the highest dimension with respect to that letter, which divides 
both without remainder, is the greatest common measure of the 
two ec6pressions. 

It would be more correct to speak of the highest common 
divisor, since the terms greater or less are not applicable to 
algebraical expressions, whieh are great or small according to 
the numerical values which we choose to assign to the letters 


* The meaning of the equation «" = ], and of negative indices, may perhaps receive 
i]lu»«tration thus. Take any power of «, as and divide it by a, the quotient again by 
» 7 , and so on ; then we shall produce the following series of quantities. 


««, < a’, ««, a>, I, 


(- 4 ). 


Now take the same quantity and produce a series of quantities by continually 
diminishing its index by unity , the series will be 

a'’, rt®, a}, a”, a”*, «"*, «"■*, «"% {B). 

The series (//) and {D) ought to be the same, since the commencements are the 
same, and the two are fonned throughout by a uniform process ; but this identity cannot 
subsist unless we have 

rt® = 1 , a-‘ = i , a-a = a-3 = -L „-4 =3 

a a* rt-* 


The meaning of fractional indices might be illustrated in a similar manner ; but 
the view given in the text, respecting the ground upon which the theory of both fractional 
and negative indices is built, appears to be the most logical as well as the most simple 
which can be proposed. 

. 2 
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involved : but, in accordance with established usage, the name 
of greatest common measure will be used. 

2S. To investigate a rule fm* finding the greatest common 
measure of two algebraical ea^pressions. 

Let A and B be two expressions arranged according to 
descending powers of some common letter, and let the highest 
power of that letter in B be not higher than the highest in A. 
Divide A by i?, make the remainder the divisor and B the 
dividend, and so on, until you come to a quantity which will 
divide without remainder ; this last divisor will be the greatest 
common measure required. 

/The operation indicated may be represented as under, 

B) A 
pB 

qC 

D) C (r 
r I) 

0 

from which we have the 'following relations, 

A = pB + C (i), 

B^qC^D ( 2 ), 

C=rD (3), 

Now it is manifest that any quantity {P) which measures 
two others, Q, R, will measure a quantity such as mQ ± 
since it will divide each of the terms mQ and but from 

(3) we see that D measures <7, therefore it measures g C + Z>, 
that is, it measures B, by (2) ;* therefore it measures pB + C, 
that is, it measures A, by (l). Hence D is a common measure 
of A and B. It is also the greatest common measure ; for if 

* The expression mQ^nR stands for mQ + nU and mQ — nHi it is read thus, 
m Q plus or minus n H, 

If this does not appear manifest, the proof is as follows : Since P measures Q, 
let Q = qPf and since P measures R, let R = rP \ therefore 
mQ^nR^mqP S^nrP - [mq±.nr)P, 
that is, P measures m Q ± nR, 
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not, let it be D*\ then since X)' measures both A and B it 
measures A — pB, that is, it measures C, by (1) ; therefore it 
measures B - qC, that is, it measures Z>, by (2) : but D* cannot 
measure Z> if it be a quantity of higher dimensions, therefore 
D\ is not a greater common measure than X>, that is, D is the 
greatest common measure. 

In order to render the preceding process successful, it will 
be necessary to modify the remainders, and also the given ex- 
pressions, in such a manner as to avoid fractional coefficients 
in all the terms which occur. We may do this by multiplying 
by any quantity which does not introduce a new common 
measure, since it is clear that the proof which has been given 
will not be affected by supposing the expressions so modified. 
Also, any factor which is found to belong to one remainder, 
and not to the other which is used as the divisor or dividend 
to it, should be omitted. 

The rule for finding the greatest common measure of two 
numbers follows at once from the preceding investigation ; in 
the arithmetical process there is clearly no need of that modi- 
fication of the remainders or the given quantities, which forms 
so importaAt a part of the algebraical. 

Ex. Find the greatest common^ measure of 

3x^ 4- + 3x H- 2 and 4:0^ + 10^® 4- 40? — 2. 

The first thing to be done is to reject the factor 2, which 
belongs to the latter quantity and not to the former ; then 
the operation is continued thus : 

Soc^ 4- 207^4- 3x -{■ 2 
2 

2a^ 5a? 4- 2x — 1 J 4* 4or^ 4- 6x + 4 (Sx- 
6a? + 15a? 4- 6x^ — 3x 

— 11 07^— 6x^ + 907 4- 4 

2 

— 220?^ - 1207* 4- 18o? + 8 11 

— 2207^ — 55 o;* — 22 07 4- 11 

4307® 4- 4f0x — 3 


2—2 
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2.1'’ + 

5 V + 2^ - 

1 

43 



43,?'2 -j. 40^^. -3) + 

215 V + 86a;- 

43 

86V + 

80a^ — 6,r 



135V + 92.1! - 

43 


43 



5805 V + 3956 a; - 

1849 (^135 


5805V + 5400 a! - 

405 


- 1 Ulx - 1444 


(Rejecting the factor - 1444) 

W +1) 43072 + 40 0? - 3 (^430* - 3 
43o? 2 + 43 o- 


- 3o; 




30 * 


Hence 07 + 1 is the greatest common measure required. 

The example here given is one of considerable compli- 
cation, but is worthy of attention as illustrating the peculiar 
difficulties besetting the search for the greatest common 
measure. The student is particularly advised to obtain fa- 
cility in working examples under this rule before proceeding 
further ; not so much because the process of finding the 
greatest common measure is one of frequent use in practice, 
as because the greatest care is necessary to ensure the suc- 
cess of the operation, and the working of examples under 
this rule is therefore an excellent means of gaining that skill 
in the management of symbols which is essential in the sub- 
sequent applications of algebra. 

It not unfrequently happens that the greatest common 
measure of two polynomials can be discovered without per- 
forming the operation above described ; as for example, sup- 



GREATEST COMMON MEASURE. 


21 


pose it were required- to find the greatest common measure 
of and - ha? + - c? b; we have, 

a? a* (a? - a^) (a? + a% 

. and a? — hx^ + o?x — a?h = a?{x - ft) + a® (jj - ft), 

= (.r® + a?) (x - ft), 

and it is evident that x^ + a? is the greatest common mea- 
sure. In fact, the rule which we have given for discovering 
the greatest common measure may be dispensed with, when- 
ever it is possible to ascertain by inspection the simple factors 
^of which the polynomials are composed. 

29. The greatest common measure of three quantities 
A, B and C, is found thus: Find D the greatest common 
measure of A and then the greatest common measure of 
Z> and C will be the greatest common measure required. 

For every measure of A and B measures D, and there- 
fore every measure of A, B and C measures C and D, and 
hence the highest measure of A^ B and C will be the highest 
measure of C and D, 

Ex. Find the greatest common measure of a"— 4.r + 2, 

a?— a? + x -- If and x'^ + 3 — 4. 

First, to find the greatest common measure of -f x' -4x + 2 
and ar* - a?* + .r — 1 . 

a? + x^ — 4x -h 3 J a^ — x^ + X — 1 (^1 
a?4-x^ — 4x + 2 

- 2 a?' + .5x — 3 

2x^-5x + 3J 2a?^ + 2a!®-8a? + 4 (^a? 

2ar^- 5x^+ 3x 

7 a?— 1 1 a? + 4 
2 


14a?‘‘* - 22 a? + 8 (^7 
14.r" — 35 .T + 21 


13a* - 13 
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Rejecting the factor 13, we have for the new divisor x - l; 
X - l) 2x^-5x + 3 (2x - 3 
2x^ — 2x 

^3x + 3 
— 3a?+ 3 


and a; — 1 is the greatest common measure of the first two 
given quantities. 

We have now to find the greatest common measure of 
0 ? - 1 and a? + 3 X - 4f. 

x — l)x'^-h3x-~4} (^.r + 4 
or --x 


4x - 4 
4^ — 4 

a; - 1 is itself the greatest common measure required, and 
therefore, according to the preceding r,ule, is the greatest 
common measure of the three given quantities. 

30. One application of the rule for finding the greatest 
common measure of two quantities is to the simplification of 
fractions; they may frequently simplified by inspection, 
but, if this cannot be done, find the greatest common mea- 
sure of the numerator and denominator by the preceding 
method and divide both numerator and denominator by it. 


THE LEAST COMMON MULTIPLE. 

31. Def. If A and B are two algebraical expressions 
arranged according to descending powers of some common letter , 
and M the quantity of lowest dimensions with respect to that 
letter v)hich is divisible by both expressions, then M is the least 
common multiple of K. and B. 

To find M, let m be any multiple of A and B, so that 
m^pA^qB; 

then by definition M will be that value of m for which p and 
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q are of the lowest dimensions. But since pA. ^ qB, we have 

- = — , and therefore the proper value of - will be found by 
q A q 

reducing — to its lowest terms. Hence if be the greatest 

common measure of A and B, 





A 

D" 


and therefore M=^pA ^ qB ^ - 


Hence we have this rule: Multiply the two expressions \ 
together and divide the product hy the greatest common measure^ ^ 
the quotient will he the least common multiple. 

In practice it is better to divide one of the quantities by 
the greatest common measure, and multiply the other by the 
quotient. 

If two quantities have no common measure it is plain that 
their least common piultiple is their product. 

Example. Find the least common multiple of a?® - Scr + i 
and a?* - - 07 + 1. 

07® — 207 + 1 ) ^1?^ — .17® — 07 + 1 (^07 — 1 
0?* — 207*-f 07 

— 07® H- 2 /I7^ — 2 07 + 1 

— ,17® + 207—1 

2o?‘ — 4o? + 2 ' V 

.1*2 - 2o? + 1 J 07® — 2 ,17 + 1 (^07 + 2 

07® — 2 07- + 07 

2 — 3 07 + 1 

2o7® — 4o7 + 2 

07 — 1 J 0?®— 207 + I {^07-1 


— 07+1 

— .17 + 1 
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Hence - l is the greatest common measure. 
Again x-\) oe^ ix? - x + l - 1 

- X \ 

- .r + 1 


[a? - l) {x^ - 20 ? + 1) = a*® -- + 2^ - 1 is the least 

common multiple required. 


32. The least common multiple of three quantities A, B 
and C is found by determining the least common multiple D 
of any two of them, as A and B, and then finding the least 
common multiple of D and C 


Ex. Find the least common multiple of a?^ — l, a?® - 1, 
and .r® + 5 a? + 4. 

The greatest common measure of a?^- 1 and ar^- 1 is easily 
found to be a? - l ; therefore the least common multiple is 

— - — , or (a? + 1) (a"^ - l). We •must now find the 


least common multiple of this quantity and a?® + 5a? + 4 : it will 

be found that the greatest common measure is a? + 1 ; there- 

n 1 . jj, I .■« 1 (a?+ l)(.r^-»l)(a?®4-5a?+4) 

fore the least common multiple will be 

a? + 1 

or (a?^ - I) (a?^ + 5a? + 4), or a?® + 5x* + 4a?^ - a?^ - 5a? - 4. 


ON FRACTIONS. 


33. In arithmetic we define a fraction thus : A fraction 
is any part or parts of a unit or whole, and it consists of two 
members, a denominator and a numerator, whe|||^the for- 
mer shews into how many parts the unit is dividedTwle latter 
shews how many of them are taken in the given case. 

Thus f denotes that the unit is divided into 5 parts and 

that 3 of them are taken ; and more generally j denotes that 

the unit ^s divided into 6 parts and that a of them are taken. 


IL, 
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In algebra we cannot give exactly the same definition, for 

we call any quantity of the form j a fraction, although a and 

6 arc not necessarily representatives of whole numbers, as they 
nnist be if the fraction be an arithmetical or vulgar fraction. 

What is meant by the algebraical fraction ^ is simply this, 


that any quantity affected by it is to be multiplied hy a, and 
divided by b ; this definition however includes that given 
above for vulgar fractions, as it ought, because algebra is a 
more general science than arithmetic, and includes arithmetic 
in its rules. 


34. To add two or more fractions together, bring them to a 
common denominator, add the numerators for a new numerator, 
and take the common denominator for the new denominator. 


Let 7 , ^ be two fractions, 
b d 

a c ad be ad -v be 
then - + - = _ + — = — ~ - ; 
h • d bd bd bd 

for in the first place ~ , since to multiply and divide by 

d cannot affect the value of the fraction ; and in the next 

place ^ ^ indicates that a quantity is to be divided by 

bd and multiplied first hy ad and then by be, and that these 
two products are to be added together, whereas the expres- 
ad + be 

sion — - indicates division hy bd and multiplication by 
bd 

ad ’{‘be, but this is manifestly the same operation as in the 

- . ad be ad + be 

former case, hence — + — = — , - . 

bd bd bd 

The rule for subtraction follows at once from that for 
addition, and is expressed by the formula 


a 

b 


e 

d 


ad — be 

~'bir ' 
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35. When any number of fractions are to be reduced to 
a common denominator, the rule (which requires no proof) is 
this : Multiply each numerator by every denominator except 
its own, and all the denominators together for a new denomi- 
nator; connect the numerators together with their proper 
signs, and place under them the new denominator; lastly, 
reduce the fraction so formed to its lowest terms. This rule 
may be sometimes usefully superseded by the following : 
Find the least common multiple of the denominators, take 
this as the new denominator and its product by the several 
fractions for the several new numerators. 


Ex. 1. Reduce the expression ^ to its most 

simple equivalent form. 

In this case 1 - a?® is the least common multiple of the 
two denominators, and we have 

tt-2 .r2(l + iV) - o}^ 

1 — 1 — 1 — 1 — ’ 


which is the form required. 

4 

Ex. 2. Reduce - - 


to its 


a* + 1 {x + 1)2 (.V + 1)3 0? + 2 

simplest equivalent form. 

The new denominator will be (a? + l)3(,r + 2), and the 
expression may be written thus, 


4(a? + 4 - 2 ) - S{x + l) {x + 2 ) + (.r + 2 ) - 4(c'r + l)^ 

{x H- 1)3 (a? + 2) 

Whic = 7^1)3 (7+2)' 


{x + 2) (4^*2 + 5x + 2) - 4(a?3 + Sai^ + Sx + l) 
{x + 1)3 (x + 2) 

4.1?^ + I3x^ + 12, r + 4 — 4a?® - 12a7* - 12x - 4 

{x + 1)® (ci? + 2) 

{x + l)3(a7 + 2) ’ 
which is the form required. 
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36. To multijdy two fractions together^ multiply the nume- 
rators togeth^ for a new numerator and the denomimitors together 
for a new denominator. 


• Let “ , ^ be the two fractions, then will 7 ^ ^ • 

h d ha bd 

This is a consequence of the meaning of the symbols, for 

a c , 

- X - signifies that the quantity c is to be divided by d, then 
b d 


multiplied by a, and then divided by b ; and — signifies that 

bd 

a and c are to be multiplied together and then divided by 
the product bd\ hence the operations indicated in the two 
cases are the same, the order of them is the only difference, 
but the order of operations has no effect on the result ; 


a c ac 

6 5 “ M’ 


The same reasoning will shew that a x ~ ~ . 

d d 

It will be observed here as in other cases that a rather r 
extended sense is given to the term midtiplication ; the student 
should understand by the term an algebraical operation of 
which multiplication in arithmetic is the type^ 

37. To divide one fraction by another, invert the divisor 
and proceed as in multiplication. 

Since to divide is the inverse of to multiply, it follows 

that to divide by 7 is the same thing 'as to multiply by - ; 

b vb 

and hence the rule. 

It is hardly necessary to state, that in this and all other 
cases the fractions resulting from any of the operations for 
which the rules have been given should be reduced to their 
lowest terms. 
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ON THE THEORY OF DECIMAL FRACTIONS. 

# 

38. The principles of algebra which we have been de- 
veloping are sufficient to enable us to explain and prove the 
rules of decimal fractions ; and as we have been speaking of 
fractions, this will be a convenient place for introducing the 
subject. 


39. Def. a decimal fraction is one luhich has 10 or some 
power of 10 for its denominator. 

Hence a decimal fraction will be represented algebraically 
N 

by where n is the number of decimal places, and N is 

the whole number which the decimal would represent if we 

137 

omitted the decimal point. Thus 1 .37 = — , in which case 
N = 137 and n = 2. 

Having obtained this general symbolical representation of 
a decimal, all the rules will follow with great simplicity. 


40. To prove the rule for the multiplication of decimals. 

Let ^ — be two decimals : then 
10 ^" 10 " 

M N MN 

X S= - . 

lO* 10" 10"*+" 

The numerator of this last fraction shews that the decimal 
quantities are to be multiplied together as if they were whole 
numbers, the denominator that there must be m + w decimal 
places, that is, as many as in the multiplier and multiplicand 
together. 

The rule for division may be proved in like manner. 


41. To prove the rule for converting a vulgar fraction into 
a decimal. 

Let — be the vulgar fraction; then 
B 

A Ax 10" -f- 2? 

B " ur 


identically. 
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The numerator stiews'that we are to add cyphers at pleasure 
to the right of Ay (for that is the same thing as multiplying 
by 10”,) and that we are then to divide by B ; while the de- 
nominator indicates that as many places are to be marked off 
for decimals as we have added cyphers. 

42. To prove that every vulgar fraction must produce either 
a terminating or a recurring decimal. 

In the division of AlO** by B every remainder must be 
less than B, therefore there can be at most only ^ — i dif- 
ferent remainders ; hence if no remainder becomes zero, 
that is, if the operation does not terminate, a remainder 
must recur within - 1 operations at furthest ; the figures 
in the quotient will then recur, and the result will be a 
recurring decimal. 

43. To determine the form of those vulgar fractions which 
produce terminating decimals. 

We have as before 

A AlOT’^B 
B To” ‘ 

Now in order that the above may be a terminating decimal, 
B must divide -4 10" without remainder ; but B cannot divide 
A since we suppose the fraction to be in its lowest terms, 
therefore it must divide 10". But it is easy to see that the 
only numbers which will divide 10" are those which are made 
up of the factors 2 and 5, because these are the only two 
numbers which will divide 10. Hence B must have no other 
factors than 2 and 5, or, speaking algebraically, B must be of 
the form 9,^5'^. For example, will produce a terminating 
decimal, because 8 = 2^; but will not, because 24 is di- 

visible by 3. 

These are the most simple propositions relating to de- 
cimals; others will be found in Arts. (60) and (107). 



30 


ALGEBRA. 


ON INVOLUTION AND EVOLUTION. 

44. Involution is the process of multiplying a quantity 
by itself any number of times ; Evolution is the finding of a 
quantity which being multiplied into itself a given number of 
times shall become equal to a given quantity, in otlier words 
evolution is the extraction of any root of a quantity. 

45. The involution of a simple quantity is effected, as 
we have seen (Art. 25 ), by multiplying its index, and the 
evolution by dividing the index ; for 

p 

Jind = (iL 

40. The involution of a polynomial is a very simple 
though frequently a laborious process, being a process of 
actual multiplication. 

Ex. 1. Find the square of a + h, 
a h 
a + h 

+ ah 
ah ir 

rr + 2nb + ft- (nr + hf 

Ex, 2. Find the cube of a + ft. 
a® + 2aft + ft'* 
a + 1) 

+ 2a-ft + ah^ 

a^b + 2ab^^l/ 

+ Sa^b + .3aft* + ft^ = (a + ft)=' 

It will be easily seen that the labour increases very rapidly 
with the number of terms in the polynomial and also with 
the degree of the power. 
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47. The squaring' of a polynomial is rendered very easy 
by the following theorem : 

The square of any polynomial - the sum of the squares of 
the terms + twicje the product of each two terms. 

To prove this we observe that in the expression for (a + 6)® 
the rule obviously holds, for (a + 6)^ = a‘^ + 6® + 2a6 ; now 
suppose the rule to hold for the polynomial a + 6 + c + .,.+ Z, 
so that 

(a + 6 + c + ... + Z)® = o? + IP + c* + ... + f* + 2a6 -f 2ac + ... (l) 
then introducing another term m we must have 

(a + Z> + c... + Z + mf = (a + 6 + c + ... + Z + m)® 

= (a + 6 + c... 4- Zy^ + + 2 (a + 6 + c + ... + l)m 

(because t/ + Z;4-e4 . +Z may all be considered as one 
quantity;) ' 

= d' + 6® + c“ + ... + Z^ + 2a6 + 2ac + 

+ 4- ^am + 26m + ... by (l) 

= the sum of the squares of the terms + twice the pro- 
duct of each two. 

Hence if the theorem be true for a polynomial of any number 
of terms, it will be true for a polynomial of that number of 
terms increased by one : but the theorem is true for an ex- 
pression of two terms, it is true for one of three, for one 
of/e/o*, &c., for any polynomial. 

The mode of rcawSoning adopted in the preceding proposi- 
tion is one of which we shall have to make use again, and is 
therefore worthy of attentive consideration 


* This is an example of perfect induction. In practical matters our belief is gene< 
rally founded upon an induction from particular facts, and the greater the number of 
the facts on which our judgment is founded the greater is the confidence of our belief. 
But the exactness of matiiematical reasoning admits of no conclusion based upon such 
grounds, because the induction from never so many particular cases cannot do more 
than establish a strong probability, and the highest probability is altogether different 
in kind from mathematical certainty. The only kind of induction, which is perfect, 
and is therefore admissible in mathematics, is when it is shewn, not only that a propo- 
sition is*true in certain cases, but also that if it be true in one, it is necessarily true 
in another, and therefore that if true in one it is true in all. 
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P^xamples of the application of this theorem : 

— .r + 2)** = .4?^ + it** H- 4 - + 4ir® - 4.i* 

= — 2.r* + — 4^* + 4, 

(.r’ — t'l” + .r* — 1 )" = y* + .f ^ + ijr + 1 —2^ + 2 . t ^ — 2^’ - 2 a*'^ + 2 ir^ - 2 j; 
= .r® - 2y -f 3 .x*^ — 4.r'* + 3a?® — 2a? + !. 

48. Involution, being an inverse process, is not so simple 
as involution, and the rules for it must be obtained by ob- 
serving how the power of a compound quantity is formed 
from the quantity itself. 

49. To extract the square root of a compound quantity. 

Since the square of a 4 - 6 is a® 4* 2«& + 6®, we may obtain a 
general rule for the extraction of the square root by observing 
how a 4 6 may be deduced from a" 4 2 at 4 t®. 

Arrange the expression ac- ^ ^ ^ ^ 

cording to powers (say descend- 

imfj of some letter a. The square 

root of the first term a® is a, 2a 4 6^ 4 2 at 4 
which is the first term in the 2 at 4 6® 

root; subtract its square from 

the given expression, and bring down the remainder 2a6 4 6^; 
divide 2a 6 by 2a, and the result is b, the other term in 
the root ; multiply 2 a 4 t by h and subtract the product 
from the remainder 2a6 4 6^ If the operation does not ter- 
minate here, i, e, if there is another remainder, this will shew 
that there are more than two terms in the root ; in this case 
we may consider the two terms a 4 already found as one, 
and as corresponding to the term a in the preceding opera- 
tion ; and the square of this quantity, viz a®4 2a6 4 fe®, having 
been by the preceding process subtracted from the given 
expression, we may divide the remainder by 2 (a 4 b) for 
the next term in the root, and for a new subtrahend multiply 
2 (a 4 6) 4 the new term by that new term. The process 
may be repeated as often as necessary. 
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Example. Find the square root of 

+ 2a?® + 0 ?® - 2a? + 1 (or® - 0 ? + 1 

aP 

2ar®-a?J - 20 ?'^ + 2a?® + .5*?^ 

— 2 . t ^ + aP 

2ar® — 2a? + 2ar® — 2a? + 1 
2a?® - 2a? + 1 


50 . To extract the cube root of a compound quantity. 

• We have seen (Art. 46) that (a + 6)® = a® + 3 a® 6 + 3 a 6" + 6®. 
Hence we deduce the rule as 
in the case of the square 
root. Arrange the expres- 
sion according to descending 
powers of a, the cube root of 
the first term a® is a, the first 
term of the root ; subtract its 
cube from the given expression, and bring down the remain- 
der ; divide the first term by 3 a®, the quotient is b the second 
term of the root; subtract the quantity 3a® 6 + 3a 5® + 5®; if 
there is no remainder the root is extracted, if there is we 
must proceed as before, considering a + 5 as one term corre- 
sponding to a in the first operation. 

Example. Find the cube root of 
0?” + 120?"’ + 60a?^ + l60ar® + 240a?® 192a? + 64 + 4a? + 4 

0?^ 

Sa?V 12a?'* + 60a?^ + l60a?® 

(3a®6 *) 12a?® 

(3a6®=) + 480?^ 

(6®=) + 64a?® 

30?^ + 24a?® + 48a?®J 12a?* + 96a?® + 240a?® + 192a? + 64 

(3a®6 =) 120?^ + 96a?® + 192a?® 

(Sa6®=) 480?®+ 192a? 

(6’=) 

.3 


a’ + 3a’6 + 3a6®+ 6’ + 6 

a* 

3a“>) 3a®6 + 3a6* + fc’ 

Sa®6 + Sal? + I? 


+ 64 . 
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The eases of the square and cube root have been given 
separately on account of their more frequent occurrence, and 
in order to explain the rules for their extraction in arithmetic, 
but they are both included in the following investigation of 
the method of extracting the root of a polynomial. 

51. We must premise the following 

- j Lemma. The first two terms ^ (a + b)”, where n is a 
positive whole number^ are a" + na^'^b. 

For by actual multiplication this is seen to be the case 
when n = 2, because (a + 6)* = a® + 9,ah and when n = 2 
a" + b = a* + 2a6. Now, suppose the proposition to be 
true for any value of a, i. e. suppose that 

{a + by = a” + h + terms involving lower powers of a, 

then (a + A)'* = {a + />) + na'^'^b + } 

= a" 4- na*'b + 

+ a ‘b -H 

by actual multiplication, 

= + (//, f- ])(i'b + 

which shews that if the Lemma be true for any value of n, it 
is true for the whole number next greater ; but it is true ivhen 
u = 2, it is true when n = .J, wlien n = 4, &c., gene- 

rally true. 

This is another example of the mode of proof used in 
Art. 47. 


52. To find the n^‘‘ root of a poh/nomiaL 

Suppose the root to hc^ a bx + cx^ ^ which is 

arranged according to ascending powers of some letter x : 

then the given polynomial is (a + bx + cx^ + )", which 

however we are to suppose expanded and arranged according 
to ascending powers of x. 

Now by the liCmma 

(a + + cx^ + )" = a” + nap-^{bx + cai? + ) + 

= a" + + terms involving 

powers of X above the first. 
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The first term a of the required root is known by in- 
spection, being the root of a” ; subtract a" from the given 
expression, then the first term of the remainder is 
divide this by and we have hx the second term of the 

root. 

Again, by the Lemma 

(a + bx + cx'^ + )” = {a + 5^)” + n{a + hxY"^ {ca? + ) 

+ &c. 

= (a + bxY + cx^ + terms involv- 
ing powers of X above the second. 

The terms a and bx are already known ; if then we 
subtract (a + bxY from the given expression, the first term 
of the remainder will be dividing which by the same 

quantity as in the first process, viz, we have car the 

third term of the root. 

By precisely similar reasoning it will appear, that if we 
subtract (a -f* bx + cafy^ from the given polynomial and divide 
the first term of the remainder by na"'"*, we shall obtain the 
fourth term of the root ; and so on. 

Example. Extract tlie fourth root of 
x^- ^x^ + 28^®- 56^'’’+ 70a?*- 28a;®- 8a; + 1 (a?® - 2a; + 1 

- SeV' + 24.1/'^ - 32a/’’ + (a?® - 2.r)*^ 

40,*®^ 4 07^’ — &C. 

a?" - 8 + 28 +■ 70 ,v* - .56.r®+ 28 .t?®- 8 a? + 1 { = (a*® - 2 a-* + 1 )* } . 

53. The preceding investigations are quite necessary in 
order to understand fully the theory of the extrcactioii of the 
square and cube roots of numbers. 

54. On the rule of pointing in the extraction of the square 
root of a number. 

EVery number consisting of one figure or digit is less than 
10, and therefore the square of a number of one figure is less 
• 3 — 2 
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than 10®; more generally, every number of n figures is less 
than 10”, (because 10” represents 1 followed by n cyphers,), 
and therefore the square of such a number is less than 10®", 
but also every number of n figures is not less than 10”“’, and 
therefore its square is not less than 10®"”®; now io®"“® is the 
smallest number of 2n - 1 figures, and lO’" the smallest of 
2w + 1 figures, consequently the square of a number of n 
figures has either 2w or - 1 figures. This being the case 
if we put a point over the unit’s place of a number of which 
the root is to be extracted, and point every second figure 
from right to left, the number of points will always be equal 
to the number of figures in the root : if the number of figures 
be even, the number will be divided into compartments of two 
each ; if odd, the last compartment will contain only a single 
figure. 

Ex. 1724.%‘, 21547: each of these numbers has three 
figures in its square root. 

The rule for extracting the square root of a number is 
an adaptation of that for extracting the square root of an 
algebraical expression. The nature of the adaptation will be 
seen best by an example. 

Let it be required tp extract the square root of 21 16. 

Point the unit’s place and every second figure ; find the 
greatest number the square of which is not greater than the 
number expressed by the first period ; in the example 21 is 
the first period' and 4® is not greater than 21, hence 4 is the 
first figure in the root. Then subtract the square of the 
number thus found from the first period and bring down the 
second ; divide this number, omitting the last figure, by twice 
the number already found, the quotient is the second figure of 
the root ; in the example we divide .51 by 8, which gives 6 for 
the second figure. Annex the figure thus found to the 
divisor, and multiply the divisor so increased by the figure of 
the root last found, to form the subtrahend ; in the example 
86 is multiplied by 6, which gives the subtrahend 51 6. If 
there be more periods to be brought down, the operation 
must be repeated. 
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9*116 (^46 
16 

H6J 5l6 
516 


55. On pointing in the extraction of tlie cube root. 

It may be shewn in the same way as in the case of the 
square root (Art. 54), that the cube of a number of n figures 
contains 3m, 3m - 1, or 3m — 2 figures, and therefore that if 
we put a point over the unit’s place and on each third figure 
we shall have as many periods of figures as there are figures 
in the root. 


56. The rule for the extraction of the cube root of a 
number is deduced from that for the extraction of the cube 
root of an algebraical expression, in the same way as in the 
case of the square root. 


Let it be required to extract the cube root of 12167. 

Point the number ac- .. a b 

cording to the rule ; in the 12167 ^20 + 3 = 23 

example there are two 8 

periods. Find the greatest 

number the cube of which Sa® = 1200) 4167 


is not greater than the 
number expressed by the 
first period, this will be the 


3600 = 3a®5 
540 = 3ah^ 


first figure in the root ; in 


2f^ 


the example it is 2 : in 

order to compare this ope- 4167 = subtrahend. 


ration with the algebraical 

one, call this figure with a cypher affixed to it o, so that 
in the example a = 20, and let h be the next figure required. 
Subtract the cube of the figure already found from the first 
period and bring down the second; divide this by 3a®, and 
the quotient will probably be the next figure b of the 
root ; ill the example we find 6 = 3. Form the subtrahend by 
compounding the formula 3a®6 + 3a6^ + 6^ where a and 6 
have the values already found ; if this subtrahend is too large, 
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take the number next less than that found for h and try again, 
and so on until you find a subtrahend sufficiently small. If 
there are more than two figures in the root, bring down the 
next period and proceed as before ; the subtrahend will 
always be found by the formula it being 

remembered that a stands for all the figures already found 
with a cypher aflSxed ; suppose for example, that in any ex- 
traction the figures 271 had been found and that 6 was the 
next, then a = 2740 and h - 6. 

57. To ea;plain why it is that the rule given for finding the 
sticcessive figures of the cube root of a number frequently gives a 
ninnher too large. 

Suppose the part of the root found to be a, and the next 

digit h, then the rule is to subtract and divide by 3a^; but 

the actual quantity given by this rule is 

3 h 4- 3 ff + IP 3 a IP -f IP 

^ ■=/) + « : 

3 ar rr 

consequently the result given by the rule differs from the 

Snip + IP 

required number b by the quantity — , which may very 

3 ft 

well be greater than 1 , and if so tlie number given by the rule 
will be too great. The rule is more likely to be in error at 
the commencement of the operation, because then a is not so 
great as afterwards. 

The name of trial divisor has been very properly assigned 
to SdP. . 

58. Hence we see why in arithmetic no rule can be given 
for the extraction of the higher roots ; for the rule for the 
cube root becomes, as we have seen, uncertain ; and if in the 
case of high roots we adopted the method of Art. 52, we 
should find that the trial divisor naP'^ would scarcely ever 
give us any help in discovering the figures of the root. 

59. The distinction between the algebraical and arith- 
metical operations will be seen at once by observing the differ- 
ence in the operations of squaring (or raising to any power) 
an algebraical expression and a number. We have 

{aoo + hf == dPifP + 9.ahx + 61 
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Now suppose fc = lO, then lOa + 6 represents a number having 
digits a and ft, but (lOa + ft)^ is not represented arithmetically 
by 10 ^ + 10 . 2a& + 6^, unless ^ah is less than 10, and if this be 
the case the square of the number will have lost algebraically 
the type of the number itself. 

For example, 18 = 10 .+ 8 , but 18® is not represented by 
10® + 10.16 + 64, but by 10®.8 + 10.2 + 4. 


60. To investigate a rule for pointing in the extraction of 
the square root of a decimal quantity. 

N 

A decimal quantity may be represented by — , where N 

represents the number supposing the decimal point omitted, 
and n is the number of decimal places. Now n is cither odd or 
even ; if it is odd, multiply numerator and denominator by 10 , 

and let the quantity thus modified be represented by . 


Then 


\/M 
10 '" ’ 


a formula which indicates that the 


square root of M is to be extracted as in whole numbers, and 
that m places arc to be marked off for decimals ; but in point- 
ing ili it is to be ol)scrved that, since we made the number of 
decimal places even, a point will necessarily fall on the original 
unit’s place. Hence we have this rule : Put a point over the 
unit's place, and point every second figure right and left. 


The rule for pointing in the extraction of the cube root 
may be found in a similar manner. 


61. When p figures of a square root have been obtained by 
the ordinary method, p - 1 more may be obtained by division 
only. 

Let a be the part of the root already obtained, x the part 
consisting of 7 ? - 1 figures which we wish to obtain, and let 
N be the whole root, so that' 

i\r= al0^“* + X, 

.*. iV® = a®10"^"® + 2aa?10^"^ + 
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Subtracting a'lo’*’ ® from each side of this equation and 
dividing by 2al0^"*, we have 

A?® 

2 al 0 ^-‘ “‘^'*’2010^^' 

From this it appears that the division above indicated will 
give us X correctly, if we can prove — ■ to be a proper 
fraction. 

Now X consists of p - 1 figures, and is < ; 

a?* is < 10 ®*’“® ; 

but a consists of p figures, and is not < 10P~* ; 
a? 


2alOP-* 2’ 

and hence the division Avill give us the p - \ figures of x 
correctly. 


ON EQUATIONS. 

62. An equation has already been defined to be an alge- 
braical sentence expressing the equality of two algebraical 
expressions, or (which is the same thing) of an algebraical 
expression to zero. 

. If an unknown quantity is involved, the equation involv- 
ing it serves to determine the unknown quantity, and it is our 
business now to lay down rules for the performance of thia 
process, which is called the solution of the equation. 

If when cleared of radicals an equation involves only the 
first power of the unknown quantity x, it is called a simple 
equation ; if it involves x^ also, it is called a quadratic ; and, 
generally, if it involves x" it is said to be an equation of n 
dimensions, or of the n*** degree. We shall in this treatise be 
eoncerned only with simple and quadratic equations. 

A value of x which satisfies an equation is called a root of 
the equation. 
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63. Suppose we have the equation a? + a = i ; then sub- 
tracting a from each side we have x = b - a, that is, a quantity 
may be placed on the other side of an equation if its sign be 
changed. This process, which is one of the most frequent in 
the solution of equations, is called transposition. 

64. It is manifest that if the same operation be per- 
formed on the two sides of an equation, the equality will still 
subsist ; we may therefore multiply or divide the two sides of 
an equation by. the same quantity, or may raise the two 
sides to the same power, or extract any root of both sides. If, 
for example, 

a*® + 2a? — 3 = + 1, 

then will the following equations hold good, 

P (a® + 2a? - 3) = P (3af2 + l), 

+ 2a’ — 3 Stt'^ + 1 
P ^ ^ P ' 

(a* + 2a? - 3)** = (3a?® + l)”, 

\/ 0?® + 20? ~ 3 = ^ 3 iV^ + 1. 

65. A frequent process in the solution of equations is 
clearing the equation of radicals ; this is done by putting any 
radical of which we desire to rid the equation on one side by 
itself, and transposing all the other terms to the other side, 
we then raise both sides of the equation to the power indicated 
by the radical, which consequently disappears. The process* 
will be understood best by an example : suppose 

\/a7+l + \/a?-l «=2. 

The process of clearing this equation of radicals will stand as 
follows : 


transposing. 

y/x + l 

1 

1 

CM 

II 

squaring. 

0 ? + 1 = 4 

— l + a? 

transposing. 

1 1 

= 2 . 

dividing by 4?, 
Sqygnng, 

-\/a? — 1 
0 ? — 1 


which is a simple 

equation free from radicals. 
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It is obvious that it is generally impossible to ascertain 
the degree of an equation, that is, whether it is simple, quad- 
ratic, or of any higher degree, until it has been cleared of 
radicals. 

66. An equation is cleared of fractions by multiplying 
both sides of it by the least common multiple of the deno- 
minators. It is however perhaps practically the easiest method 
to multiply by each of the denominators in succession, and 
make such simplifications as the case allows after each mul- 
tiplication. 


ON SIMPLE EQUATIONS. 


67. To find the value of an miknovm quantity in a simple 
equation. 

An equation given as a simple ei|uation may involve 
radicals ; if so, let them be got rid of first. Next, clear the 
equation of fractions. Next, transpose all terms involving the 
unknown quantity to the left-hand side, and all terms in- 
volving only known quantities to the right-hand side of the 
equation. Divide both sides by the (joelUcient, or sum of the 
coefficients, of the unknown quantity, luid the value required 
is obtained. 

It is manifest that a simple eciuation can have only one 
solution. 

Ex. 1. + .9 = 3a?- 1, 

Sx - 2tr = 3 + 1, 

X = 4. 


Ex. 2. 


2tr - 1 Sti? — 2 5 

”3 ~2 “ 6 ’ 

2 (2a7 - 1) + 3 (3x - 2) = 5, 
4,r + 9.r = 2 + 6 + 5, 


13a? = 13, 
a? =s 1. 
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Ex. 3. \/,v + l- \/^-l=2, 

y/ 0 ) + 1 — 2 = \/«r-J, 
w 1 + 4 — 4v/a?+l = 'a?-l> 
4 ti? 1 “ Of 

3 

V + 1=2^ 


iP + 1 = j, 

4 



It may be remarked that we should have obtained the 
same result as in this last example, if we had proceeded in 
the same manner with the equation 

\/<i? + l+ \/a?-l =2, 

and in fact the value will verify this equation but not the 
equation 

+ \/ A’ H- 1 - - 1 = 2. 

The explanation of this apparent difficulty is, that when- 
ever a quantity of the form \/ a is, given, it must be supposed 
to have the sign ± attached to it, because y/ cCf and 

(- are each of them equal to a ; so that the equation 
of Ex. 3. might more properly have been written 

± \/w -f-l ^y/ w - \ =2, 

and when by expelling the radicals we have obtained a numer- 
ical result from such an equation as this, it will generally be 
necessary to choose particular signs for the radicals in order 
that the substitution of the value obtained may arithmetically 
satisfy the equation. 


ON QUADRATIC EQUATIONS. 

68. ,^^11 the rules for the simplification of equations 
which# nave already been given apply equally to quadratic 
equations ; indeed, as has been observed, it is not always, until 
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the simplification has been effected, that we are able to say 
whether the equation is simple or quadratic. By such sim- 
plification the equation, if a quadratic, will be reduced to one 
of these forms, 

; 

or aos , 

In the first case we have at once, by extracting the square 
root of both sides, 

iT = A \/ 6. ^ 

Let the student take particular notice of the double sign 
prefixed to the radical, and which in the solution of quadratic 
equations ought always to be jjreJixed, because — \/b and 
+ \/h satisfy the equation = b equally well, since the 
square of either of them is -h b. 

In the second case the solution is not so obvious, but it is 

a* 

easily effected, by observing that the quantity — added to 

each side of the equation will make the left-hand side a eom- 
plete square ; in fact, we have 

.r* + ax ^ — = 6 + - , 

4 4 

which may be written thus 



extracting the square root of each side we have 

a / a‘ 

cV + -= ± 'V 6 + - , 

2 4 


. a / 1 ® 

transposing, /r=--i'V6 + — . 

A T 

The two values of x, 

- - + \/ 6 + — and - - - \/ 6 + — , 

2 4 2 4 

satisfy the equation + a a? = b, and are called it's * roots. 
The student may, if he pleases, actually substitute either of 
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the expressions which we have found in the equation, and he 
will find the result to be an identity. 

Hence, further, we see that every quadratic has two roots 
and no more*, and in solving quadratics the student should 
be careful always to represent both roots; and it may be 
mentioned that every equation has as many roots as it has 
dimensions, that is, a cubic has three roots, a biquadratic four, 
and so on. 


69. The following form of a quadratic is included in the 
preceding, by supposing b negative, but it is worthy of sepa- 
rate consideration. Suppose 

j?® + ao? = — 6. 

Completing the square as before, 




+ ax 4* — h, 


4- — = ± 
2 


t-r ± 

2 


s/~-h 




Now, suppose that — is less than 5, then fe is a ne- 

4 4 


operation tuhich cannot be performed^ for there is no quantity 


gative quantity, and the expression \/ ~ ^ represents an 


• It may be shewn by a direct process that a quadratic has only two roots; for if 
* possible, suppose that o, /a, y are roots of the equation 

+ ft = 0 ; 

o 24 ao + ft = 0 (1), 

^2+«/3+ft = 0 (2), 

‘y*+fl'y + ft = 0 (3). 

Subtracting (2) from (1) we have 

a® - + a (a - ^) = 0, 

or a + /a + fl = 0. 

In^ lik&iffi^ner, from subtracting (3) from (1) there results, 

S rt + 7 + a = 0; 

/3 s y, which is not true. Therefore a quadratic cannot have more than two roots. 



46 


4LGEB11A. 


the square of which is negative. Quantities of this kind are 
called impossible or imaginarif, and the roots of an equation 
when they involve such quantities are called impossible or 
imaginary roots ; so far as we are concerned at present how- 
ever roots of this kind are quite as much the object of our 
search as real roots, since the question is merely this, what 
symbolical quantity substituted for ,v and operated upon ac- 
cording to the rules of algebra will satisfy a given equation ?* 
It is manifest that if one root of a quadratic is imaginary 
the other is also imaginary. 


70. If a and '/3 be the two roots of a quadratic equation 
x‘ H- ax + b = 0, 

then will ; 

X- + ax + b = (x - a) (x - (i). \ 


• When the solution of a problem leads to a quadr'itic equation, the roots of which 
are imaginary, it may generally be concluded that the problem is impossible, that is, 
that conditions supposed in its enunciation to be sat i'. tied are inconsistent. As tor 
instance, suppose it were required to divide the number 10 into two parts such that their 
product should be 30. If we call one parted and the other 10 -a*, the equation of the 
problem will be 

or — 10 1 - - 30, 

^•2-10 1+25=-- 

X 5 i V— i, 

an imaginary value, because the problem is an iinpossii te problem. Jt may be observed, 
however, that important meaning may in many cases be assigned to tliese imaginary 
quantities, but to enter into the discussion of that subiect would be foreign to the ele- 
mentary character of this work. 

One kind of problem howeNer may be mentioned in this place as being of practical 
utility. Suppose instead of the above problem it were proposed to divide a number a 
into two parts, the product of which should be the yreutest possible. If we call one part 
a*, the other a — j?, and the product y, we have this equation 

X (a - x) = y, 
or . 1 '*^ - wu' - ~ y, 

.r _ aa ' + - y, 


a 



i 



Now if y be greater than , x becomes imaginary, or the problem impossible ; there- 

ft^ A 

fore the greatest value y can have is and then ■*’ = g . Hence the product of the two 


parts of a number is greatest when the number is divided into two parts. A 

variety of problems involving questions of maximum or minimum may bc^l^olved in 
like manner. 
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This may be proved by substituting^ for a and /3 the values 
already obtained for the roots of the equation ; it may also 
be proved (more elegantly) thus. 

Sinee a and /3 are roots of the equation, we have 
+ aa + b = 0, 

a® - /3^ + a (a - /3) = 0, 
or a = - (a + /3) 

Hence 

£v^ -h ci£V + b = (tt + /3) + a jS, 

=s (£V - a) (^ - /3). 

If then we can sec by inspection of an equation a quantity 
of the form <r - a, which will divide the equation without re- 
mainder, we shall know one of the roots of the equation, and 
dividing by - a, we shall have the factor a* - jS left, which 
will give us the other root. 

It may be mentioned, that in equations of all degrees, if 
a be a root of the equation, w - a will divide without re- 
mainder. Hence an equation which appears as a cubic may 
sometimes be readily reduced to a quadratic, by expelling a 
root which is visible on inspection. For example, suppose we 
have the equation, 

1 = 6a?" - 6, 
or — 6a'2+ 5=0. 

Here it is manifest that 1 is a root, therefore a? — 1 will 
divide without remainder, and if the division be performed 
we shall have only a quadratic to solve. 

71. An equation may sometimes be treated as a quad- 
ratic which has higher powers of a? in it than the second ; 
in fact ev^ equation is virtually a quadratic which has only 
two poil^s of cP involved, one of which is twice as great as 
the other. See Ex. 4 . 

/ 
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72. An equation which presents itself under the form of 
a biquadratic may sometimes be solved as a quadratic. For 
example, let us take the equation 

- 400cr = 999- 

Add the quantity + 400^*+ 1 to each side, and the equa- 
tion becomes 

00 ^ + + 1 = 4.r- + 400tr + 1000 

or + 1 = ± (2a? + 100), 

and by the solution of these quadratics the roots of the 
original equation may all be found*. 


Ex. 1. 


2.t*2+ 3cr + 1 = .1-+ .'5, 

.r^ -h 3ir = J-, 

^ 9 9 

cv^ + 3.r + - = - + 4 = — , 
4 4 4 



- .3 ± 5 
o 


t 

1 or - 4. 


2 1 

Ex. 2. — + - = 4, 

<? — 1 w 

2a’ + .r — I = 4a? (.r — l), 

4.r^ - 4,r - 3a? = — 1, 

40?^ — 7a? = — I, 

• It may be worth while to remark that equations which can be solved after the 
manner of the preceding may be constructed by assigning values to the quantities a, c 
in the following formula, 

(,r®+ fl)2- b(a’ + c)^, 

which assumes, when arranged according to powers of the form 

jp*-\-{2a — b) je^—2bcx-]-a^— bc^= 0. 

A particular case is that in which b = 2a; and the form then becomes 
4ac^ + a’— 2ac®= 0; 

by giving to a and c different values we may construct an infinite variety of equations 
the method of solving which might not be at first sight obvious. 

For example, let c = a = l, and we have the equation 

0?^ — 4 = 1. 
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- — = - - 
4 4 


^ 7<v 49 49 16 ^ 33 

4 64 64 64 64 ’ 


cl? s= 


7 ± \/33 


Ex. 3, .r’ + 2 . 1 ? + 3 = 4a? + 1, 

— 2a? = — 2, 

cl 7 ® — 2 cl? + 1 = — 1 , 

07 — 1 = ±\/ — 1, 

= 1 dL — 1 . 

Ex. 4. + 20 .**’ = 8, 

+ 2a?^ + 1 = f), 
a?3 + 1 = ± 3, 

=: - 1 ± 3 s= 2 or - 4, 

3 / 3 /- 

0 ? = v 2 or — V 


ON SLARTLTANEOUS EQUATIONS. 

7^*1 AVe have seen how it is possible to find the value of 
rV Avhich satisfies a given simple or quadratic equation ; but 
sometimes the problem is presented of finding two xmhnown 
quantities from tiuo equations; tAvo equations wliich are thus 
given to determine two quantities x and y, involved in both, 
are said to be simultaneous, 

74. The simple rule for the solution of such equations 
is to find tlie value of one of the imknoAvn quantities (y), in 
terms of the other (.r) from one equation, and substitute the 
value so found, in the other ; Ave shall thus have an equation 
involving ’only for determining a?, and this may be a simple 
equatioji!^ or a quadratic, according to circumstances. 
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The process just described is not always in practice the 
most convenient; it is manifest that it does not signify in 
what manner the quantity y is got rid of between the two 
equations, and we may therefore give this rule : Eliminate (i. e. 
get rid of) y between the tAvo equations, and obtain a? from the 
result. The ingenuity of the student will frequently be 
exercised in determining the most convenient mode of elimi- 
nation. 

75. It is not difficult to see that ttao equations, and no 
more, are necessary for the determination of two unknown 
quantities ; in like manner, three equations wdll be necessary 
and sufficient to determine three unknown quantities, and so 
on. The name simultaneous is ap^died to any such system of 
equations, how^ever many there may be. 

Ex. 1. Given aw + hy = c (l)l 
aw-{-h'y = c (i3)j 

to find X and y. 

Multiply (l) by h\ and (2) by h, and the equations 
become 

aV w + hl> y = h' 
ahw + hb'y ^ 

Subtract one of these from the other, and there results 
(a 6' — ah) w = h — he \ 

he - hh 
ah - a h 

To find y we have from (i) 

y = ^ (c - ax), 

writing for x its value 

If V c — hc\ 

1 ahe — a he ac — a c 
h ’ ah — ah ah - ab ' 
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Thus we have found both x and y ; the latter however 
might have been determined more neatly by treating (i) and 
(2) as we did in finding x, that is, multiplying the former by 
a\ the latter by a, and subtracting the resulting equations. 


76. It may perhaps be also worth while to remark even 
in this early example that, in a system of equations such as 
(1) and (2), when x has been found, y may be known by in- 
spection. For it is to be observed, that in (l) and (2) x bears 
the same relation to a and a\ that y bears to b and 6'; in fact, 
if in those equations we write h for a, and V for a, and lastly, 
interchange x and y, the equations remain unchanged ; hence 
we conclude, that the value of y may be obtained from that of 
X by writing b for a, V for, a', and of course a for 6, and a 
for b\ 


Now 


Vc - he 


ac — ac 

•*. y = - ■_ , 

ha — b a 

which is the same result as before, though written in a manner 
slightly different. 


ci' — 1 2 y I V 

Ex. 2. H- = 1 (1) 

?/ + 2 

+ i ^0 (2) 

These equations must first be cleared of fractions ^-nd put 
in their simplest form. 

Multiplying (i) by 6, there results 
30/ — 3 + 4y — 2 = 6, 

or 30/ H- = 11 (3). 

Multiplying (2) by 3, 

6’o7 + 3 — ?/ — 2 = 0, 
or 6o 7 — y + 1 = 0 ; 

y = 6o? + 1 (4), 

4 — 2 
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Writing this value for y in {8), 

3 a? + 4(6.1? + 1) •= 11, 
27 a? = 11 -4 = 7; 


a? = — ; 
27 


and therefore from (4) 


^ 7 U 

i/ = 6x — + 1 = — + 1 

27 9 


23 

9 * 


Ex. .!■ + y = a (l) 1 

xy = 6 (2) / ■ 

From (l) y =-a — X, 

putting this value for y in (2), vre have 
a? (a - a?) = 5, 
or a?^ — aa? = - 6. 

Completing the square according to the rule of Art. 68, 

0?’^ - + — = - - 6, 

4 4 


® J. A I 

2 ^4 

® j. A /“■ I 

a? = - ± 'V 6, 

2 4 

and y — a — a?=*=F \/ — h. 
^ 2^4 

Ex. 4. a?+y+a?=o (l), 

a? + 2y + 3ar = l' (a), 

2a? + y + 3ar = 2 (3). 

Subtracting (l) from (2), 

y + 2ar= 1 


(4). 
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Multiplying (1) by 2, and subtracting the result from (3), 


- 

y + z = 2 (5). 

Adding (4) and (5), 


• 

3z = 3, 


1 ; 

therefore from (4) 

y=l-2-2fsl-2=-l. 

and from (l) 

II 

1 

H 

II 

P 

Ex. 5. 

af + y+g=I ( 1 ), 


(b + c)af + (c + a)y + (a + b)z - 0 (2), 

6c J? + cay + a5^ = 0 (3). 

Multiply (2) by 6 c and (3) by 6 + c and subtract, then 
{(a + c)6c- (6 + c)ac} y + {{a ^ b)bc - (b + c)ah\z ^ 0^ 
or (5c^ - a(?) y + (6®c - a6^) ^ = 0 ; 

I? c ^ a 


Similarly we should find (see the remarks on Example l), 


^ a - b^ 


lerefore substituting in (l) 


€? c --b b^ c - a 

a - 6 c*^ 6 - a ^ 

( c? b — c I? c a\ 

or 1 +-2 T- + -5 r = 1, 

\ c a - b a ’-b) 


z \(? {a --b) + a® (6 - c) + 6® (c — a) | = c® (a — 6), 
z \(? (a - 6) + ah (a — 6) - c (a® — 6®)} = c® (a - 6). 
Dividing by a - 6 

{c^ + a6 - c (a + 6) I = c*, 
or 5: (c - a) (c — 6) = c^ ; 

(? 

” ^ (c - a) (c -- b)^ 
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In like manner y = ^ 






and X = - 


a 


(a - 5) (a - 6') * 


77. The following method is sometimes convenient, and 
is applicable to equations in which the sum of the indices of 
the unknown quantities is the same in each term, as in the 
following example. 

Ex. 6, , . 1 '“ + try = 10 (l), 

i>.v + 2/ = 7 (2). , 

In a system of equations sucli as this, we may assume 

7^ = mx ; 

(l -f w) = 10 : 

and ,v (2 + m) = 7, 

or (2 -f 'iit)' = 4f) ; 

10 (2 + mY = (1 + wi), 

^ 10 4.0 

Trr + 4 + 4 , 

iO [O 

„ 0 Si O Si 441 

7/1^ — — ?n H- - == — -f. — - 

10 400 lO ‘H)0 400 

0±£i .s* :i 

m = = - or ; 


7 

w = — = 2 or />, 

2 4- 

y = r? or - .*?. 

78. Sometimes a system of equations may be given 
which arc not really sufficient to determine the unknown 
quantities, in consequence of not being independent, that 
is to say, of any one of the equations being dcducible from 
the rest. This dependence is not always to be detected by 
inspection, but will become api)arcnt if wc endeavour to solve 
L*ie equations. 
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Ex. Let it be required to determine y and z from the 
following system : 

+ z - M (1), 

— ?/ + 2 ^ = 5 ( 2 ), 

+ 9?/ - 4£r = 7 ^ (3). 

Multiplying (2) by 3, and adding the result to (l), we 
hav6 

-f- 7^ = 26 (4), I 

Again, multiplying (2) by 9 and adding (3), 
lO.i? + I4>z = 52 (5). 

The two equations which we have thus obtained, viz. (4) 
and (5) arc identical, and therefore the given system is not 
sufBcient to determine tV, y and z ; in fact those three equa- 
tions are equivalent to only tnto independent equations, any 
one of them being dci’ivable from the other two. 

The preceding exanijiles must serve for the elucidation 
of the method of solving equations; the illustrations of the 
process might be inclefinitely extended, but a familiar ac- 
quaintance with tlic most convenient methods can only be 
acquired by the practice of actual solution on the part of the 
student himself 


ON PIlOBLE]\rS AVIITCII IMAY BE RESOLVED BY MEANS 
OE ALaj:BRAlCAL EQUATIONS. 

79. A vast variety of questions, which present great and 
perhaps insui)erable difliculty to a mind unaided by the art of 
symbolical reasoning, are rendered extremely sim 2 )le by re- 
ducing them to algebraical equations. 

80. The most general rule which can be given for the 
solution of such questions is this : Denote the unknown quan- 
tities of the i^roblcm by symbols (.r, ?/, z^ &c.) and then express 
the conditions of the problem in terms of those symbols ; we 
do by this means, in fact, exjn-ess by algebraical sentences or 
equations the ordinary w ritten sentences in Avhich the problem 
is giy n. The equations thus constructed must be solv ;l 
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according to the methods which liavc been previously dis- 
cusseil ; the equations may, for aught we can tell by inspection 
of the problem a priori, rise to a degree above the second, but 
of course we shall confine our attention here to those problems 
which produce cither simj^lc equations or quadratics. 

Ex. 1. Divide the number l6 into two parts such that 
their difference shall be equal to half the number itself. 

Let Off represent one of the parts, then will l6 - .v re- 
present the other and l6 — CeV will represent the difference 
of the two ; but, by the question, this difference is equal to 
16 

— or 8; 

2 

16 - 2.f = 8, 

2.r= 8, 

Off « 4 one of the parts, 
l6 — Off ^ 12 the other part. 

Ex. 2. Two pipes will separately fill a cistern in a hours 
and h hours respectively ; in how long a time will they fill it 
together ? 

Let Off be the number of hour.^ required. 

Call the whole content of the, cistern i, then since the first 
pipe pours in 1 (or the whole quantity required to fill the 

cistern) in a hours, it pours in — in one liour, and therefore 


- in 0 ? hours. 


Similarly, the second pipe pours in in the same time ; 


Off Off 

therefore they together pour in - + - . 

(If U 

But this quantity is the whole content of the cistern, or 1 ; 


Off Off 



and 



ah 

a + b‘ 
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Ex. 3. A'a mo’iey exceeds jB’s and C*s by £a and £b re- 
spectively, and that of B and C together is £c : find the sum 
possessed by each. 

Let a? = the sum possessed by A ; 

CO a ^ By 

and CO ^ h ^ C\ 

therefore by question, 

a?-a+^-6 = c, 

2 A* = a + 5 + 6*, 

+ /> + c 

X = ^ s, 

2 

- a + 5 + c 


A — a = 


= jS’s, 


a - 5 + o 

w - h 


Ex. 4. Divide £a among three persons, so that the first 
may have m times as much as the second, and the third n 
times as much as the first and second together. 

Let A’ = the sum allotted to the second ; 


fiitV = first, 

and n (a? + maf) = third ; 


A + m,v + 71 {,v + moo) = a, 
X (1 + 7n) (1 + w) = a, 
a 

(3 + m) (1 + w) ’ 


ma 


mx 


(1 + m ) (1 + 7i) ’ 
na 


n {x + m.r) = 


1 + w 


Ex. 5. Divide the quantity a into two parts such that 
the pVoduct of the whole and one of the parts shall be equal 
to thj square of the other part. 
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Let w = one part ; 
a - .r = the other; 

by the question, 

ax = (flr - xY 

e= - 2«tt? + a?*, 

x^ — Sax s= — ; 

completing the square, 


. .Oa® 

^ — S (l X “t“ “• ~ “ €t “ 


5a 


4 4 4 

3 a \/ 5 

(*• X ““ ' “ st a^ 

2 2 


S ± v/5 


a? = ----- ff., 

o 


3 \^5 

^Ye must take the negative sign, because — a is greater 

than a; 

3 ~ \/5 

/. .r= - ^ a, 

\/5 - 1 

a — X = - «. 

2 

Ex. 6. The sum of two inunber 5 » is o, and the sum of 
their cubes h ; find the numbers. 

Let X = one of the numbers ; 
a - .V = the other; 

/. by the question, 

x^ + (a - xY = hy 

or x^ + - od^x + 3ax^ - a?® = 6, 

h - 


X ““ a X “ 


3 a 


, a® 5 - a® a® 

■ - aA» + — + — ; 

4 4 
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w 


a — iV 


b - d 


or 

Sa 

+ 

4>* 

b — d 



3a 

"T 

• 

4 


Hence the two numbers are 


a A ® 

- + V + T» 

2 . 3a 4 


and 


a A / ® ‘ 

- - V + -• 

2 3a 4 


Ex. 7. There are three magnitudes, the sum of the first 
and seeond of which is a, that of the first and third h, and 
that of the second and third c ; find them. 

Let the magnitudes be represented by z respectively; 
then, 

cv + a, 

,1? + ^ = /), 

y + z - c; 

adding these equations and dividing the result by 2, 

a + h + r 
-h f/ + = 

a ^ h + c a + b - c 

Hence «r = - r = , 

(I ^ b ^ r a - 5 + c 


(i-^b + c — a + h + c 

ss — — (I ^ 


Ex. 8. Required four magnitudes the products of which 
taken tlirec together arc d\ //, c\ and d\ 

Call the magnitudes .v, y, z, and u. 

Then yzii = 

ivzu = 
wyu = 
ayz = (P, 
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Multipl;)’ing these equations together, we have 

/. tvyx?i = ahcd ; 
abed abed 
yzu a. 
abed 

abed 


abed 


ON RATIOS. 

81. Ratio is the relation which quantities of the same 
kind bear to each other in respect of magnitude. 

Thus 6 is twice as great as 3, and 2 is twice as great as 1 ; 
therefore Ave should say that the ratio of 6 to 3 is the same 
as that of 2 to 1, or as avc ma;y ''vite for shortness' sake, 

6 : 3 :: 2 : i. 

In speaking of the ratio of two (piaiititics a : b, a and b 
are called the terms of the ratio, and a is distinguished as 
the antecedent, h as the consequent, 

82. It is easy to shew that the terms of a ratio may be 
multiplied or divided by any (the same) number, without 
affecting the value of the ratio. For distinctness* sake let 
us consider a and h as representing two lines, then by the 
symbol a we mean to denote a line a times as great as a 
certain standard line (a foot for instance), and by 6 a line h times 
as great. The lines in question arc then in the proportion 
of the numbers a, b ; but if we had taken a line only half as 
long (six inches) for the standard, the lines would have been 
represented by 2 a, and 2 h ; but their ratio of course is not 
altered ; 


a : 6 :: 2a : 26. 
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In like manner it v/ould appear that a : b :: 3a : Sb, and 
generally that the terms of a ratio may be multiplied by any 
number without affecting the value of the ratio. 

Conversely, the terms may be divided by any number. 


83. Hence it folloivs that we may represent ratios alge- 
braically by fractions^ of which the antecedent is the numerator 
and the consequent the denominator. 

For by what has been said the ratio oi a : b is the same 

as the ratio of - : i ; now i is a given quantity, and there- 
b 

fore we may take the fraction y as the symbol of the ratio 

^ : 1, and therefore as the representative of the ratio a : b. 

In fact, the ratio a : b may be conceived to mean that a 
is as many times as great as ft, as ^ is as great as l, and 


therefore the magnitude of the fraction - measures the mag- 
nitude of the ratio of a : ft. 

Henceforth therefore Ave shall represent the ratio of o: : ft 

by the fraction - . 

ft 


If a is greater than ft, the ratio - is called % ratio of 


greater inequality. 

If a = ft, the ratio is called a ratio of equality. 
If a is less than ft, a ratio of less inequality. 


84. A ratio of greater inequality is diminished, and of 
less inequality increased, by adding the same quantity to each 
of its terms. 


Let - be any ratio, and let so be added to each of its 


terms ; then 


a \ so . 

IS > or < 

ft + 07 


a 

V 
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according as 

{a + ai) h is > or < a (fc + 
or as h.r is > or < aa?, 
or as b is > or < 

i. e. as the ratio is one of less or greater inequality. 

85. Ratios are compounded by multqdying together 
their corresponding terms. 

Thus - compounded with ^ becomes 

b a bd 


86. A ratio is increased hij being compounded with another 
of greater iaequalitg, and diniinlshed bg being compounded with 
one of less. 

For 7 compounded with - becomes ^ ; 
b d bd 


, , ac . a 

but 7 -, IS > or < ; , 
b d h 


according as ~ is > or < l, 

tv 

or c is or < d, 


which proves the pro])Osition. 


OX MtOPOilTLOX. 

« 

87. Proportion is the equality of ratios ; and therefore, 
algebraically, four quantities are said to be proportional, when 
the fraction expressing the ratio of the first and second is 
^qual to that expressing tlie ratio of the third and fourth ; 

, . a c 

that is, a : 5 c : d when - = - . 

b d 

88. jy* a : b :: c : d, then ad = be. 

For, as we have just seen, 

a c 

b^7l* 

and .•. ud=^bc. 
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89. If a. •. h :: c : d, then a±b:b::cid:d. 


a c c 

For, 7 = ^ ; 7 ^ 

b d b d 

a ± 6 c ± rf 


or 


d 


90. a : b :: c : d, then 

ma nb : pa =t qb :: mc=tnd : pc±qd. 
a c 

lor, 7 == “/, 
b d 


m a m c 
nb 71 d ’ 


ma 
71 b 


=t 1 


me 

1 ^ ^ 
nd 


7na ^ 7ib me^nd 
71 b 71 d 


7U a =L 7( (> 71 h b 

7nc ^ nd 7id eZ’ 
in like manner it may be shewn that 

pa ^ nb b 
pc ^qd d^ 
7iia^7ib pa^qb 
me ^nd pc ^ qd' 


91 . 


^ a : b :: c : d :: c : f :: &c., then 
a : b :: a + c + e+-..: b + d + f+. 

e 

ad = be. 


a c 


af^ bcj 
&c. = &c. 
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by addition, 

o f? + gJ' + ••• = he + he + •••i 
ah + arf + a/4- ... = ha + 6c 4- ic 4- 
or a{6 4- rf 4-/4-...} = 6{a4-c4-C4- ...}; 

a a 4- c 4" c 4- 

‘ ’ 6 6 4- 4-/4- ’ 

92. A variety of other propositions in proportion may 
be demonstrated in like manner as the preceding. The 
greatest simplicity is introduced by this method of repre- 
senting ratios by fractions, and it will be instructive to 
inquire into the reason of the much more complicated pro- 
cesses which Euclid has found it necessary to employ in the 
fifth book of his elements. 

Euclid’s definition of proportion is this : Four quantities 
are said to be proportional, wjjien any equimultiples whatever 
being taken of tlie first and third, and any whatever of the 
second and fourth ; if the multiple of the first is greater than 
that of the second, the multijdc of tlie tliird is greater than 
that of the fourth, if equal equal, and if less less. Now this 
definition is an immediate conseciuence of the algebraical 
representation of ratio ; for siipi)os(‘ a : 6 :: c : d, 


pa pv 


and if pa is > qh, pc is > qdy 
if pa = qhy pc = qd, 
and if j)<^ < P<^ < 


which is in accordance with Euclid’s definition. 

And, conversely, from Euclid’s definition may be deduced 
the algebraical rule of proportion ; that is, we can shew that 

a € 

if, by that definition, a : h :: c : d, then must j ^ • 
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For let a, ft, c, *1 be four quantitii^s such that if any equi- 
multiples pa^pc be taken of a and c, and any equimultiples 
yft, qd oi ft and d, if pa be > yft, pc is > qd, if equal equal, 
and if less less. 

.Then since we may choose and q as we please, we can 

make ^ as nearly equal to 1 as we please ; we cannot, it is 

qb 

true, always make it precisely equal to i, because p and q 
are to be whole numbers, and a and ft need not be so ; but 

nevertheless we can make the fraction ^ as near to unity as 

qb 

we please* ; we may therefore suppose that we have taken p 

and q such that — = 1 ; 

qb 

but by definition we must in this case have also 

pc 

pa pc 
qb qd' 


or 


a c 
h^d' 


Hence it appears tliat Euclid’s definition of proportion and 
the algebraical follow each from the other; but wherein is 
the propriety of Euclid’s peculiar definition? In this, that 
the algebraical test is not applicable to geometrical quanti- 
ties; we can represent addition and subtraction geometrically, 
but not division, and therefore it is necessary in geometrical 
investigations to adopt some definition which involves only 
the notion of addition and of a comparison of magnitudes 
with reference to greater or less, 

t) 

• Suppose, for example, we have such a quantity as \J2, then we can make 

as near to unity as we please; for x/2 = 1.41421. and therefore v'2 - 1 nearly, 

and we can make the approximation as much nearer as we please by taking a greater 
number of •figures in the square root. 
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ON VARIATION. 

9G. When one qiuintity y depends upon another cc, in 
such a manner tliat, if a? is changed in value, the value of y 
is changed in the same proportion, then y is said to wry 
directly as w, or shortly, to vary as .t*. 

For instance, we know by Euclid, vi. l, that if we double 
the base of a triangle the vertex remaining the same we 
double the area, and that in whatever proportion we alter 
the base the area is altered in the same proportion, hence 
we should say that (the altitude being given) the area of a 
triangle varies as the base. 

The phrase y varies as os is written thus, y cc os. 

94. It will be seen that we have here introduced the 
notion of quantities entirely different from those hitherto 
considered ; hitherto we have had to do only with quantities 
which have some determinate value, but the relation between 
y and x implied in the fact of y varying as x docs not de- 
termine .either x or y, but only a relation between them. 
Quantities of this kind we call variable quantiticSj to dis- 
tinguish them from others the value of whicli is determinate 
and which we call constant. 

95. The relation expressed by y oc x is equivalent to 
the equation y = Cx, where (' is some constant quantity ; for 

— is the ratio of y to x, and the preceding equation expresses 

X 

that this is constant, or always the same whatever values x 
and y may have, and this is the same thing as saying that 
when one is increased the other is increased in the same 
proportion. 

9G. If we have any two corresponding values of x and y 
given we can determine the quantity C ; thus, suppose y oc .t? 
and it is given that when .r = l, y = 2, then we have 

y = Cx, 

but 2= Cl. 

.\%j-2x. 
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97. When two (jLiiaiititics are connected by the relation 
C 

y = — , y is said to vary inversehj as x. 

And when three quantities a*, y, r are connected in such a 
manner that z = Cxy, z is said to vary jointly as x and y. 

98. If y oc X, and y, thm^ z cx x. 

For let y = Cx, 

»= Cy\ 
ss = CC. IV, 

and Cef is constant ; .*. » 0 = x, 

99. If y OC X and z also oc x, then \/ yz cc x. 

For let y = Cx, 

s: = Cxi 
yz ^ eC.x^i 

\/ y z = \/ cC. X, 

and \/ CC IS constant i \/^ yzee ,v. 

Many other propositions may be demonstrated in like 
manner with perfect facility. AVc shall conclude Avith the 
following proposition. 

100. If z he a (juantity dependhiy upon two others, x and 
y, in such a manner that tvhen x is constant and y allowed to 
vary z oc y, and ichen y is constant and x allowed to vary z oc x, 
then when x and y both vary z ivill oc xy. 

Let z^n. xy, whore n is a quantity Avliich, for anything 
w^e know at present to the contrary, may involve x or y or 
both. 

Then when x is constant and y variable z oc y, but 
z^nx,y, therefore ux does not involve y, or u docs not 
involve y. 

In like manner u does not involve x, therefore it is con- 
stant, ax z oc xy. 

We* may illustrate the preceding proposition as follows : 
When the base of a triangle is given the area oc the altitude, 
• 5—2 
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4 ind when the altitude is given the area « the base ; hence 
when neither is given, the area cx* base x altitude. 

The same ini'thod .of demonstration is appliealde to the 
following more general proposition : 

If z be a quantity depending upon n othc)\% in such a man- 
ner that tclien any n - 1 of them are constant z varies as the 
remaining one ; then when all the n quantities vary, z varies as 
their product 


ON. ARITHMETICAL PROGRESSION. 

101. Dkf. Quantities are said to be in arithmetieal 
progression^ when they inerease or deercase by a eommon 
difference. 

Thus <x, a + rf, a + is an arithmetical series. 

102. To sum an arithmetical series. 

I^et a be the first term, d the common difference of the 
terms ; then the second term will be a + d, the third a + 2d, 
and generally the term will be a + (a - I) d. ^ 

Let S be the sum of n tcrnis, then 

A’ = a + ot + + a 4- 2(? -f -1- a + Ot - l)rf; 

writing the terms in the reverse order, we have 

N = a + - 1) d + a + (/i - 2) + (/i - 3) + + a ; 

adding together these two equations, 

28 -2a + (w — l) fZ + 2 a + (w - l) + 2a + (71 - l) 

+ 2a + {n - 1) d, 

= \ 2a + {n - \) d}n, since there arc n terms ; 

8 = {2a + (a - 1) d\ 

which is the expression for the sum required. 

/ The expression for 8 may also be written thus : let I be 
^ the last term, i.e. Z = a + (71 — 1 ) d, then 
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Cor. Any three of the quantities a, cZ, and S, being 
given, the fourth may be found. 

Ex. 1. Find the sum of 10 terms of the arithmetical 
series 2, 5, 8, 

Here a = 2, w = lO ; 

/S = (4 + 9 X 3) 5 
= 31 X 5 = 

Ex. 2. There is an arithmetical series the fourth term 
of which is 9 and the seventh 15 : find the series. 

The formula for the term is a + (n - l) d, therefore 
in this example we have 

a + 3d = 9, 
a + 6d = 15. 

Subtracting the first of these equations from the second, 

3d = 6y 

d= 2; 

/. a = () - 6 = 3; 

and the series is 3, 5, 7, 9 

Ex. 3. Insert n arithmetical means between a and 6. 
This is in other words to form an arithmetical series of a + 2 
terms, of wliich the first shall be a and the last 6. 

Let d be the common difference, then we must have 
a + {n + 1) d 
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Hence the terms required will be 

h — a 6 — a 

a + 5 a + 2 , <fec. 

71+1 71+1 

Ex. 4. Find an arithmetical series in which the seventh 
term is three times as great as the second, and the fourth 
exceeds the second by four. 
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If a be the first term, d the common difference, we have 
the conditions 

a + 6d = 3 (a + d), 

CX + 3 cZ = 6f/ + '4*, 

or Sta-3dy 
^2d = 4 ; 
d = a = 3 , 

and the series is 3, 5, 7, .0, ^c. 

OX GEOMETRICAL RROGRESSTOX. 

103. Def. a series of quantities are said to be in 
geometrical progression Avhen caeli term of the scries is equal 
to that which precedes it multiplied by some constant factor, 
i.c. some factor which is tlie same for all the terms, or in 
other words, when the ratio of any two successive terms is 
the same. 

Thus a, ar, ar^ ar^, is a geometrical series. 

104. To svm a geometricMl sc'rte^i. 

Let fi be the first term, r tljc vonnnon ratio of the terms; 
then the second term will be ter, Uk‘ third and generally 
the term will be ar”"*. 

Let S be the sum of v terms, then 

= a + a r -f a + 4. \ 

multiplying by r we have 

rS = ar ar + + + ar”; 

subtracting the former of these equations from the latter, 
we have 

{r - 1) ar” - a ; 



r - 1 


which is the expression for the sum required. The result 
may be easily verified by actual division. 
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Cor. Any thrcM of the four quantities a, r, n, S being 
given, the fourth may be found. 

105. If the quantity r be less than l, r" will be less as 
71 is greater, and if we suppose 7i iadefinitely great, r” will be 
indefinitely small, and we shall have 

.S'- . 

1 — r 

Hence it appears that if we have a geometrical series in 
which the common ratio is a 2 )ropcr fraction there is a certain 

quantity, viz. ^ , to which the sum of the series continually 

1 — r 

approximates the more terms avc take, and consequently we 
may say that the sum of such a scries extended ad infinitum 

. « 

is . 

1 — r 


lOG. An example of a geometrical series continued ad 
infinitum occurs in arithmetic, in the case of recurring decimals : 

3 3 3 

thus the recurring decimal .333 h — ■ + — -4* 

^ 10 10 -^ 10 ^ 


• 3 


and the sum of this scries is ■ ■■ = - = - . 

9 ^ 

"" 10 

But more generally 


107. To find the vnh/ai* fraction corresponding to a given 
recnri'ing decimal. 

Let the decimal be represented by A . BRER 

where A is the integi-al part, B the nonrecurring decimal part, 
and R the recurring ; and siqipose B to contain p digits, and 
R to contain q digits. 


Let S=A. BRRR .. 

S = ABR . RR 
and 10^' 5 - AB , RR . 
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... (lop+v -ioP)S= ABR - AB, 

, „ ABR-AB 

and 5 = — . 

lOP (IQV - 1) 

This quantity reduced to its lowest terms will be the 
vulgar fraction required. 


Ex. 1. Find the sum of. 10 terms of the geometrical 

scries 1, 2, 4, 8, 

Tn this case a=sl, r = 2, n=10; 

OlO _ j 

s = = 2 '® - 1 = 1023 . 

2 - 1 


Ex. 2. There is a geometrical series of which the second 
term is G and the fourth 54 ; find it. 

Here ar - fi, 

ar^ = 54 ; 


r =r ± 3 ; 


6 

a =• — ss 
± 3 

.*. the series is 

2, 6, 18, .54,..., 


or - 2, 6, - 1 8, 54, 


i 2 : 


Ex. 3. Insert n geometrical means between a and 6. 
This is in other words to construct a scries of which the first 
term is a, and the (n + 2)^*^ terra 6. 

Therefore we must have 


= 5, 



and the geometrical means required arc 
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Ex. 4. Find the sum of the series 1 + ^ + i + ... 
infinitum. 

In this case a = l , r = ^ ; 

* 2 

Ex. 5. Find the vulgar fraction corresponding to the 

recurring decimal 2 . 46262 

Let S' = 2 . 46262 , 

1000 S^= 2162 .^, 

10 S = 24.62 ; 

990 8 = 2438, 


and 8 = 


2138 1219 

990 ” 4()5 


ON HARMONICAL PROGRESSION. 

108. Def. a series of quantities are said to be in 
harmonical progression, when any three successive terms are 
so related, that the first is to the third as the difference be- 
tween the first and the second is to the difference between 
the second and third. 

Thus if «, h, c are in harmonical progression, 
a : c :: a — b : h — c. 

The reciprocals of quantities in harmonical progression are 
in arithmetical progression. 

Let «, h, c be quantities in harmonical progression, then 
by definition, 

a a ^ b 

c b - c * 

b c a — b 

or = , 

c a 

1111 
or - - - = - - - , 

c b b a 
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which proves that the difference between -- and - is the same 

ah 

as between \ and - , or that - , 7 i are in arithmetical pro- 
b c a h c 

gression. 

Cor. Hence we may, if we please, take it as the defi- 
nition of quantities in harinonical progression that their re- 
ciprocals are in arithmetical. 

109. A series of quantities in harinonical progression 
admits of no simple summation. 

110. The three kinds of progression which have been 
treated of, may be brought under one point of view as follows: 

Tf a, h, c are in arithmetical progression, we have 
a — h a 

h - c a 

If in geometrical, 

a - t> _ a 
h 

If in harmonical, 

a — h a 

b c f' 


ON PERMUTATIONS AND COMBINATIONS. 

111 . The different ways in which any number of quanti- 
ties can be arranged are called their permutations. 

Thus the permutations of the letters a, h, c taken two 
together are ah, ac, ba, be, ca, cb. 

The combinations of a number of quantities are the col- 
lections which can be made of them without regard to 
arrangement. 

Thus the combinations of a, b, c, taken two together, are 
ab, ac, be: ab, ba, which were ttvo permutations, form only 
one combination, and so of the rest. 
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1J2. To find th,i number of permutations of n things taken 
r together. 

Let \nPr\ denote the number of permutations of n things 
a, b, c, (Z, ... taken r together. 

Then it is manifest that the number of permutations of n 
things taken 1 togetlier is w, or = n. 

Again, to find the number of permutations of n things 
taken two together, we observe that a may be placed before 
each of the n - 1 other letters 5, c, rf... , thus forming n - 1 
permutations in which a stands first ; the same may be said 
of each of the other letters ; therefore the whole number of 
permutations which can be formed is n{n - 1), 

or \ = n {n - 1). 

Now suppose that = n {n — 1) (a - 2) ... (a — r + 1) ; 

then if we omit a and form the permutations of n - 1 things 
taken r together, we shall have (a - 1) (a - 2) ... (a - r) of 
such permutations, (by writing n - i for n in the preceding 
formula) ; and befor(i each of these we can place a, thus form- 
ing (a - 1) (a — 2) ... (a - r) permutations of a things taken 
r -f 1 together in which a stands first ; the same may be said 
of each of the other letters, and therefore 

{a P (r + I)J = a (a — l) (a - 2) ... (a - r), 

ITciice if the formula assumed for {nPr\ be true for one 
value of r, it is true for the next superior value, but it is 
true when r = 2, as we liavo seen, therefore it is true when 
r = a, therefore when r = 4, therefore &c. therefore generally 
true. 

The preceding j>roof is an instance of that process of 
induction, wliich we have already used in several instances. 
The proof may be exhibited rather more concisely as follows; 

Let [nPr\ denote the number of permutations of n things 
a, 5, c, d... taken r together, as before. Now suppose we 
omit one of the letters, as a, and form the remainder into 
permutations taken r - i together, of which, according to our 
notation, there will be {(a - 1) /^(r — l)| ; then before each 
of tllcse permutations wo may place a, thus forming {(/i- 1) 
P {r - 1)} permutations of n things taken r together, in which a 
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stands first : tlie same may be said of 6, c, rf, and there are n 
of them ; therefore we shall have 

\nPr\ = « J(n - 1) P(r - 1)} ; 

in like manner, 

{(«- 1) {{n-2)P(r-Z)}, 

{(« - 2) /• {r - 2)} = (»t - 2) J(n - 3) P{r- 3)} , 

&c. = &c. 

{(n - r + 2) P2| = (n - r + 2) {(;? - r + 1) Pl| 

= (n - r + 2) (n - r + l), 

[since it is manifest that }(/i - r + i) Pi { ,= « - r + l]. 

Now multiplying together the corresponding sides of these 
equations and leaving out the common factors, we have 

{/iPr} = n (n - l) (n — 2) {n - r + 2) (n - r + l). 

Con. If r = n, we have 

s= (n - 1) (y/ - 2) 2.1. 

Ex. 1. Find the number of permutations of 7 things 
taken 4- together. 

In tliis case n = 7, r = 

]7P4} = 7.6.5. 4= 810, 

Ex. 2. Find the number of permutations of 5 things 
taken all together. 

n = 5, r s= .'5. 

••• {5P5} = .'5.4. 3. 2. I =120. 

Ex.- 3. Determine the number of triliteral words, which 
can be formed of 8 consonants and one vowel, the vowel being 
always the central letter. 

It is evident tlnat the number required = {8P2 J » 8 . 7 = .56. 

113. To find the number of permutations ofn things taken 
all together^ when a are of the same kind. 

Let X be the number required. 

Then since all the a quantities enter into each permutation, 
if we suppose them all different, each permutation would be 
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resolved into {aPa\ permutations, and therefore the whole 
number of permutations would be \aPa\ times as great; but 
in this case the number of permutations would be that of n 
things, all different, taken all together, or \nPn} ; hence we 
have 

a}^aPa\ = {nPri^, 

n(n — 1) 2.1 

or ^ = — . 

a (a - 1) 2. 1 

Cor. In like manner, if there were a quantities of one 
kind, /3 of another, y of another, &c. we should have for the 
number of permutations 

n(n - 1) 2 . 1 

Ex. Determine the number of different arrangements of 
the letters forming the w’ord efecL 

In this example w = 6, a = 2, /3 = 2 ; 

. , 6*. ‘5. 4. 3. 2.1 

the number required = = 180. 

^ 1 .2 . 1 . 2 


114. To find the number of combinations ofn things taken 
r together. 

Let \nCr^ denote the number of combinations. Then 
since the order of the quantities is not regarded in a combi- 
nation, each combination of r quantities may be resolved by 
permuting them into \rPr\ permutations. Hence we have 

\nCr} X \rPr}^ = \nPr\^ 


or \nCr\ = 


n {n — l) {n - r + l) 


Ex. 1. Find the number of combinations of 9 things 
taken 5 together. 

In this case w = 9, r = 5 ; 


.-. {wCr} 


9 . 8 . 7 . 6. 5 
= 126 . 

1 . 2 . 3 . 4. 5 
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Ex. 2, How many diflcrcnt sums of money can be formed 
by selecting 3 coins from a heap containing a sovereign, a 
half-sovereign, a crown, a half-crown, a shilling, and a six- 
pence ? 

n = (), r = 3 ; 

f) 5 4 

the number required = = 20 . 


115. T/te number of combinations of n things taken 
together is the same as that of n things taken (n — r) together. 

Ill other words, {nCr} = 


Now 


= 


n {a 


“1) 
1 .‘ 2 . 


(//, - r + 1 ) 
r 


r 


\nC{n 


- 0 0 * + 0 

17 )- 


Suppose /I - r greater than r, wliicli inaj' be done without 
ailecting the generality of the iiroof : 


then {uC(n - r)| = 

^ ^ 1.2 Of'-r) 

n (n - 1 )...(/! — /• + 1 ) (?^ ~ r) (r + J) 

1 . 2 r(r 4 - 1) (n - r) 

0 (n-r4 0 


115. (bis) Another mode of proving this proposition is 
as follows.^ Whenever r of the n quantities arc taken to form 
a combination, 7i - r are necessarily omitted, and these may 
be supposed to be formed into a combination which may be 
called with reference to tlic former a complemeatarg combina- 
tion. Hence each combination of r quantities has its comple- 
mentary combination of n — r, and thcrcfoi’c the number of 
the two sets of combinations is equal. 


116. To find the value ofr for which the number of com- 
binations of 11 things taken r together will be gi'eatest. 


We have seen that (/iCr) = 


- 1) (h 
1 . 2 


- 2) (/A - 1 ) 

. o r 
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and that {nC{r -• ij| 


, (n - l)(« - 2) (n - r + 2) 

1.2. 3 (r - 1) 


so 


+ 1 

that {n Cr) - {n C(r - 1) } . Hence if we suppose r to 

become 1, 2, .^...successively, the number of combinations will 
continue to increase as long as - — ^ ^ • 


is greater than 1, 


and therefore if we determine the value of r for which 
r ‘4* 1 

first becomes equal to or less than 1 we shall be 

r 

able to ascertain the value of r for which (n Cr) is greatest. 

Suppose = 1, r = --- — ; if n be odd, this will 

be integral and will be the required value of r ; if be even, the 

'i}j n r *4“ 1 

value - will be the Last for which is greater than 1, 

2 r 

and therefore will be the required value. 

It may be observed that if n be odd, 2 ^ ^ ^ ^ ) 

by Art. 11.0, so that there are two equal maximum values of 
(rCV). 

Ex. To find the greatest number of combinations which 
can be formed of 9 things. 

T . _ 71 + 1 7/ - 1 

in this case n = 9, and r = = 5, or r = = 4. 


.9 . 8 . 7 . f) 


= 126 is the greatest number of combinations. 


1 . 2 . 3 . 4 
Let us verify this result 
(9 Cl) = .9, 


9 . 8 

1.2.3 

1 . 2 . 3 . 1 - 
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^ ^ 1 . 2 . 5 ?. 4. 5 


(DC6) = 


9 - 8 . 7 ^(>. 5 _. 4 . 
1T2 . 3 . 4 > . 5.6 


81, 


which shews that (9 Cl) or (9(75) is the greatest number of 
combinations, as determined by the rule. 


ON THE BINOMIAL TIIEOREaM. 

117. We have already seen (Art. 46’) that (« + />)" 

e a® + 2a6 + 6^ and that (a + 6)‘^ = + Sa-h + 3afr + h\ and 

we might find the expansion of any other positive integral power 
of a + A by actual miiltiplicAation : the binomial theorem is a 
formula for the general expansion of (a + ?>)" according to 
powers of b, and that not only in the case of n being positive 
and integral, but also when it is fractional and negative. 

118. To investigate the Binomial Theorem, in the case of a 
positive integral index. 

We have by actual multiplication 

{x + a) (x + 6) = + (<x + b)x + ah, 

(.r + a) {x + 6) (a? 4- c) = + (a + ft + c) a?’* + (a 5 + a c 4 - 1, c) .v + a h c. 

In examining the preceding expressions wo, observe the 
following laws : 

( 1 ) That they consist of a scries of descending powers 
of Xy and that the first and highest index is the number of 
factors forming the expression. 

(2) That the coefficient of the first term is unity ; of the 
second, the sum of the products of the quantities a, 5, taken 
one together ; of the third, the sum of the products of the 
same taken two together ; of the last, the produet of them 
taken all together. 

Let us suppose that this law holds for n factors, that is, 
that 

(x + ct) (ii? + 6) (a? 4" c) ... (ti? + x^ 4“ #Sj a’** ^ 4“ ^ 4“ • • • 4* aS*,i, 



THE BINOMIAL THEOREM. 


81 


where + 6 + c + .. 




S2- €th + ad' 

&c. = &c. ^ 




S',, = abc...p. 

Then will 

(o/* + a) (a? + b) {x + c)...(x + p) (.r + 7) 

= (‘t? + 5) +...+ 6'„} 

= .1?”+' + A\x^ + S^x^'^ +...+ S,x 
+ + ... + 

= + Si'x^ + S2'x”^^ +...+ 6V suppose, 

where 6’/ = = a + 6 + c + ... + 

• AV = 49,, + y A’, = ab + ac +... + 7a + 76 +*.•. 

&c. = &c. 


*S„' = 7A'„ = abc...pq, 

Henee it appears, that if the assumed law be true for n 
factors, it will be true for n + 1 ; but it is true for three ; 
for four; &c. generally true. 

Now let a = fe = c = ... = 79. 

Then A\ = a + a + a + - -.to n terms = ua, 

S2 =* a' + + . . .to as many terms as there are eom- 

binations of n things taken two together 

. (Art. i») 

1.2 


&c. = &c. 


S', — o" ; 

and (a? + a) (j? + b) (.r + c) ... (.p + p) becomes = (.p + a)" ; 

. . • . «(«-!) „ „ 

(a? + a)" = a?" + na?"-'® + + ... + a\ 

. 1.2 


The general term being 


n(n - 1) ... (« - r + 1) 
1 . 2 r 


a;*“’’a'', and 


the number of terms « + 1. 
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Cor. 1. (I + . 1 ')" = 1 + n,v + .v’ + ... + .r". 

J O 

Cou. 2. It appears from the proposition proved in Art. 
115, that the coefficients of terms at the same distance from 
the beginning and end of the series are the same ; which is 
also otherwise apparent from the fact that (iv + a)” = (a + <»)". 

Ex. 1. (a + b)^ = ^ a + h\ 

'' 1.2 1 . 2 . .S 

= «^ + + 4 0 6"* + 

Ex. 2. Find the coefficient of in the expansion of 
{a + b)\ 

. 8 . T . () 

Ihc coefficient = = 5(). 

1 . 2 . S 


Ex. .3. Find the middle term ol’ the expansion of (1 + .r)^. 
I'lie middle term is the fourth ; 


the term required = 


f> . . 4 

= 20 

1.2.3 


11k. 4. (2 a — 3 ay 

3 . 2 .3 2 1 

= - 5 . 2- . ,3a^x' + 2 . 

1.2 1.2.3 

= 8 a'* — 36a^,v + 54 a. — 27.t'\ 

The Theorem may be applied to the expansion of a tri- 
nomial, as in the following examples. 

Ex. 5. (1 - r + a/^)^ 

= (1 - .t.)» + 3 ( I - afj!^ + 3(1 + .r« 

= 1 - .3 4 S.v'^ - ,t-" 

4 .3.7''* — 6‘a/’ 4 •3,7 '* 

4 3iV^ - . 3 . 7 ® 4 'f'S 
= 1 - 8a: 4 6a?* - 4 6a’^ - .3a® 4 *1'®. 
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Ex. 6. (1 + .T + A )" 


1*2 1 » 2 » 3 

e 9i (7t ~~ l) ^ 

= 1 H- n.T + mv ^ + —( o !^ + 2 . 1 ® + tV *) 

1.2 

n (n - 1) (n ^ 2) ^ ^ 

.-' > ^ (^3 ^ <^^.4 ^ 3^^.5 ^ ^yn\ 

1 . 2.3 ^ ^ 


== J + 71>V 


( ?/(w-i)] r 7z (?i - 1) (?i - 2)'| 

, + {„ ^ j ,.v !»(«-.)+- 


119. The series, which has been proved for (l + cvy when 
71 is positive ami integral, may be shewn to be the true series 
in the ease of n being fractional or negative; it is to be 
remarked, liowever, that there is this important distinction 
between tlie two cases, that when n is a positive integer the 
scries conies to an end, but when 7i is fractional or negative 
the series will be infinitely extended. In fact we have seen 
that the general term of the series, when n is a positive inte- 
ger, is 

u {it - 1) (a - r + 1) 

J.2” r 

and this becomes zero Avhen 

/• ^ ?< + 1 ; 

but if we prove that the same is the general term when n is 
fractional or negati^e, it will be apparent that it never can 
become zero, and llierefore the series can never terminate. 
AVe may, however, consider the scries indeliiiitel 3 ^ continued 
even in tlie case of a being a positive integer, only that after 
a certain nuinber the terms will be in reality' evanescent. 

"J^his being premised, we may proceed 

120. To extend the Bmomial Theo^'cni to the case of frac- 
tional and negative indices. 


G — 2 
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Let the series 

jj p 

1 + mx + X + &c., 

\ .2 

{where m mat/ be any quantity whatever^ be represented for 
shortness’ sake by the symbol f{tn\ - 

Then, according to the same notation, 

= 1 + n.r + + 

1.2 

Our first step will be to determine the form of the pro- 
duct f{ni) X f{t\) : to do this wc observe, that by actual mul- 
tiplication it is clear that /(m) x f{n) will be a scries pro- 
ceeding by ascending powers of it?, 

= 1 + Ax + jBcI?* + suppose. 

It would be possible to determine the coefficients Ay 71... 
by actual multiplication* ; but we obtain them more simply 

by this consideration, that although the values of A, B, 

are altered by altering* m and n, yet their /hnns, that is, the 
manner in which 7Ji and n are involved in them, are the same 
whatever m and n may be ; and thcrcfoi’c, if we discover the 
form of the pi’oduct /(m) x y(n) in the case of a? and n being 
positiA e integers, we shall know its form whatever ?n and n 
may be. 

But in that case y(m) = (l + a)"‘, 
and /(?i) = (i + xy; 

/(m) x/(w) = (I + 

= yCai + n) by the notation ; 

and hence, by the preceding reasoning, wc must have univer-^ 
sally 

f{m) x/(a) =/(m + n) ; 

and in like manner wc shall have for any number of factors, 
f{m) x/(n) x/(/>) X + w + /> + ) 

* In order to obtain the required result by this means, it would be necessar> to obtain 
a few terms by actual multiplication, then to assume the form of the coefficient of jc and 
to prove that the form so assumed, i*f true for af, will be true for 


V, 
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This being premised, in the formula 

/(m) /(n) x/(/;) + « + ^ + ), 

make m = n = jp *=» = 

V 

where m and v are positive whole numbers, and let there be v 
factors ; then avc have 


\fr-. 




(1 + 




= (1 -f 0 ?)^ since fi is a positive integer ; 

M V \v J 


+ - .r + ■ 

V 


] .2 


... 


which proves the theorem for fractional indices. 

Again, in the formula 

J\m) y^f^n) ^f{m + ?i), 
let m = — w, and let n be positive ; 

.•./(-^^)x/(n)=/(0) = l, 

?i (n 1 ^ 

(since the series 1 + + 0 ?’+ ...becomes l when tr=0;) 

1 . 2 ' 


V N ^ * — n (— 71 — 1) „ 

.•. (1 + .r)~" = y^(- a) =» 1 - nx + - &c. 

which proves the theorem for negative indices*. 


• The Binomial Theorem, as applied to the expansion of (l+.r)*, whether n be 
positive or ne/^ative, integral or fractional, is due to Sir I. Newton. A method of raising 
a binomial to a positive power without going through the process of actual multiplication 
was known as early as the beginning of the sixteenth eeiitiiry, but this method only 
extended to finding (he successive powers by means of tables calculated for the purpose, 
so that in order to raise a binomial to any power all the inferior powers had to be found. 
The next step was the method of raising a binomial to a positive integral power, without 
the intervention of the inferior powers, and this was the point at which the theorem had 
arrived before the time of Newton, lie completed the theorem by observing that tlie 
same rule which served to expand a binomial raised to a positive power, would also serve 
to express the root or the reciprocal of a binomial in the form of an infinite series. 

It may *be well to observe, that the proof given in the text is not that which was 
given by the discoverer ; in fact, Newton did not himself give any complete proof of his 
theorem, but assured himself of its truth by an inductive process. JUany have been given 



86 


ALGEBKA. 


Ex. 1. 

-O/ o_i\ 

(1 + cr)-- = 1 - 2.17 + - ^ + -''a y + &C. 

^ ^ 1.2 1 . 2 . .3 


2.3 , 2.3.1 , „ 

= 1 - 2a? + a- ar + &c. 

1.2 1.2.3 


= 1 -207 + StT® - + &c. 


Ex. 2. 


(a + bcvy^ 



__ 1 f ^ - 1 (- 1 - 1) (- 1 - 1)(- 1 -2) ?/V 1 

I a ^ 1.2 ^ 1.2.3 j 

1 f />.r 1.2 hKr- 1.2.3 1 

a \ a 1.2a' 1.2.3a* j * 

1 / h,v h\r^ h\v^ \ 

= ~(l +“o *"“3 + )» 

a \ a (r J 


'vvliicli is a result obtainable bv actual division ; it may be 
observed, however, that if the result had been so obtained 
we should have had also a r€mohi(]> i\ of which there is no 
trace in the preceding scries : the fact is, that tlie scries 
obtained by the Binomial Theorem can only be considered as 
numerically equal to the quantities expanded, when the series 
are convergent. When the convergence is very rapid the 
Binomial Theorem may be conveniently used for purposes of 
approximation, as will be seen in the next I^xample. 

Ex. 3. To find an approximate value of ^ + -c-, 
when z is much smaller than N^, 


(iVP + zY = N 



1 


■ .n[ 


1 z 

pN 'p'^ 


1> 



1 . 2 


JV-P 


+ 


}• 


since his time ; that in the text is one of those piven by Euler, and appeals to be the 
most elegant which has been proposed, but the reasoning is somewhat subtle, and will 
require careful consideration on the part of the student who wishes to muster it. 
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By taking a few tcrnv, of this series we may obtain the result 
with a considerable degree of accuracy. 

Ex. 4. To find an approximate value of \/m). 


\/50 = (W + 1)4 = 7 fl + — 

\ 4.9 / 

. , J i ^ iiLll) _L -i) ) 

I •^49 1 . 2 49^ 1.2.3 49^ j 


_ ^ / 11 11 11 N 

~ ^ V ^ 2 49 ~ 8 49* ^ iC 49" '"/ 

/ .020408 .000416 .000008 

V 2 8 16 


-•) 


= 7 (1.010204 - .000052 + ...) 


= 7 (1.010152) = 7.071004, 

^vhich is correct to five places of decimals. 

121. To find the f/reatest term in the €.rj)an6‘ion of + x)”. 
'Jlie (/' 4 - l/^‘ term of the expansion is formed from the 
by multiplying it by the quantity - - tr; so long 

therefore as r is such as to make this quantity greater than 1 
the terms will increase, but when it becomes less than 1 the 
terms will decrease. AVc have therefore to determine the 


value of r which will make 


r 4- 


-- ir less than 1, but in 


r 

doinff so it must be observed that it is the numerical value 
which must be less than 1, and therefore there will be two 

cases to consider, according as - — is positive or 


negative. 

First, let it be positive. Then 


w — r 4- 1 
r 


a? will be < 1 , 


provided (a 4 - 1 ) .r < r (1 4 - c?), 
•r 

or r > {n 4 - 1) 

1 4 - jp 
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If therefore we take r equal to the %vholc number next 
greater than (« + l) — ^ — , the corresponding term will be 

1 + tV 

the greatest. 

— r + 1 , — 71 — 1 

Secondly, let be negative, then will be 

r T 

positive, and we shall have 

r — n i 

,v < 1, 


provided — (« + l) .r < 7’ (1 - .r), 
or r > - (n + 1) — , 

1 — X 

and the value of r required will be the wliole number next 
greater than - fn + l) — . 

] — X 

Let us now determine the eircumslances under which 
each of these rules will apply. 

1. Suppose — «r positive, then must 

T 


n 


-f 1 be > r 


.r 


> (77 + l) - - - a forfiori, 

1 + a 

or 77 -f 1 > 0 ; 

7. e, n must be either positive or a negative quantity less than 
unity. 

77 “ 7 * 4 * 1 

2. Suppose a negative, then must 


77 + 1 be < r 


a 


< — (77+1)^ -- + 1 , 
1 ” a 


Jsince r is the integer next greater than - (w + 1) » 


or 77 + 1 < 1 - a, 

w< - a. 


or n must be negative. 
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Ex. 1. To find tiie greatest term in th^ expansion of 

(-i)’ 

TJl. 1 19 

, In this cast n * 8, .r = — , (» + 1) *= 9 x - = — , 

■ 4 1+3? 5 5 

or the second term is the greatest. 

Let us verify this result ; 




8 8.7 1 8.7.6 1 

1 + ~ + ~ + .— + 

4 1.24* 1 . 2 . S 4* 


7 7 

= 1 + 2 +-+-+ 
4 8 


in which series the second is evidently the greatest term. 

Ex. 2. To find the greatest term in the expansion of 

In this case n = - 12, a? = - ; 

5 

or the third term is the greatest. 

To verify this result, 


/ 1\“’2 12 12 
(*n) 


12 12.13 1 12.13.14 1 
7 1.2 5* 1.2.3 5* 


12 78 .364 

:= 1 — — + — — — + 

5 25 125 


300 390 364 

1 ■” "I" “““ “ “f" • • • 

125 125 125 


which verifies the result. 

122. It does not always happen that the value of (l + 3?)" 
can be calculated approximately by taking a considerable 

• . „ , . n(n - 1) - 

number of terms of the senes 1 + n.r + — ; — - — a? + 

• 1 . 2 
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ill other word^g it is not always true tlidt this series is con- 
vergent. It will be desirable therefore to ascertain the con- 
dition of the eonvergency, of the series, which "may be done 
gs follows. 

Let P represent the p*** term, and R Ihc su^i of*the 
terms after the so that 


= P 


{" 

l( 


-/)+ 1 {7l^p + l)(«-^>) , 

,v + ,v + ... 

p i>(p+0 . 


71 + 1 


- 1 



71 + 1 

P 


OC-K- 



+ 



Now suppose 2 ? to be taken very large, then the quantities 
become ver\" small, and ive shall have 

p ;> + 1 
approximately, 


R = Pi^a^ + a^^-^e+ L 

a geometrical scries of which the sum cannot be calculated 
unless <r be less than unity, (Art. 105). Consequently the con- 
dition of convergeiicy for the binomial series is that .v shall 
be a proper fraction. 


ON LOGARITHMS. 

1 23. . Di:r. The logarithm of a number N is the value 
of .r which satisfies the equation a® = where a is some 
given number. 

Thus if a be 10, the logarithm of 100 is 2, that of ]000 
is 3; and that of any number between 100 and 1000 will be 
greater than 2 and less than 3 , so that it may be represented 
by 2 followed by places of decimals. 

Jf we give a any value, as 10, it is possible to find the 
values of tV corresponding to all values of iV, that is, to find 
tlie logarithms of all numbers to the ba.se 10; suppose these 
found and registered in tables, these will be the common 
tables of logarithms; we shall see of w^hat use they, may be 
made from the following propositions. 
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124. The loffartJim of the product of two numbers is the 
sifnh ^i*^d the^ hujarithm of the quotient is the difference of the 
logarithms (f the numbers. 

For let ^ N, = N\ where N N' are any two nuinbcrsf, 
and .V f/*tlieir logaritlniis to the base (t, 

^ then = NN\ 

but by definition .r + y is the logaritlim of NN^ to base a, 
or (as we usually write it) w y = log^ AW'; 

lf»#y„.W'=l«g,A^+log„iV" 

In like manner 


and = lo«;^ A" ~ log^ A"'. 


125. The logarithm of any power of a number is the 
loyarithm of the number mxdtipUed by the index which expresses 
the jmver. 

Suppose 0 = A^, 

then = NPy 

or px = A^^ by definition, 

blit ,'r» = log;, A^; 



12fi. . ITcncc it appears that by means of a table of 
logarithni^ multiplication niay’^ be performed by addition, 
division by subtraction, involution by multiplication, and evo- 
lution by division. 

For suppose that we possess such a table, and that we 
wish to multi])ly together two numbers N and N\ AVe look 
for tfie logarithms of these two numbers, add them together, 
and then look among the logarithms for the sum thus found. 
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the number corresponding to that logarithm will be NN': 
and so of the other operations. From this it will be easily 
understood that the use of logarithms greatly faeilitates long 
caleulations, 

127. To explain the advantage of choosing 10 as the base 
of a system of logarithms'*^. 

Suppose we have any two numbers in which the digits 
are the same, but which differ from each other in the position 
of the unit’s place: for example, and 13700. Then 

13700 = 137 X 100 = 137 X 10*; 

.*. logio 13700 = logio 137 + 5. 

Hence the logarithms of the two numbers in question differ 
from each other only in this, that tke larger one has 5 added 
to it, the decimal jiarts of the two being the same. And we 
may, in like manner, conclude that the decimal parts of the 
logarithms of all numbers having the same digits, but a dif- 
ferent unit’s place, arc the same. Hcncis if we have a rule 
for assigning the integral part of a logarithm, the tables need 
not contain the logarithms of all ruj[mbcrs, but only of those 
in which the digits are different. 

The integral part of a logarithm is called the character- 
istic, the decimal part the mantissa. 

* Laifarithms calculated to the base 11) are soniciimef' called Ijogarithma, 

from the name of their inventor. The first deviser of the method of logarithms however 
was not Briggs, but Napier, baron of Marclieston near Edinburgh, who, in pub- 

lished what he called Canon mirahilis Lotfarit/imornm. The base of Napier’s system is 
the value of the series 

1 1 1 ‘ 1 

* + I .2 ^17-2.3 I.2.3.4 

which may be easily shewn to be equal to2.7ni2RlB , and which in tlic actual cal- 

culation of logarithms and in many mathematical processes is the most convenient base ; 
it is usually denoted by the letter c. 

Briggs’ logarithms may be easily deduced from Napier’s ; for, if N any number, 
we have by definition, 

taking logarithms, log.iV - log^ A'’ x log, 10, 

Hence Briggs’ logarithms may be deduced from Napier’s by multiplying the Utter by . 
the quantity ^ j, which is a quanthy easily calculated, and is called the modulus. 
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128. To find a rale for ascertaining tlie characteristic of 
the logarithm of any number. 

We have lo^,o 10* = 2, and log,oi0'* = 3; hence the loga- 
rithm of any number between 100 and 1000, i.e. of any number 
composed of three digits, is between 2 and 3, and therefore 
the characteristic is 2 ; similarly for numbers of four digits 
the characteristic is 3 ; and generally the characteristie is 
one less than the number of digits. If the number be decimal 
we must have a iifgative characteristic, for 

logio 1 = 0, 

I = - 1, 

and logioYtVo- = = - 2 ; 

hence the logarithm of a number between 1 and . 1 is less than 
0 and greater than ~ i, and may therefore be represented by 
— 1 a mantissa ; in like manner the logarithm of a number 
between .1 and .oi will be — 2 + a mantissa ; and, generally, 
the characteristic will be one greater than the number of 
cyphers which precede the first significant figure. 

129. On the use of logarithmic tables. 

Sii\ce by the preceding article we know at once the eha- 
r.acteristic of the logarithm of any pro])oscd number, it is usual 
in tables to give only the mantissa of the logarithm, leaving 
the characteristic to be supplied by the calculator. Suppose, 
for instance, we required the logarithm of 3.7192 ; looking for 
the number 37192 in the tables, we find the figures 3701-493; 
hence w^c conclude, that the logarithm required is .370t493. 
If the number had been 371.92, the logarithm would have been 
2.57041-95; and for. .037192, the logarithm w'ould be 2.5701195, 
or — 2 + .5701-195 ; and so in other cases. 

Good logarithmic tables are usually calculated for 5 figures, 
but the logarithms of numbers of 6 figures may be found very 
simply if we assume this principle, that the difference betw een 
the logarithms of two numbers not differing much from each 
other is proportional to the difference of the numbers. For 
exampfe, the mantissa of the number 305120 is 5()2435(>, that of 
305130 is 5024175, and the difference between these is 119; 
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now suppose we wish to find the mantissa of the number 
then since the difference for 10 is lip, we assume that 

4 

the dilference for 4 will be — x ii<), or 18 nearly. 

Or more generally, we assume that 

log o(A"+ w) - log,oA’= ~ ll<>gu.(iV + 10) - log.oA^j. 

AVe say asi^ume, but in a complete treatise on the subject the 
proj)osition would be not assumed, but prolfed. 

To render the process of finding the logarithm of a number 
of G digits more easy, tables are supplied with auxiliary fables, 
called fahles of pioportional parts. These are simply the re- 
11 

suits of the formula ~ {Iog.o(iV^+ lo) - lognjiV^ reduced to 

numbers for each value of n from 1 ii}) to . 0 . A sci)arate tal)le 
is not required for the difference between each paii* of‘ loga- 
rithms, because in looking through logarithmic tables it nill 
be easily seen that the diliercncc remains the same lor a con- 
siderable number of logarithms. Thus in the exami)le just 
now taken, the table of proportional parts is as in j " ^ — 
the margin, but this table serves for all numbei’s , — 

• ^ r ^ ■ 1 I** i 

from oO'lSoO up to rj()7830. '^I'hese tables of ])i\)- | .> ; 04 

portional parts render the process oi linding loga- | 'j • ;j[j 

rithms of numbers of () figures very easy, since ne | 

have only to inspect the table and ascertain at | 7 

once the quantity to be added to the logarithm | i| i ||jj! i 

given in the table. . . * _ — ^ 

loO. The preceding articles contain so much of the 
theory of logarithms, as is necessary to render their utility 
ob\ioiis and the mode of using them intelligible; the actual 
caleulation of them would involve ns in series with which tlie 
student is not at present acquainted, and for which, if he 
be desirous of pursuing the subject, he is referred to other 
treatises. 
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PLANE TRIGONOMETRY. 


1. The science of plane trigonometry^ according* to the 
strict meaning of the words, treat.s of the rneasm^ement of plane 
triangles; we may however consider tlie name as api)licable 
to the more general subject of the measurement of jdane 
angles y of which the measurement of triangles forms an im- 
portant part. 


2. The term angle will be used in this subject in a more 
extended sense than tliat which is attached to it in Kuelid’s 
elements, for an angle according to Euclid’s definition cannot 
exceed two right angles, and indeed, according to our ordinary 
conception of an angle or corner, it is manifest that there can 
be no such thing as an angle exceeding that limit : but there 
is no such restriction in Trigonometry ; in that science the 
magnitude of an angle is unlimited. To make this under- 
stood, let BOA be a fixed 
straight line, and OP a 
line which revolves about 
O, and which at first co- 


incided witli OA. Tlien 

we say, that when OP is — ^ 

in the position represent- ^ 

ed in the tigurc, it has described the angle A OP ; but this 
mode of conceiving an angle admits of extension to angles of 
any magnitude, for we may suppose OP to revolve beyond 
OB and so describe an angle greater than two right angles, 
or more generally, we may suppose it to describe an angle of 


any magnitude whatever. 


3. The same thing may be put in a slightly different 
point of view, by considering the point P to trace out a circle 
with centre O. Then it is proved by Euclid, (vi. S‘J), that in 
the same circle the angle standing On any arc is proportional 

•7 
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to that arc, so that t ho arc subtending an angle is a proper 
measin^e of that angle. Now it will 
be seen that the are traced out by 2^ 
may be perfectly unlimited, may in 
fact consist of any number of circum- 
ferences or any j)ortion of a circum- 
ference. The student will frequently 
find it convenient to have before his 
mind the notion of the subtending arc. 
as the measure of the subtended anfflc. 

OX THE MODE OF MEASURING ANGLES. 

4. Suppose a right angle to be divided jnto ninety C(iual 
parts, and let each part be called a deyree ; supi) 0 sc a deyree 
to be divided into sLrty equal parts called minutes, and a 
minute into sixty equal parts called seconds : then the magni- 
tude of an angle may be assigned by saying how many degrees, 
minutes, and seconds it contains. 

Degrees, minutes, and seconds, are thus denoted, 25® SO' 
S2". AVe may, if we please, denote parts of a second by a 
similar notation; but in general an angle will be determined 
with sufficient accuracy, by assigning the degrees, minutes, 
and seconds, "which it contains, or we may make the value 
exact by setting down beside fractions of a second. 

According to this notation, qo® represents a right angle, 
180 ® two right angles, and SfiO® four right angles or the angle 
described hy a complete revolution of the revolving line. 

5. It is obvious, that this mode of measuring angles is 
perfectly arbitrary ; we might, for instance, (as some French 
authors have done) divide the right angle into one hundred 
degrees, or yrades as they may be termed to distinguish them 
from English degrees, each grade into one hundred parts, 
and so on; and this is, in fact, a very convenient division, 
because no new notation will be recpiired to denote the 
different parts; for such a quantity as 45' 17^' might be 
written :l 1517, and thus the only mark required is a decimal 
point to separate the gratles from the parts. As the former 
division is universal in this country, >vc shall adopt it here. 
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It may however worth w'hilc to jioint out the method 
of passing from the French to the English measure and the 
reverse. ^ 

Let denote the number of degrees and grades 

respectively in the same angle. Then since the right angle 
which in the one case is divided into 90 parts is in the other 
divided into 100, it is evident that 


E : 

F :: .90 : 100, 


or 

E F 

9 


E = 

9 

F 

. —F = F -- 


* 

10 

10 

and F = 

10 

E 

- E ^ E + 



9 



Which formula) give simple rules for effecting the reduction 
required. It is to be observed that, in passing from degrees 
to grades, it is necessary first to express minutes and seconds 
as a decimal of a degree ; and that, in passing from grades 

F 

to degrees, it is necessary after having subtracted — accord- 
ing to the preceding formula to express the decimal portion 
of the result in minutes and seconds ; the meaning of this 
observation Avill be seen from the two following examples. 

Ex. 1. To find how many degrees, minutes, &e., are 
contained in the angle 27^ 15' 41". 

In this ease, 27.1514 

F 

— = 2.71514 
10 

F 

F = 24.4aS(}G 

10 

()0 

2().3.S7h’0 I 
()0 

20.25()0() 

E = 24® 26' 20'". 256 

7—2 
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Ex. e. To find how many grades, minutes, &c., are eon- 
taincd in the angle 23^ 17 ' 5l". 

•#- 

Hero we must reduee 17^ to the decimal of a degree. 

GO) 51 


60) 17.85 


.2975 
E ^23.2975 
E 

— = 2.588C1 i • 
9 


/. i? + ~ = 25.88Clli 
9 

JF = 25-^ 88' til" 11"' 

Another mode of measuring angles will be given here- 
after. (See Art. 52, page 138.) 


OX THE USE OF THE SIGNS + AND - TO INDICATE THE 
DIRECTIONS OF LINES. 


6. The primary use of the signs + and - is, as we have 
seen, (Algebra, Art. 5) to denote addition and subtraction ; 
nevertheless, we found that these signs immediately intro- 
duced the notion of Tverfative quantities, and we illustrated 
the meaning of a negative quantity by a debt, which may be 
looked upon as a quantity to he subtracted. 

We must now still further generalize the meaning of the 
signs + and and it will be easy to shew that if a line 
drawn in one direction be called positive, then a line drawn 
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ill the opposite direction 
will properly be ac- 
counted negative. To 
make this appear, let 
AB hoi any straight line 
of length a, and let us cut off from it a portion CB = 6, tlicii 
the remainder AC ^ a ^b. Now so long as h is less than a, 
C lies to the right of A and a - 6 is positive ; but suppose 
wc endeavour to cut off from AB a portion BC greater than 
itself, then (although the operation is really impossible, yet) 
^ according to the analogy of the preceding operation wc shall 
have for the remainder AC^ which is a line drawn to the 
left of A and is represented by - (& - a), or by a negative 
quantity. Hence then we see how that if a line drawn in 
one direction is accounted positive, then a line drawn in the 
opposite direction is properly accounted negative. 



7. A more comprehensive view of this subject may be 
given, by saying that the signs + and - denote any exactly 
opposite qualities of a quantity; wc arc at liberty to take 
these signs in such a sense, because it includes the original 
meaning, viz. that of addition and subtraction, for additive 
and subtractive arc qualities exactly the reverse of each other. 
And if we take the signs + and - as having this meaning, 
w^c shall see at once, that among other qualities, they jiro- 
perly designate opposition in direction when applied to lines. 


As an example, let us consider what Avill be the meaning 


of a negative angle. Suppose the 
line OP by its revolution about O 
and upwards from OA to describe 
the angle AOP, and let angles de- 
scribed in this manner be consi- 
dered positive. Then if the line 
revolve downwards from OA and 
describe the angle AOP\ this angle 
will be properly accounted negative. 



The same explanation w^ould apjily to negative arcs. 
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8. Tn what follows, C 


W’C shall consider that if 

AOl^y CODy arc two lines 
at right angles to each 
other, then lines drawn 
parallel to AOP are po- | 


sitive if to the right, nc- 35 
gative if to the left of 

CDy and lines drawn pa- 
rallel to COP are positive 
if drawn above AO By and 

0 

A 


negative if below' it. D 

We shall sec immediately the rreat advantao'o of the 


preceding conventions. 


ON THE TRIGONOMETRICAL FUNCTIONS OF 
AN ANGLE. 


Flo. 1, Fig. II. 



0. Let tlic line OP revolving from the initial position 
()A ul)out 0 describe the angle AOP: from P let fall the 
perpendicular PN upon the line AOB^ then the ratio 
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(0 

(•^) 


PN 

OP 

ON 

OP 


is (Iclincil io be the sine of the angle AOP. 


cosine 


(•• 5 ) 


PN 

ON 


tangent 


( 4 ) 


(•' 5 ) 


ON 

PN 

OP 

ON 


totangent 


secant 


(fi) 


OP 

PN 


cosecant 


( 7 ) 


1 - 


ON 


OP 


versedsine 


The ratios to which wc have just assigned names arc 
called the trigonometrical functions of the angle, that is, 
quantities which depend iqion that angle for their value, and 
(conversely) which being given determine the value of the 
angle. 

I'or shortness’ sake wc usually denote an angle by some 
single letter, as for instance A ; and we write the names of 
the functions above defined thus, sin A, cos Ay tan A, cot Ay 
sec Ay coscc Ay vers A *. 

10.- The meaning of these names f, and the relations of 

• It is sometimes convenient to denote by a single symbol the angle wliose sine is any I 
given cjiiiiiitity ; the following is the notation usually ado])ted ; sin"*.r, cos-'.c, tan-'.r, 
Slc. arc symbols taken to represent respectively the angle whose sine is -r, tlie angle 
whose cosine is .v, the angle whose tangent is a*, &c. The reasons for choosing this nota- 
tion it is not necessary to discuss here. 

i In the older treatises on Trigonometry it was usual to define the line PX to be the 
sine of the angle POX or of the arc JP, OX to be the cosine, and so on. The dis- 
adviintage of this method is that in order to make an angle determinable from its sine, it 
is necessary to state what is the radius of the circle in which the lines are drawn. If 
however we supjiosc the radius of the circle to be itnUf/ this method of definition will 
coincide with that given in the text. • 
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tlic trigonometrical functions to each otlier, will be sc^n move 
distinctly from another mode of defining them. 



Suppose the point P at the extremity of the revolving line 
OP to trace out a circle of radius r. At the point A, which 
is the initial position of P, draw the tangent TA T\ and let 
OP be produced to meet AT \\\ T\ also draw i'xV j>eri)en- 
dicular’to OA ; then we may define the trigonometrical func- 
tion of the angle POA or A^ thus; 


tan^ = — ^ ^ by similar triangles 

, OT ( OP , . \ 

secA= — I = by similar triangles j, 


vers A 


With regard to the three other functions w^e may observe 
that the complemmt of an angle is its defect of a right angle, 
and that cosine merely signifies sine of the coniplementf co-- 
taufjent tangent of the complement^ and cosecant secant of the 
conqdtiaent. Hence these ‘functions need no new definition ; 
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but if we take AOC a right angle' and draw the tangent CT\ 
and PM perpendicular to 0(7, and produce OP to meet CT' 
in T ', we shall have 


cos A = 


. PM 

sin COP = = 


r 

cot A = tan COP = 

r 

OT' 

cosec A = sec COP = 


r 


ON 

OP' 

PM ^ ON 
d~M'‘ PN' 
OP OP 
03I~~Tn‘ 


Another function is sometimes introduced: if wc join AP, then 
AP . 

is called the chord of A or chd A. 

r 


11. From the definitions given of the trigonometrical 
functions a number of connecting relations may be easily 
deduced; the following arc some of the most important, and 
the student is advised to examine their truth and make him- 
self familiar with them : 

sin'-* A + cos^ ^ = 1 ♦, tan A = , 

cos A 

sec A = ; , cot .4 = ~ ~ , coscc A = : . 

cos A sin A sm A 


12. Furthermore, if one of the trigonometrical functions 
be given, it is not difficult to express all the rest in terms of 
it. For example, let it be required to express all the func- 
tions in terms of the sine. 

We have cos ^/ = ± \/ 1 - siii^J, 


tan ± 

cot A = 


sin A 


\/ 1 — sin^A 

\/ 1 - shr^A 
sin A 


sec J ± 


\/ 1 - sin‘'^.4 


, cosec A = — ^ - 
sin A 


* The imtation sin-.4, cos’*^4, &c. represents (sin A)\ (cosA)\ &c. or the square of 
sin.i, cos^, &c. It appears on the whole to be ihc^inost convenient notation, though 
not universally adopted. 
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16. Lot US here inquire by the way what is the meaning 
of the ambiguity of tlic siffn in the jirceciling example. 

The reason will appear 
thus: let A OP be the 
angle of which tlie sine is 
given; take POP' = A OP, 
then it is evident that 
sin JOP'= siiwlOP, and 
therefore the given sine may as well belong to AOP' as to 
AOP. But it is not true that cos^OP' = cof^ AOP; for ON, 
ON are drawn on opposite sides of O, and therefore if one is 
positive the other is negative: hence we have cos A OP' 
= - cos AOP\ and thcrel’ore in the above set of formula}, we 
must take the upper or lower sign, according as we suppose 
the given sine to belong to AOP or AON, 


14. The difference between a given angle and two right 
angles is called its svpjdement. The i)receding remarks shew 
us that the sine of an angle is the sine of its sui)plcnient, and 
that the cosine of an angle is the cosine of its supplement with 
the sign changed. 


15. To trace the sign of sin A, cos A, tan A, seciV, as A 
increases from 0^^ to sGo^. (Sec the figures of Art. p) 

J^N 

By cur definition, sin A = j , and has therefore the same 


sign as PN, since there is no reason why 01^ should ever 
change sign. 

Ilcncc sin^ is positive when A is between 0^ and 180^, 
negative when between 180^^ and 3(>o*^. 


Cos A = 


O^ 

OP' 


and has therefore the same sign as ON, 


Hence cos A is positive when A is between if and 90 ^’, 
negative when between qo® and 270^ and positive when 
between 270^^ and 56’0". 


Tan A = therefore positive when PAT and ON 

have the same sign, negative when they have contrary signs. 
Hence tan A is positive when A is between 0® and or 
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between 180® and 270^^ i negative ^vlicn it is between 90 ^* and 
180^ or between 270 ^^ and 
OP 

Sec A = and lias therefore the same sign as cos A. 

In like manner may be determined the signs of cot A and 
cosec A. Vers A is always 2 >ositive. 

The sign of did A may be deter- 
mined thus. Let A OP be the angle A, 

AP the subtending arc ; join AP^ tlicn 
AP 

chd-4= Now draw OQ perpen- 

dicular to APy and therefore bisecting it ; 
then 00 also bisects the angle AOP, and 

therefore each of the angles AOQ, POQ = ^ 


P 



did A = 


AP 

AO 


~ AO 


O 


. A 


sin — . 

O 


A A 

lienee did A has the same sign as sin — : but sin — is posi- 

2 2 

tivc while is betivecn 0^ and 1 so^ or A between 0'^ and 


and negative while -- is between ISO^’ and oOV, or A between 


.‘JO'O*’ and 720”. Tlierdbrc did A is positive while the revolv- 
ing line makes its first revolution, negative wliile it makes its 
second, and so on''\ 


* If we adopt the mode of defining; the tri^jonomctrieal functions given in Art. 10, 
and consider tlie radius of the circle to be always a positive quantity as it must he, the 
change of sign of each of the functions will depend upon that of a single line, namely, 
the sine upon PA'', the tangent upon T, and so on ; and it is very easy from this mode 
of definition to determine the change of sign of those functions for which the single line 
in question is drawn perpendicular to some fixed line, for we have only to assume the 
functions to be positive in jthe lirst quadrant, and then consider them to be positive or 
negative in the rest according as they are drawn in the same direction as in the first or 
in the opposite. To this class belong all the functions except the secant, cosecant, and 
cliord, and it will perhajis be useful to slicw how the general principle of using the 
negative sign as indicative of direction ap])lics in these less simple eases, 

1. Speaking of tlic radius of the circle as unity, 'wc may say that the secant is the line 
drawn front the centre through the extremity of the arc to meet the line touching the 
circle at the hcginiiiiig of tlie lirst quadrant; now if ibis definition be strictly followed in 
the second quadrant, that is, if in the figure of Art. 11) we join OP' and produce it, we 
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16. T-') determine the change of magnitude of sin A, A, 

tan A, sec A, cot A, cosec A, tchile A increases from 0® 36o®. 

Retaining the same figures as in the last article, it will be 
seen, that as 

xl increases from 0^ to 90®. ON decreases from OP to 0, 


PN increases from 0 to 

A 90® to ISO®, ON increases from 0 to OP^ 

PN decreases from OP to 0, 

A 180® to 270®, ON decreases from OP to o, 

PN increases from 0 to OP, 

A 270® to 3()0®, ON increases from 0 to OP, 

PN decreases from OP to 0. 


Hence observing the changes of sign, as already explained, 
it is easy to deduce the following table for the changes of sign 
and value of the functions. 


A between 

0 ... ao** 

90* ... I80« 

180" ... 270» 

270® ... .-JCo® 

sin A 

0 ... 1 

1 ... 0 

0 ... -1 

- 1 ... 0 

cos A 

1 ... 0 

0 ... -1 

-1 

0 ... 1 

tan A 

0 ... + 00 

— 00 ... 0 

0 • • • -f* X 

— X ... 0 

sec A 

1 ... + GO 

1 ^“^ 1 

- \ ... -X 

-hx ... 1 

cot A 

-f* oc ... 0 

0 ... - CO 

X ... 0 

0 ... -X 

COSCC A ,.,l 

1 ... + X- 

- X ... — 1 

— I ... —X 


shall never make it meet the line touching the circle at A ; therefore we must suppose it 
drawn in the reverse direction and must account it negative. 

2. Similar remarks ay)ply to the cosecant. 

3. The chord is the portion of the line drawn through A (fig. Art. 10) and the 
extremity of the arc, intercepted by the circle ; now if wc suppose an indefinite line to 
revolve round one extremity A, it is evident that a certain ])ortion of it will be inter- 
cepted by the circle while the line revolves through two right angles, that is, while OP 
revolves through four right angles, but after that if the line continue to revolve no por- 
tion will he intercepted ; consequently there will be no chord from 3fHV’ to 720'’ unless we 
suppose the above revolving line to be produced backwards, and the chords so formed will 
he rightly accounted negative. 

The preceding conclusions arc in accordance with those in the text. 

Another mode of considering this question is to consider the revolving line to be 
indefinite on both sides of the point about which it revolves, and then the positive and 
negative intercepted lines may be discriminated by observing on which side of the fixed 
point of revolution the intercepted portion lies; if it lie on the same side as that which 
was intercepted m the case of the first quadrant it will be positive, if otherwise negative. 
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The student is recommended to make himself as familiar 
as possible with the results of the preceding table : and it may 
be observed, to aid him in doing so, that if he becomes well 
acquainted with the changes of the sine and cosine, those of 
the other functions are at once deducible. 

It will be remarked that the trigonometrical functions 
change sign in passing through 0 and oo , and for no other 
values. 

• 

17. The values of vers A and chd A have not yet been 
given. They are of no great importance, as those functions 


may always be replaced by l - cos A, and 2 sin — respectively ; 
they are however as follows : 


A between 

o“... 90* 

90*.., 180* 

0 

% 

CO 

270*... 3G0« 

vers A 

0 ... 1 

1 ...2 

2 •. 1 

1 ...0 


A between 

0*,., 180* 

1 

0 

cc 



chord A 

0 ... 2 

2 0 

0 — 2 

-2 ...0 


AVc have already seen that sin = sin (iso^-A) and 
that cos J = - cos (iSO^ - A) (Art l i) ; we shall now prove 
more general propositions of the same kind. 


18. To prove that, n being ang integer, 

sin A = i sin (4n.90® i A) = ± sin | (l-n + 2) 90® =p A} . 

It is manifest that none of the trigonometrical functions, 
(except the chord,) are altered by supposing the angle to be 
increased by any number of complete revolutions of the re- 
volving line ; that is to say, sin A = sin (4. a. 90® + A). 

Again, if we take P* O A = — POA, it is evident that 
PN^ PN, and 

.-. sin = - sin (- A) 

* = - sin (4 /1.90® - A) 

by what precedes. 
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Again, if we produce PO^ to P**\ P*\ it may be seen 
that 

syi (180^^ - J) = sin J, 
and sin (l80^ + J) = - sin J. 

Ilencc sin ^ ± sin (2 . =f A) 

= ± sin {{i>n + 2) =f A], 

Other propositions may be demonstrated in like manner : 
as for example, 

cos A = eos ( 720 ® ^ A)y 
cos A = - cos (5 10® -t A)y 
tan A - ^ tan (ISO® i A). 


OX rORMULd: IXYOLVIXG 3IORE THAN ONE A^XiLE. 

19. Given the sines and cosines of Uco antjles, to find the 
sine and cosine of their sum or difference. 

Let PO(^, QOM be any two angles, which call A and B 
respectively. 

]"rom any point P in OP draw PQ perpendicular to OQ, 
and from Q draw PN, QM perpendicular to 031, and QR 
perpendicular to PN, ' 



rOEMULiE INVOLVING MORE THAN ONE ANGLE. 


Ill 



It will be seen that 

qPR = 90 * - PQR = RQO = QOM = R ; 

• A. m • PR-^QM 

then sin {A R) = sin PON = = - 

-- 3 . 9 ^^ 

~ Up' PQ OP' OQ 

= sin A cos R + cos A sin R (1). 


Again, cos (-4 + R) = co& PON 
OQ OM 


ON OM - QR 
OP ~ (W 
7’Q QR 


OP' OQ OP' PQ 


= cos A cos R - sin A sin R ('2). 


For llic sine and cosine of the difference of two angles we 
must make a new construction. 



Let POQ = A, QOM = R as before, then POM^ A - R. 
From any point M in OM draw the lines MP, MQ perpen- 
dicular to OP and OQ respectively, QN perpendicular to OP, 
and MR to QN, It is evident that MQR = A. 
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PM ON - OR 

Then sin {A -13) = sin POM = ^ 

_ QN OQ QR MQ 
~ ()0 (m MQ ‘ OM 
= sin A cos R — cos A sin 13 (3). 

. . , . T,s , OP ON+MR 

Again, cos (A-B) = cos POM = ^ — 

_ OM OQ 31R MQ 
~ 0Q‘1)M'^ MQ‘ OM 
= COS A cos B + sin A sin Z? (i). 

20. It will be observed, that the preceding formula) have 
been proved by means of figures which suppose both A and 
/>*, as well as A -f B and A - Z>, to be each less than a right 
angle ; nevertheless we are justified in concluding tluit the 
same formula? ivill hold in all eases, provided the j)roj)er 
signs be given to the quantities which enter: and herein 
consists one great advantage of the mode of denoting the 
directions of lines by their signs, that Avhon any formula 
has been established for a standard case in which all the 
lines are positive, the same may be safely assumed to be 
true in all other cases. 

(The student will find it a useful exercise demonstrate 
any of the formula? (l), (2), (8), (4) in particular cases in 
which the preceding conditions arc not fulfilled ; as for in- 
stance, when ^ is > 90^’, B < 90^, and .A B < iso*'). 

As an example of •what has been here remarked, it may 
be observed, that the formula? (3) and (4) just proved, may 
be deduced from the formula? (l) and (2) by changing the 
sign of the angle B. For we have from (i), 

sin {A B) = sin A cos B + cos A sin 2?; 
now write - B for By and we have 

sin {A - B) = sin A cos (- B) + cos A sin (- B) 

= sin A cos B - cos A sin B, 

which agrees with (3); and similarly (4) may be (Icduced 
from (2). 



FORMULiE INVOLVING MORE THAN ONE ANGLE. 113 

But still furtlierf (2) may be deduced from (l): for we 
have 

cos (A + yj) = sin {(90® - A) ^ B} 

= sin (90® - A) cos (- 2 ?) + cos (90® - A) sin (- B) 
= cos A cos B - sin A sin B, 

Hence it appears, that the only formula which it is quite 
necessary to establish by reference to a geometrical figure, is 
tlie liindamental formula (l). 

21 . By making B = A we obtain the following formiihc : 
sin 2 ^ = 2 sin A cos A, 
cos 2A = COS' A - siii^ A, 

whicli last formula, in consequence of the relation 
COS' A + siir A = 1, 

may be put under either of the following forms, 
cos 2 J = 2 cos* A - 1, 
cos 2 J = 1 - 2 sin* A. 


Also, eonverS'cly, >ve have the following useful formula?, 

/i+cos2j 

iS - , 


cos 


sin ..4 = ± 



cos 2 A 

o 


We may observe that the sign ± necessarily attaches to 
these two formuhe ; and when the limits between which A 
lies are known, the proper sign may be given. Thus, 

if A lie between 0” and 90®, 


cos A 




1 + cos 2 A 


sin 


, /i - cos 2 A 

A- + V , 


if A lie between 90® and 180 ®, 

. ^ cos 2 A . . / 1 -• cos 2 A 

I ^ - V > sin \J - , 


cos . 


2 
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if A lie between 180*^ and 270^ 

. /i + cos 2 A . , / 1 - cos 2 A 

cos A = - V 1 sin -4 a - v , 

and if A lie between 270® and 360®, 

^ /i+cos2^ . , /i-co.s2yi 

cos A = \/ , sin = - \/ . 

2 ^ o 

We have expressed sinJf and cos in terms of cos2^i; 
we may also obtain expressions for them in terms of sin^^Aj 
as follows : 

1 + sin 2 A s= cos^ A + sin^ *4+2 sin A cos A = (cos A + sin Af, 

] - sin 2-4 = cos* A + sin* J - 2 sin A cos A = (eos A - sin A'f; 

cos -4 + sin ^ = =b \/] + sin 2 A, 

cos ^ - sin ^ ± \/l - sin 2 A, 

and cos J ± \/l + sin 2 J A 1 v/jT- sin 2-4, 

sin J = =4= v/i + sin2^ =P J \/i~sin2'A, 
the expressions required. 

There is greater difficulty in determining tlic proper signs 
to be used in this case than in the preceding : but the follow- 
ing considerations will lead us to the i)oint which we desire. 

hrom 0® to 45®, sin -4 is positive, cos -4 is positive, and 
cos 4 is > sin A ; therefore, looking to the equations (a), we 
see that the upper sign of each radical must be taken. 

From 45® to 135®, for like reasons, cos A + sin A is positive, 
and cos A - sin A negative. 

From 135® to 225®, cos -4 + sin4 is negative, and cos -4 - sin A 
negative. 

From 225® to 315®, COS -4 + sinA is negative, and cos A - sin A 
positive. 

1 rom 315® to S60®, cos 4 + sin 4 is positive, and cos 4’- sin 4 
positive. 
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Hence we have the following table of signs : 



OP to 45" 

45Ho K-JS" 

135® to 225" 

225® to 315" 

315" to SCO" 

COS A 

+ 

+ 

+ - 

- - 

- 

+ 

+ + 

sin A 

+ 

- 

+ + 

“ + 


- 

+ 


22. To express tan (A ± B) in terms of tan A and tan B. 


Wc have 

tan {A st B) 


sin {A =t B) 
cos (A ^ B) 


sin A cos B ^cosA sin B 
cos A cos B =F sin A sin B 


(dividing numerator and denominator by cos A cos B) 

tan A i tan B 
1 =F tan A tan B 

JMaking B = A, we obtain the formula, 


tan 2 A ^ 


2 tan A 
1 — tair A 


23. The following formulie are of great service in trigo- 
nometrical investigations. 

have 

A^- B A^B ^ + i? A - B 

^ = + JS = ; 

2 2 2 2 

+ B A - B A + B . A - B 

sin A * sin cos + cos sin , 

2 2 2 2 

. , A +B A-B A+B . A- B 

2 2 2 2 


A+/i A^B .A+7?.A-/? 

cos A = cos cos sin sm , 

2 2 2 2 


. A -\-B A- n . A + n . A-B 

cos B = cos cos • - + sm sin - - — . 

2 2.2 2 

. 8 — 2 
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Hence 


. . . T, . J + n t-Ji /.X 

sin ui + sill J? = 2 sin - ~ cos - (I; 


• / •/? A li , A B .V 

sin A — sui z? =: 2 cos — sin (2) 

a o ^ ^ 


4 r. ^ + ^ 

COS A + cos 5 = 2 cos cos 

2 2 

, A B ^ A B 
cos B - cos A = 2 sm sin . 

2 o 


,(. 3 ) 

( 4 ) 


24. The formula} ivhich have been investigated in the 
last few articles may be easily extended to functions of three 
or more angles. For instance, 

sin (^ + 5 + (7) = sin {A + B) cos G + cos (A + B) sin C 

= (sin A cos B + cos sin 5) cos C + (cos A cos 5 - sin ^ sin B) sin C 

= sin A cos B cos (7 + sin 5 cos A cos C 

+ sin C cos A cos B - sin A sin B sin C» 

^imilarly we may express cos (A + B -i- (7), tan {A + B C), 
&c., in terms of the trigonometrical functions of tlic simple 
angles. 

In like manner we may express sin r> A. cos S A. 

sin 3 ^ = sin {A ^2 A) = sin A cos 2 // + cos A sin 2 A 
= sin ^ (l — 2 sin^-^) 4 2 sin A cos* A 
= sin 1 1 - 2 sin® -4 + 2-2 sm^A\ 

= 3 sin A - 4f sin^ J ; 

cos 3 A = cos {A + 2A) = cos A cos 2A~- sin sin 2 ^ 

= cos A (2 COS' A - 1) - 2 siirA cos A 
= cos A \2 COS' A - 1-2 + 2 cos^A^ 

= 4 cos^ A - 3 cos A. 
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DETER]\IINa\TION OF THE NUMERICAL VALUES OF 
THE TRIGONOMETRICAL FUNCTIONS OF ANGLES. 

25. The value of the trigonometrical functions of certain 
angles may be expressed with great facility and simplicity, 
that of others must be found by a laborious course of calcu- 
lation. A few which present the most simple investigation 
are here given. 

To fimi tha value of sin 45®. 

In general sin*^ + cos® A = l. 

Let A = 45® ; cos A = cos 45® = sin 45® ; 

2 sin® 45® = 1, 
sin® 45® = ^ , 

sin 45® = ; 

v/2 

the positive sign of the radical is taken, because we know that 
sin 45® is positive. 

Hence also cos 45® = , and tan 45® = cot 45® = l. 

\/2 

To find the value of sin oO®. 

cos 50® = sin 50® = 2 sin .50® cos 30® ; 

2 sin 30® = 1, 
sin 30 ® = T. 

\/3 I 

Also cos 30® = v/ 1 - sin® 30® = — ^ , and tan 30® = ■ - . 

2 y/s 

The “values of sin 45® and sin 30® may be obtained very 
pimply by a geometrical figure, thus : • 
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Let ACB be an isosceles triangle and having a right angle 
at C. Then each of the angles A and B is an angle of ts®. 



. BC BC BC 1 

* Sill — " . — -- = 

AB ^/aC^^-BC^ s/iBC^ v/!> 

Again, let ABC be an equilateral A 

triangle, and draw BD perpendicular to, /\ 

and therefore bisecting AC. Then since . / \ 

the angles A, B, C, are equal to each / 
other and together equal to 180 ®, each of / 
them is 60®, and therefore ABD, M'hich / ^ 

manifestly is half of ABC, = 30 ®. 


sin so® = 


AD 

AB ~ s ‘ 


To find the value of sin 1 8®. 

S6® = f)0® - r.i® ; 
sin 36® = cos 51®. 

We have seen (Art. 21) that cosSA^icos^A-ScosA; 
also, 36® = 2 X 18®, and 54® = S x IS*; 

.-. 2 sin 18® cos 18® = 4 COS®- 18® - 3 COS 18®, 

2 sin 18® = 4 cos® 18" - 3 = 1 - 4 sin® 18", 


sin® 18® + 

Completing the square. 


sin 18® 1 


. , „ sin 18® 1 1 1 5 

sm® 18® + 

2 16 4 16 16 


sin 18® = 


- 1 + \/s 
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the positive sign is given to the radical, because we know that 
sin 18“ is positive. 

By means of the preceding values, we may investigate a 
variety of others. For instance, if it were required to find 
sin 12®, we should have 

sin 12® = sin (6*0® - 18*), 

= sin 30® cos 18® - cos 30® sin 18®; 

and consequently sin 12® becomes known. In short, we can 
find the values of the trigonometrical functions of any angles, 
which are combinations of those which have been discussed. 

26. The values of the trigonometrical functions of all 
angles from l' up to 90" may be ealculated by mcthocLs not 
here explained, and arranged in tables for the purposes of 
practical application. Still more useful are tables containing 
the loffarithms of these values ; the student who is desirous of 
understanding the mode of constructing such tables is referred 
to the treatise of Snowball or Hymens, or any other complete 
treatise on Trigonometry. 


ON THE SOLUTION OF TRIANGLES. 


27. A triangle consists of six parts, viz., three sides and 
three angles: three of these being given, the others may 
be found, unless the three angles be the three given parts, in 
which case nothing further can be found. The angles of a 
triangle are not in fact independent parts, their sum being 
always two right angles ; it may be said, that if three indepen- 
dent parts be given, the others may in general be found. 

28. Before we engage ourselves with the solution of a 
triangle, we must investigate certain formulas connecting the 
parts of a triangle. 

We 'shall denote the angles of a triangle by A, B, C, the 
^idcs respectively opposite to them by a, b, c. 
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29. The sides of a triangle are proportional to the sines 
of the opposite angles. 


Fig. I. 



Fig. II. 


A 



Let ABC be a triangle. From any angular point A let fall 
the perpendicular AD on the opposite side (fig. l), or that 
side produced (fig. 2). 


Then in the first case, AD = c sin 7? = ft sin C; 
in the second, AD = c sin 2? = 6 sin (ISO'^ - O = ft sin C ; 


therefore in both, 


sin B 

"X' 


sin C 
a 


In like manner, 

sin A sin B sin C 

= —j— * ; 

a b € 


nhich proves the theorem. 


30. To eoipressr the cosine of an angle of a triangle in 
terms of the sides. 

With the same figures as in the last proposition, we have 
in fig. 1, 

a = BD + DC = c cos B+h cos C, 

in fig. 2, 

a = BD - DC = c cos Z? - ft cos (180® - (7) = c cos + ft cos C\ 
therefore in both cases, 

cos B cos C (j? 

ft c abc^ 


. ... cos (7 cos A ft® 

in like manner, + — = — ; , 

c a abc 


_ cos^ 

and 

a 


cos B c® 
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adding the last two of these equations and subtracting the 
first, we have 

6 ^ + 

cos A = 1 , 

2 6c 

which is the expression required*. 

This formula may be written thus : 

o* = 6® + c® - 2 6c cos Ay 

which equation, as it is easy to see, includes in itself Euclid 
Book II. Props. XII. and xiii. 


_ .A A A . ^ , 

* ol. To express sin , cos — , tan — in terms of trie 


„ . ^ A 1 - cos A 2 6c - Ir 

By Art. 21, sin*^ — = = = , 

^ 2 2 4 6c 

- (6 - c)® (a - 6 + c) (a + 6 - c) 

4 6c 4 6c 


* It may be remarked that the formula of this article may be deduced from those of 
the preceding, and conversely. Thus assuming that 
sin A _ sin B _ sin^ 
b -'c » 

and that A + B + C 180'^, 

we have sin = sin (/? + C) = sin C cos + sin ^ cos C ; 
a - c cosB + b cos C, 

which is the fundamental equation in the text; the remainder of the process is of course 
the same. 

To deduce the fonnulu? of Art. 29 from that of Art. 39, it will be seen that in Art. 32, 
the following formula is proved, 

sin A ^ \/Y{S-a){S -b){S-c)y 

where S = '^tjL+f; 

••• 

now this expression for involves «, b, c symmetrically, and therefore we should 

. . j si" ^ sin C . ^ Cl 

arrive at the same result if we had expressed - or - ^ - in terms of a, b, and c. 

T» X* 11 1 - sin A sin B sin C 

^ Hence it follows that = — = — - — • • 

r a b c 
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Let « + ?> + 0 = 2 iS, 

rt - + C = 2(S^ - &), 

a + 6 - C = 2(.S' - C), 


and 

2 6c 


III like manner. 


cos® — = 
2 


1 + cos A 2 6 c + 6® + c® — G® 


2 4 6c ’ 

(6 + c)® - G® (fl + 6 + c) (6 + c - flf) 


4 6c 

iS(S-G) 

^6‘c 


4 6c 


cos 


2 he ' 


Hence also we have 


2 S(S - t/) 


32. To express sin A in terms of the sides. 

This is clone at once by means of, the expressions just 
proved: for 

sin ^ = 2 sin — cos — ; 

2 2 


= ^^V'SkS- a)(s- bj{S- c). 

This expression has the advantage of being adapted to 
logarithmic computation^ that is to say, it consists of factors. 
The formula for the cosine (Art. 30) has not this advantage. 

33. To prove the following formula, 

A - B a - b C 
tan = cot — . 
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Wc have, by Art. i9, 

a sin A 
b sin 5 ’ 


a - b sin A - sin B 


" ' a + b sin .il + sin i? 


A+B . A- B 
2-008 sm 


. A+B A- B 
2 Sin cos 


, by Art. 23 , 


tan 


A-B 


tan 


A + B’ 


but A + B = 180 " - C, 

A + B „ _ C 
2 ’ 

aiul tan -- = cot -. 

2 2 


Substituting in the equation before obtained, ^YC have 

A-B a — h C 

tan = cot — . 

2 0 + 6 2 


Having established tlio preceding necessary formula?, we 
now proceed to the solution of triangles. 

34. Let two angles atid tlve side hetiveen them (A, C, b) be 
given. 

The other angle is known at once, because 

i? = i8o®-^-a 
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Again, we have 


a ssb 
and e = ft 


sin A 
sin B ’ 
sin C 
s\n B ’ 


which determine a and c. 


35. Let two angles and a side opposite to one of them 
(A, C, a) he given. 

As before, the third angle is known, because 
B = \»0-A-C. 

Also, ft = a i , 

sin A 

sin C 
c = a . , 

sin A 

which determine ft and c, 

3C. Let two sides and the included angle (C, a, b) be given. 
We determine the other angles thus, 

A + B = 180" - C. 

Again, by Art. 33 , 

^ A-B a - b . (7 

tan =s - - _ eot , 

2 a + b 2 

which determines B: thus A and A -- B are both 

known ; and therefore A and /?, which are - - ^ ^ — — 

2 2 

and ^ ^Iso known. 

To determine c we have 

sin C 
c = a-.- ^ . 

bin A 

37. There is another mode of solving the triangle in this 
case. 

+ 6® — c* 


cos C = 


2ab 


we have + 6^ - 2a6 cos C; 


Since 
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I 

and this equation in iiijt determines c, hut in its present state 
it would be practieally of no use because it is not adapted to 
logarithmic computation; wc can however modify it in such 
a manner as to render it suitable, as follows : 


s= or + -- Slno i^os C 

= (aF + //) ^cos^^ + sin® ^cos® ^ - sin® ~ j 

= (f7 - hf cos® — + (a + ly sin® ~ 

, C r (a + h\^ ^ Cl 

= («-ft)-cos--|l+ (— ) tan*^|. 

Since the tangent of an angle may be of any magnitude, 

there will be an angle the tangent of which is tan ~ ; 

a — 6 2 

let Q be such an angle, so that 

tan i) = , tan — , 

a - h 2 

C 

or that log tan 9 = log (a + h) - log (a - />) + log tan — . 


The value of 6 is found by looking in the tables and 
finding an angle which has for its logarithmic tangent the 
preceding quantity, and may therefore be now supposed to 
be known. 

Also we have 

c' = (a - lif cos® ~ (1 + tan®0) 


= (a - by cos® — sec®0, 

C 

cos— 

or c = (a- 0) 1, 

cos^/ 

which equation determines e. 

The sides a, b, c being all known, ^ and i? may be de- 
•termined by any of the expressions given in Arts. ( 30 ), ( 31 ), ( 32 ). 



126 


PLANE TRIGONOMETRY. 


38. Tlic process of adapting a formula to logarithmic 
computation, Avliich has been introduced in tlie preceding 
article, is one of frequent use. The angle 0, which has been 
employed to assist the calculation, is called a subsidiary angle. 
It will be seen that the possibility of facilitating calculations 
by this means, arises from the fact of our possessing tables 
containing all the trigonometrical functions of the same angle, 
so that as soon as one function of qn angle is known all the 
others become known ; for instance, in the case we have been 
considering, as soon as a certain quantity was fixed upon as 
representing the tangent of an angle, the cosine of that angle 
was known by inspection of the table, and the calculation was 
spared by which it would have been necessary to determine 
the cosine from the tangent. The adaptation of formula) to 
logarithmic computation is a matter not of rule, but of inge- 
nuity, and frequently a formula may be adapted in various 
ways equally good ; we must however be careful to ascertain 
that the siq3position we make involves no absurdity; for 
instance, we may not assume a quantity to be = cos 0, (0 
being the subsidiary angle,) unless we have ascertained that 
the quantity is not greater than unity, and so in other in- 
stances. 

We subjoin a few examples of the adaptation of formula) 
to logarithmic computation. 

Ex. I. cT = -H \/ - Ir 4- V'^a - y/ a' - where b is 

less than a. 

Assume b = </sin0, which equation determines 0; 

v/a“T a cos 0 4- v/ « - « cos 0 

= \/2 a ( cos - 4- sin 

V 2 2/ 

n /'f ^ 0 1 0 \ 

= 2 v/a sin + 45 ®) , 

which form is adapted ta logarithmic computation. 
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Ex. 2, 07 = cos a c< ^s /3 + sin a sin /3 cos 7 

= cos a cos (1 + tan a tan /3 cos 7). 
Assume tan a tan /3 cos 7 ^ tan 6 ; 

0? = cos a cos /3 (1 + tan 6), 

^ cos 9 + sin 0 
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« cos a cos ^ 

= \/2 cos a cos /3 
which is in the form required. 


cos 9 ^ 

sin (9 4* 45®) 
cos 9 


39. We may here make a remark respecting the tables 
of logarithmic trigonometrical functions, which, if we had 
troubled the student with a complete account of the forma- 
tion of such tables would have found a more fitting place 
elsewhere. 

It appeared from the account of logarithms given in the 
treatise on Algebra, (page 93, Art. 128) that the logarithms of 
numbers less than unity have negative characteristics. Now 
all sines and cosines are less than unity, (except sin 90® and 
cos 90®,) and therefore their logarithms have negative charac- 
teristics ; but it is not convenient to register such quantities 
in tables, and therefore it is usual to add 10 to each of the 
logarithmic functions, and thus the characteristic - 1 is re- 
placed by 9. This is merely matter of convenient arrange- 
ment, but it entails the following precaution, that Avhen the 
logarithms of numbers and those of trigonometrical functions 
occur in the same equation, l() must he subtracted from each 
logarithmic function of an angle. 

For instance, suppose we had the equation 
h = a.sin C, 

in which a and C arc given and h is to be found ; we should 
take the logarithms thus, 

log h = log a + log sin C - 10, 

instead of 

, log ft = log a + log ^in C. 
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Or we may make the distinction between the two kinds 
of logarithms more manifest by a difference of notation, and 
may write the preceding formula thus, 

logio b * logio a ^ L sin C - 10, 

where log,o indicates the logarithm of a number to base 10, 
and L the logarithm of a trigonometrical function to the same 
base when 10 has been added to it. 


40. Let two sides and an angle opposite to one of them 
(a, b, A) be given. 

To determine B, we have 

sin jB = - sin A ; 
a 


C is then known from the formula 


and c fi’om 


sin C 
sin A 


41. Hie solution of the triangle in this case however is 
not without ambiguity ; for the equation 

. b . 

sin i? = - sm A, 
a 

does not determine one angle but two, because 
sin B = sin (180** - B), 

and the question is whether there is any test to guide us in 
choosing one of the values rather than the other. 

Now 180** - jB = ^ + (7, and therefore B and 180** — B 
cannot both be loss than A ; but the greater side is opposite 
the greater angle, (Euclid, i. 18) consequently, if b be less than 
a, B must be less than A, but the two values of B determined 
cannot both be less than A, therefore we know which to choose. 
On the other hand, if h be greater tlian a, B must be greater 
than A, but botli of the values determined may be so, there- 
fore the solution is ambiguous. 
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42. The same results may be obtained very simply by 
geometrical considerations. 

Let CAB be the given angle, 

A C the given side ; with centre C 
and distance a (the value of the 
other given side) describe an arc of 
a circle, which, if a be less than h 
will (as in the figure) cut the straight 
line AB in two points J5, B* on the 

same side of A. Now each of the A li 

triangles CAB, CAB', has .all the data of the question, and 
therefore the solution is ambiguous. If a had been greater 
than 6, the points BB' would have been on opposite sides of 
A, and there would have been only one triangle answering 
the given conditions. 

43. It may perhaps be not without use to give a third 
investigation of the amhigmus case in the solution of triangles. 

We have the formula, 

a* = W + c® - 26c cos A, 
or c" — 26 c cos A = ^ 6% 

In this equation a 6 and A arc given, and we may there- 
fore find c ; completing the square, 

— 2bc cos A + b- cos® A = - 6® sin® A ; 

.-. c = 6 cos A ^\/a^ -b^ sin® A. 

We have here tivo values of c, and if both values are 
admissible the solution is ambiguous; but the only thing 
which can limit their admissibility is their sign; hence the 
solution is ambiguous if both values of c are positive, 

i. e. if 6 cos A > \/a® - 6® sin® A, 
or 6® cos® A > -- W sin® A, 

or 6® (cos® A H- sin® A) > a^; 
or b > a; 

which is the same conclusion as that which we have arrived 
at before. 
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/ 

44. Let all the sides be given, 

Tliis case may be solved by any of the formulae, 



2 


sin A = — 
he 


^ a) b) {S - c). 


45. We have now considered all the eases of oblique- 
angled triangles. In practice, the triangles to be solved are 
frequently right-angled, in which case the solution is much 
simplified. One application of the methods of solving trian- 
gles is to the finding of the heights and distances of inaccessible 
objects ; in problems of this kind we sujiposc the magnitudes 
of certain lines and angles to be measured by means of proper 
instruments, a description of which however would not be. 
appropriate here. We subjoin a few simple examples of the 
method of 


FINDING HEIGHTS AND DISTANCES. 


Ex. 1. A river of unknown 
breadth runs betw een an observer 
and a tower on its oj)positc bank; 
find the breadth of tlic river and 
the height of tlic tow er. 

V c li ~ 

Let AB he the tower, BC tlic breadth of the river ; let 
the angle BCA be observed, and then let the observer retreat 
in the direction of the line BC to D, measuring the distance 
CD, and observing the jingle CDA, 
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Let ACB = a, CDA = /3, CD ^ a, 

AB = < 3 ?, BC = y. 

Then y = a-* cot a from the triangle ABC, 

and y ^ a = w cot j3 ABD^ 

subtraeting the first of these equations from the second 
a = w (cot /3 - cot a) ; 

a sin a sin /? 

cot /3 - cot a sin (a - /3) ’ 

^ cos a sin R 

y ^ cc cot a = « . r • 

sin (a - j3) 

Ex. 2 . From the top of a tower, a person observes the 
angle of depression’ of two distant points in the horizontal 
plane, the distance of which from each other he knows, and 
also the angle subtended at his eye by the line joining the 
two points ; required the height of the tower. 

K- 

Let AB be the toAver, \ \ 

C, D the two points ; then X 

the angles observed arc 
BCA, BDA, CBD, which 

call a, /3, 7 respectively; ^ ■ 

also let CD = a, and let \ 

the height of the toAver \ \ 


Then in the triangle BCD, BC = cr cosec a, BD = a* cosec /3; 
/. a® = cosec^ a + cosec^/3 - cosec a cosec /3 cos 7 , 

d ^ 

v/ cosec^ a + coscc^ /fc} - 2 cosec a cosec ji cos 7 

Ex. 3 . From a station B at the base of a mountain, its 
summit Al is seen at an elevation of 60 ® ; after Avalking one 
mile towards the summit up a plane making an angle of 30® 
• 9 — 2 
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■with the horizon, to another stfition C, the an^'le BCA is ob- 
served to be Find the height of the mountain. 

From the triangle ABC, we have ^ 

„^sin BCA 
AB=BC . 

sin BAC 


= BC. 


sin BCA 


sin {BCA + ABC) 
sin 

= i?C. . 

sin (loj + oO ) 

sin 

= BC.-r~~Zo^ 

sill lir i;” 

and the height of the mountain = AB sin 

sin (){)'^ sin I V* 



^BC. 


sin 15'^ 

^ 1 

But sin Co"* = , sin = “>-*> 

2 y/o 

sin = sin (4-3'^ - 30^) = sin ir/' <^-o3 30’’ - cos 43“ sin 30^ 

y/ s- J 

2 2 

and BC = I7d0 yards ; 

3 

the height = 1760 . - =, sso (:i + x/ii), 

- 1 

= 880 X 4 . 7 nearly = 4136 yards. 

AVe shall here subjoin a few propositions relating to 
triangles. 


40. To find the area of a trianfjle in terms of the sides. 

Let ABC hQ the triangle ; from A draiv the perpendicular 
AD on the opposite side BC. Then 

,, BC X AD a y,b sin C • 

the area = = : 


2 


2 



Mf^CEbLANEOCS PROPOSITIONS. 


133 


A 


1 

but (by Art. .^2) sin C = y' y (.S'r‘a)7,vT7,y(6' - c) ; 
therefore the area = S{S - a) (S~- 

4tl. 7'^' p.iji the rciih v of a arrie insoribed in a triangle. 

Lot AiiC bo tlic tri- A 

angle; bi?>ort llio angles, 
and let O be tlie point in 
'vvhieli ilio bisecting lines 
meet, llieii (by Euclid, rv. 

4), O is tlie Centro, and if 
\vc dniw 01), OE, ()h\ 
porpendienlar to the sides 
UC. A/' i//. siK^ctively, anyone of these ^vill be the radius 
of the t ' .Mbod (*ircKv Call the radius /: tlien 

area sf A J/JC A JWC + A AOC + A AOB, 

V ft yI) n 

or V (.V - d) (.V -h\{S-c)^- + _ + — = r.?; 

' ' ' Q O O 

« 

- ,, _ V W-Wis^^ _ 

y • 

4(S. To find the radius of a circle circumscribed about a 
triangle. 

IJisect the sides in the points D, E, F, and from the 
points of bisection draw perpendiculars meeting in the point 
O ; then (Euc. iv. 5), O is the centre of tJie circumscribed 
circle ; join OA, OB, OC, and describe the circle BCA. 
Call the radius R ; then (as in Art. 4()) 

. area of ABC = — y r sm ABC, 
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/, It = 


Sin AOE = - . 

2 2 2 li 

ahf* 


4 \/S (,y - a) (.9 - b) {S -r) ■ 


49. To find the circumference and area of a regular polygon 
inscribed in a circle. 

Let O be the centre of the circle, AB one of tlie sides 
of the polygon, of which suppose that the number is n\ 



and let the radius of the circle be r. Join OA, OB and draw 

3 Co® 

OP perpendicular to AB\ then the angle AOB = 
circumference of polygon ~ n . AB, 

180® 
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Again, area of polygon = n . area of AOB, = n 


AB.OP 


1 80 *^ 180 ^ 

n . AO sin AOP x AO cos AOP = wr- sin cos . 

• n n 


From these expressions we see, that if the number of sides 
is given, the circumfermce of the polygon is proportional to 
the radiusy and the area to the square of the radius of the 
circumscribing circle. 


50. To find the circumference and area of a regular polygon 
circumscribed about a circle. 

Let ABha any one of the sides of the polygon, touching 



the circle at P, n the niiinber of sides, and r the radius, as 
before. Join OP. Then circumference of polygon 

1 80 ^ 

= n , AB = 2n . AP = 2?i . OP tan AOP = ^nr tan . 

II 


Again, area of polygon 


n . area of AOB = n 


AB.OP 


= n . OP tan AOP x OP = nr' tan 


180 ^ 

n 


As in the case of the inscribed polygon, we observe that 
the circumference is proportional to the radius, and the area 
to the square of the radius, the number of sides being given. 


51. If we suppose a regular polygon to be inscribed in a 
circle, and another of the same number of sides to be circum- 
scribed about it, it is easy to see that the greater the number 
of sides the more nearly will each of the polygons approximate 
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to the other and to the circle which lies between them. In 
fact, suppose C, C\ to be the circumferences of the two poly- 
gons, then we have seen that 

^ . 180® 

C = 2nr sm , 

n 

. 180 ® 

C = 2 nr tan ; 

n 

C 180® 

•••7v = cos— . 

C n 

ISO® 

Suppose n to be indefinitely great, then cos becomes 

n 

cosO® or 1, and C ^ C\ 

Or let A, A' be the areas of the two polygons, then 

^ ^ . ISO® 180® 

^ = wr“sm cos , 


o , 180 ® 

A « nr' tan ; 

n 




and if w be indefinitely great, A = A\ 

Consequently, if we suppose the number of the sides to bo 
indefinitely increased, the inscribed and circumscribed polygon 
will coincide with each other, and therefore with the circle. 
We may therefore consider a circle as being a regular polygon 
having an indefinite number of sides, and may extend to it 
those properties which we have proved concerning polygons. 
Now we have seen that the circumference of polygons is. pro- 
portional to the radius, and the area to the square of the 
radius of the circle, whether inscribed or circumscribed, and 
therefore we conclude that the circumference of a circle is 
proportional to its radius, and the area to the square of the 
radius. 

We have in fact, (taking the inscribed polygon,) 

. 180 ® 180 ® 180 ® 

(7= 2nr sin , and A = nr^sm cos ; 

n ' n n 
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ISO® 

if « be indefinitely great, cos— ^=l, and 


C = 2 sin 


180«\ 
n 


\ 4 1 ‘ 

j r, A ^ In sin j r. 


ISO® 


What will be the value of n sin , when n is made 

n 

indefinitely great ? Its value, which is always denoted by v, 
might be calculated as follows : 

e 1 y 

i- = ^=v/l + c 


In general cos - 


v/i 


cos 6 ; 


90 1 

cos — = — ^ , 
2 ^2 


COS 


90 " 1 / 1 


v/2 


v/i’ 


COS - 


90'* 




&C. = &C, 


90^ 


By this means we can calculate the value of cos - - , where 

QP 

p is as large a number as we please. Suppose now that n = 2^, 
where p is very large, 

V .180® 90® . 90® 

then TT = « sin = 2^+* cos — sin — , 

n 2P 2^ 


90® / 

= 2P + * COS -- X/ 1 - 

gp 


,90® 

cos^ — , nearly. 


But this and other operosc methods are superseded by modes 
of calculation of a more refined character, the introduction of 
which however would be unsuitable to the design of the 
present treatise: the result is that 

TT = 3.141592(5535 

The* quantity w may be calculated to any degree of accu- 
Tacy, but it is of the class of quantities called incommensurable^ 
that is, it cannot be expressed by the ratio of any two whole 
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niftiibers however great : in general we may consider S.14159 
as a sufficiently accurate value of tt. 

oo 355 

The fraction or still more nearly are approxima- 
tions to the value of tt. 

According to the notation we have adopted, 
the circumference of a circle = 2 Trr, 
area = tt)-’. 


52. The introduction of the quantity tt renders this a 
proper place for explaining another mode of measuring angles, 
besides that which has been hitherto used. 

Hitlierto we have considered the right angle to be divided 
into yo degrees, and have measured angles by the number of 
degrees they contain ; but there is another mode depending 
upon the proposition (Eiic. vi. :}3) that angles at the centre of 
a circle are proportional to the arcs on which they stand, and 
which is of frequent use. 

Let POJ be an angle at the centre O of a circle, the 



radius of which is r; APB a semicircle = 7 rr; also let the 
length of the arc AP - a. Then, by Euclid, 
angle POA a 

2 right angles Trr’ 


angle POA = 


2 right angles a 


(A). 


Now supposing a and r to be given, although the angle POA 
will be determined, yet its awneriral value will not be settled, 
unless we make some convention as to what angle we shall 
call unity. We arc at liberty to make any convention that 
we please, but we shall be guided in our choice by the con- 
sideration of what will make the equation (A) the mojjj^siinidc. 
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and it is manifest that the most simple form will be given to 

that equation by making 

* 2 right angles _ 

“ * 

TT 

we shall then have, (denoting the numerical value of the 
angle POA by 0), 


0 -- 

r 


.(C). 


Let us consider the results of the assumption (B). The 
numerical value of two right angles is the quantity tt, instead 
of 180°, as in the former method, and the unit of angle, instead 

2 i*5<dit angles 

of being the ninetieth part of a right angle, is — ~ — --- — 

TT 

or 57° 17 ' 44 '' 48'" nearly*. 

Again, making 0 = 1 in equation (C), we have a = r ; 
which shews that the unit of anffle is that angle which is sub- 
tended hg an arc of length equal to radius. 

53. Another mode of considering this subject is tlie 
— — following. T^ct POA be any angle, 

and about 0 as centre suppose any 
P' two circles described ; let PA, P' A' 

\ be the subtending arcs in the two 

circles, and draw P^, P'N' per- 
pendicular to OAA'; then, if the 
radius of the circle were ^iven, 
the arc PA would be a proi)cr 
measure of the angle, and we 
might define to be tlie arc, PiVthe sine, OiVthe cosine, 
&c. of the angle POA ; but this being inconvenient, in 
consequence of its being necessary to knoTf^ the radius, we 

iW ON 

have defined - — to be the sine, - 




\ 

\ 

-X 


\Tn' 

I 

/ 


/ 


to be the cosine, &c. of 


POA, these ratios being independent of ^le radius, since 

PN PJV , OX ON' , ,, . . , 

s- — and - = , ; and on the same principle we 

PO PO PO PO * ^ 

should -take as the measure of the angle, not the arc PJ, 


* • Prof. De JMorfran makes the followinjj remark vihich I gladly adopt : “the student 

must rpmember not to confound 2^ with :MJ0, as is sometimes done, even by writers. 
That 27r=:36l) is true in a certain sense; and so is 20 -- 1, for 20 shilfhiys are 1 pound.'*'* 
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PA 

but . Thus we are led, in a rather different way from 


that pursued in the last article, to choose 


arc 


as the 


radius 

measure of an angle, and this choice implies that the nu- 
merical value of two right angles is tt, which was our first 
assumption in the other case. 

54. From the equation (C) (Art. 52), we see, that if 
r = 1, Q- a\ that is to say, if wc suppose the radius of the 
circle to be unity, the numerical value of the angle and the 
subtending are is the same. Hence, if wc make this sup- 
position respecting the radius, we are not under the neces- 
sity of making any distinction between arcs and angles, since 
their numerical value is the same. 

55 * It is frequently a matter of indifference which mode 
of measuring angles wc adopt; but this must be carefully 
borne in mind, that in every example either the one or the 
other must be used exclusively. It will perhaps be found 
generally advantageous to use that last explained, or the c/rew- 
lar measvre as it is sometimes caUed*, as being the more brief. 

It is easy to pass from one mode of measurement to the 
other ; for suppose that 9 is the circular measure of an angle, 

Q 

then the angle contains — 18o degrees; and, conversely, if an 

• TT 

, . . . , , n 

angle contains rtP , its circular measure is — tt. 

” 180 

Ex. 1. Find the circular measure of 25^80'. 

rr., . 1 25.5 

The circular measure = x 3 . 14159. 

, 180 

= . 445058. 

Ex. 2. Find the number of degrees, minutes, and 
seconds in the angle of which the circular measure is 2.5. 

In this case • 

2.5 


X 180®= 143® 14' 20", 


3.14159 

the number of degrees, minutes, and seconds required. 

* Prof. Dc Morgan distinguishes the two methods of measuring angles as respectively 
the gradual and the arcual method. 
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Definitions. A right cone is a surface generated by 
an indefinite straight line, which always passes through a 
given point, and makes a given angle with a given straight 
line passing through that point. 

The point through which the generating line always passes, 
is called the vertex of the cone. The given straight line 
passing through the vertex, is called the aixis of the cone. 

The common notion of a cone is that of a pyramid stand- 
ing on a circular base ; it is clear that a cone as above defined 
will consist of two such pyramids of indefinite height, having 
their axes in the same straight line and their vertices coin- 
cident. 

If we conceive a cone to be cut by a plane, the curve 
formed by tlie intersection will be ilifterent according to the 
position of the cutting plane. There are however only three 
different modes in which it is possible for the intersection to 
\akc place. 

For distinctness of conception, 
let the annexed figure represent a 
cone ; B is the vertex, CDBC'D' is 
the intersection of the cone by the 
plane of the paper ; tlie cone is sup- 
posed to be of indefinite length both 
above and below B, Then 

(1) The cutting plane may' be 
j)arallel to the line BC and perpen- 
dicular to the plane of the jiaper, in 
which case it will only cut one portion 
of the cone as BCD, and not the 
other BCD\ and the curve formed 
by the intersection will evidently be 
a curve of one branch and unlimited 
in extent, since the cone is supposed 
ti be uillimitcd. This curve is called 
the parabola. 




144 


CONIC SECTIONS.. 


(^) The cutting plane may be inclined to the line J5C, 
and may cut the cone wholly on one side of B, that is, may 
cut the portion BCD without cutting the portion BCD^\ in 
this case the curve will be one of limited extent, and of an 
oval form. This is the ellipse. 

(3) The cutting plane may, as in the last case, be in- 
clined to BCf but may cut the cone on both sides of B, that 
is, may cut the portion BC'D' as well as BCD ; in this case 
the curve will consist of two branches, each of unlimited 
extent. This is the hyperbola. 

In these three positions of the cutting plane arc included 
two cases, which perhaps deserve separate notice; namely, 
that in which the cutting plane is perpendicular to the axis 
of the cone and the section consequently a circle, and that 
in which the plane passes through the vertex and the section 
is two straight lines : but these positions of the cutting plane 
need not be further alluded to, because the circle may be 
considered as a particular case of an ellipse, and the two 
straight lines of an hyperbola. 

We may say therefore that there arc only three different 
sections of a cone, the parabolay the ellipse, and the hyperbola^ 
and it will be our business to study the properties of these 
Conic Sections in order. 

It may be remarked, by the wa.\, that the Conic Sections 
are curves of especial interest for three reasons; first, on 
account of the simplicity and elegance of their properties ; 
secondly, because of their historical interest as curves known 
and studied with success by the ancients*; and, thirdly, be- 
cause science has taught us that they are what may be called 
physical curves. A stone when projected describes a parabola, 
the planets move in ellipses, many comets describe parabolas, 
some hyperbolas. 

Although we have spoken of the Conic Sections as the 
sections of a cone, which is a mode of proceeding rendered 
appropriate by the name usually given to the three curves in 
question, we shall find it convenient in treating of their pro- 
perties to adopt other definitions, and we shall have to shew 

* The moiit ancient treatise on the subject extant is that of Apollonius, of Perga in 
Pamphylia, who flourished in the reign of Ptolemy Euergetes, about ii.c. 240. Tiie 
books of Conic Sections s.re the only one of his works which has come down to us. 
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that the curves so detined are really conic sections according 
to our present notion. It ^is conveniAt to conceive of a 
curve as traced by a point which moves* according to an 
assigned law ; thus we may consider a circle as a curve traced 
by a pointy which moves under the 'condition of being always 
at the same distance from a fixed point ; and this is the mode 
of definition which we shall adopt in the case pf each of the 
conic* sections ; we shall call thcT^curves so defined by the 
names of the^ Parabola; Ellipse, rfnd Hyperbolai and after- 
wards prove tha^;thc curves defined are the three scctidhs 
of a cone. 

As 'we shall have much to do Avith the tangents lo the 
conic sections, avc will here explain the proper^otion of the 
tangent pf a 5ijrve. Let P be a point iir a curve, P' a con- 
tiguous point, draw t 
i\i0. secant ^PP'S, that 
is the line cutting the 
cufve in Poland 
Now supposef P' to ap- 
proach then, when 
P' and P'^re indefinitelg neaf together, \i\Bjsecant SP'P Avill 
become the ’ tangent TP, In other Avords, a tangent may 
be conceived of as a seciint, draAvn thfoiigh two points in the 
cur^^^idefinitely near to each other. * 



Note. It will be understood, that in this subject an 
algebraical notation is used for the purpose of abbreviation 
only. Thus AD . CD will be merely a contracted form of 
the phrase “ the rectangle under AD, CD'* 

Also it may be obserAcd, that in the figures the dotted 
lines refer wholly to the corollaries of Ttllb propositions. 




146 


CONIC SECTIONS. . 


^IIE TARABOLA. 



Def. If a point P moves in such a manner, that its 
distance SP from a given point S is always equal to its 
perpendicular distance PM from a given fixed line LM, the 
curve traced out by P is called a parabola. 

The fixed line LM is called the directrix, .niid the point 
S the focus. 

Draw SL perpendicular to the directrix, and bisect it in 
the point A: it is manifest, from the definition, that A is a. 
point in the parabola ; this point is called the vertex. 

It is further manifest, that the curve will be cXcTCtly 
similar on opposite sides of the line AS produced ; this line 
is called the axis. 

Hence it also follows, that a line PNP* drawn through P 
perpendicular to the axis to meet the parabola in P^ will be 
bisected in N\ PNP' is called an ordinate, arid the line AN 
an abscissa of the axis. 

The ordinate BC, through the focus, is called the latus 
rectum. * If 

Any line MR.V parallel to the axis is called a diameter. 
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The names absrisaa and ordinate are not confined to lines 
measured along the a\is and perpendicular to it; they are 
also applied to lines measured along any diameter and parallel 
to the tangent at the extremity of that diameter : thus if 
QVQ' be drawn parallel to the tangent PT, PVis called an 
abscissa of the diameter^ and QVQ^ an ordinate. The pro- 
priety of this nomenclature will be seen hereafter, when it is 
proved that the properties of the lines PV, QFQ' are exactly 
analogous to those of AN, PNP". 

If PT be a tangent to the curve at P, NT is called the 
subtangent. 

The normal PG is a line perpendicular to the tangent. 
NG is called the subnormal: 


Prop. I. 


The latus rectum BC = 4 AS. 


Draw BK perpendicular to the 
directrix, and produce SA to meet 
the directrix in L\ then 

SB = BK by definition, 

= SL = 9, AS, 

since AS = AL by definition ; 


•. BC=9SB ^A^AS. 





Pkoi>. II. 


The tangent at any 2 ^oint of , d parabola bisects the angle 
between the focal distance and the mameter through the point. 

Let P be> point in the parabola, P* a contiguous point: 
draw the seci^nt TP'P^, join SP, SP", and draw PM, P'M\ 
perpendicular : to the directrix, and P'm, P'n perpendicular to 
f. SP respectively. 




The student is requested to join the points P, /*' in the figure. 


10—2 
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Then we shall assume what will hereafter be proved^, 
namely, that when P and P* arc indefinitely near together 
P'n will coincide with the arc of the circle described with 
centre S and radius SP\ in other words that Sn will be 
equal to SP\ 

Ilencc Pn ^ SP - SP' 

= P3I - P*M' (by definition of parabola) 

*= P m ; 



therefore in the right-angled triangles PmP\ PnP\ we have 
the side Pm = the side Pn^ and PP' common ; therefore the 
triangles are equal in all respects, and / mPP Z uPP, 

Hut when P has approached indefinitely near to P, mPP 
is the angle between the tangent and the perpendicular on 
the directrix, and nPP is the angle between the tangent and 


* Newton, Section i. Lemma vii. This may be also proved trigonometrically ; lor 
let very small arc of a circle having O for its 

centre ; join PQ, and draw the tangents PT, QT, and 
let 07’ intersect the arc PQ and the chord PQ in A 
and li respectively. Then it is manifest that 
PAQ is > PBQ and < PT + 
or that PA is > PB and <PT, 

PA 

or that is : sin POA and < tan POA, 

but = cos POA = 1 when POA is indelinilely small. Therefore PB and PT 

tan POA ^ 

are equal when PA is indefinitely small, and therefore PA which is intermediate in 
value is equal to either of them. 

The student will comprehend the force of this reasoning more completely when 
has read the first section of Newton's Principia. ^ 
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the focal distance. And these angles have been shewn to be 
equal, therefore the proposition is true. 

CoR. 1. The tangent at the vertex is perpendicular to 
the axis. 

Con. 2. The normal bisects the angle between the focal 
distance and the diameter at the point. 

CoR. 3. If T, G (see figure, page 146) are the intersec- 
tions of the tangent and normal respectively nrith the axis, 
SP’^ST^SG. (Eucl. I. 5.) 


Prop. III. 

77ie mhtangent is equal to twice tlie abscissa. (NT = 2 AN), 



Draw PM perpendicular to the directrix LM ; then 
ST =SP= PM = LN, 
or AT + AS= AL + AN; 
and AS - AL ; 

AT = AN, 
or NT= 2 AN. • 
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Prop. IV. 


The subnormal is constant, and equal to half the latus 
rectum. (NG = 2 AS). 



For SG=ST = AS + JT 


= AS + AN (by preceding Prop.) 
= 2AS + SN; 
NG^SG-SN^2AS. 


Prop. V. 

The rectangle under the latus rectum and the abscissa is eqtuxl 
to the square of a semi-ordinate of tht o.ri<. (PN* = 4AS .AN). 

Because AN is divided into t%vo parts in S, if S is between 
A and N, or because AS is 
divided into two parts in N, 
if N is between A and S, 

.*. 4,AS.AN + SN^ = LN^ 

(Euc. II. 8.) 

= AP* -PJV® + SN^ ; 

.-. PN^=^4>AS.AN. 

Prop. VI. 

If a perpendicular is drawn from the focus on the tangent^ 
the point of intersection lies in the tangent at the vertex. 

Let AY the tangent at the vertex intersecting the 
tangent PT in F; join SY, which shall be perpendicular to 
PT. . . ' ^ 
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Because AY is parallel to PN, and AT = AN ; therefore 
TV^ PY. (Euc. VI. 2.) 


Also SP = ST, and SY is 
common to the two triangles 
SPY, STYi therefore these 
tw'o triangles have their sides 
respectively equal, and are 
therefore equal in all respects. 


Therefore z SYP = z SYT, and therefore each is a right 
angle. Hence SY is perpendicular to PT, and therefore the 
proposition is true. 

Cor. SY^^SP.AS. 

For from similar triangles SAY, SYP, 

AS : SY :: SY : SP. 



Prop. VIL 


If f rom any point F in the ordinate PR the line FQ is 
draion parallel to the axis and meeting the parabola in Q, then 
PF . FR = 4 AS . QF. 


Draw QE perpendicular to the 
axis; then because PR is divided 
into two equal parts in N and two 
unequal in P, 

PF.FR:=^ PN^^NF^ (Euclid, 

II. 5.) 

= PJV2 - QE^ 

^A^AS.AN -^^AS.AE 
• =:4^*y.jBAr = 44*y.QF. 
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Prop. VIII. 

If from either extremity of an ordinate QVQ' a p&rpendieular 
QD is let fall on the diameter, then QD* = 4 AS . PV. 



Draw the tangent P T, and QF perpendieular to the ordi- 
nate PNR, then from similar triangles QDV, PNT, 

QD : DV :: PN : NT, 
but PAP = 4>AS. JN=UAF. NT; 

.-. PN : NT :: ZAS : PN 
:: 4^^ : PR; 

.-. QD : DV :: 4, AS : PR, 
or 4 AS. DV=QD.PR = PF . PR. 

Also (Prop. VII.) 

4. AS. QF^PF.FR, 
or 4>AS.DP = PF.FR; 

.*. 4AS.PV='PF .PR- PF.FR 
^PF\ 

or QD^^ = 4,AS . PV. 

The proof would be similar if we were to draw O ' H per- 
pendieular to the diameter from O'. 

Con. Henee QD — Q^H, and therefore QV => Q^ V, or 
diameter biseets all its ordinates. 
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Prop. IX. 

Tha square of a semi-ordinate of tlie diameter at any point 
is equal to four times the rectangle under the focal distance of 
the point and the abscissa. 

(QV*= 4SP . PV). 



Draw AY the tangent at the vertex, SY perpendicular to 
the tangent FT, QD perpendicular to the diameter, and join 
8P, Then by similar triangles QDV, SAY, 

QF* : QIY :: SY^ : AS^, 
but from similar triangles SAY, SYP, 

AS : SY :: SY : SP, 
or SY^ = AS.SP; 

QF* : QIP :: SP : AS, 
but QIP = 4! AS . PV; (Prop, vin.) 

.-. QF* : 4 AS . PV :: SP : AS, 
or QV*=4,SP.PV. 

Obs. It will be seen that this proposition includes Prop v., 
since in that case P coincides with A and SP = AS. 

Prop. X. 

Jfa right cone is cut by a plane which is parallel to a line 
in its surface, and perpendicular to the plane containing that line 
find the axis, the section is a parabola. 

Let BCD be the section of the cone by the plane of the 
paper, AGK the cutting plane whi5h in 'supposed perpen- 
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dicular to the plane of the paper and parallel to BC. Let 
EMFP be any circular section made by a plane perpendicular 
to the axis of the cone. Then the line MNP, in which the 
planes EMFP, AGK intersect, is manifestly perpendicular to 
both of the lines ENF, ANH, in which those planes inter- 
sect the plane of the paper. Draw AL parallel to CD. 


B 



Then by similar triangles ANF, BCD, 

AN : NF :: BC : CD ; 
but the ratio BC CD is a constant ratio, 

AN o: NF. 

Again, since EPF is a semicircle, 

NF : PN :: PN : EN 
:: PN : AL, 
or NF . AL^PFF i 

but AL is a line of constant length, therefore NF « PN * ; 
and we have also proved that AN <x NF, therefore PN‘ « AN, 
which is a property of the parabola, (Prop, v.) : hence the 
curve GAK is a parabola. 
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THE ELLIPSE. 



Def. If a point P move in such a manner that the sum , 
of its distances from two fixed points S, H is always the same, 
the curve traced out by P will be an ellipse. 

The points S, H are called the foci, and the point C 
bisecting SH the centre. 

Any line PCG through the centre is called a diameter : 
it is manifest that the centre bisects all such lines. 

The diameter ASHM throug^h the foci is called the a^is 
major : A, M are called vertices:^ 

A line PNR perpendicular to the axis major is 
ordinate, and the lines AN^ NM abscissce, of the axii 

The ordinate BCE through the centre is called the aads 
minor, and that through either focus the latus rectum. 

The diameter DCK which is parallel to the tangent at A 
is said to be conjugate to PCG. ^ 

, A line QVQi parallel to the conjugate diameter is called, 
an ordinate of the diameter PCG, and the lines PV, VG 
ahscissce. • 
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A perpendicular to the axis nu\jor through the point in 
which a tangent at the extremity of the latus rcetum meets 
the axis is called the directrix*. 


Prop. I. 

77te sum of the focal distances of any point is equal to the 
axis major. (SP + HP = 2 AC). 


r» 



For, by definition, 

SP + HP = SJ + HA, 

SP + HP= SM+HM; 

2 {SP + HP) ^SA + SM + HA + HM 
= ‘ZAM ; 

or SP + HP = AM^2AC. 

Cor. SB + HB^ ZAC. 

But manifestly SB = HB ; • 

.-. SB = AC. 

Hence also B(f^ = AC’^ - SC\ 

* This line is so called, because it may be proved, th&t if from a point P in the 
ellipse PM is drawn perpendicular to the directrix, then SP is always less than PM in 
a constant ratio. Thus the ellipse might be defined in a manner similar to that adopted 
for the parabola. The ratio abov; mentioned is called the eccentnexty of the ellipse. 



. THE ELLIPSE. 


167 


• Prop. II. 

TIte tangent at any point of an ellipse makes equal angles 
with the focal distances. 



Let P, P be two contiguous points in the ellipse ; draw 
the secant TPPT' -, ioivi SP, SP, HP, flP, and draw Pm, 
Pn perpendicular to SP, HP respectively. 

Then (as in the case of the parabola,) when P and P are 
indefinitely near to each other, Pm = SP - SP. 

In like manner 

Pn^HP-HP, 
but SP-^^HP^SP + HP-, 

.•. Pm = Pn. 


And therefore in the right-angled triangles PmP, PnP, we 
have the side Pm - Pn, and the side PP' common : hence 
the triangles are equal in all respects, and z PPm = z PPn : 
but when P and P coincide these angles are those which the 
tangent makes with the focal distances ; hence the proposition 
is true. 

Cor. 1. The tangent bisects the angle between HP and 
SP produced. 

• Cob! 2. The tangent at either vertex is perpendicular to 
the axis msyor. 
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Prop. 111 . 

The perpendiculars from the foci on the tangent intersect the 
tangent in the circumference of a circle^ having the axis major as 
diameter. 



Produce SP to Wy making IIP : join Wlf cutting 

the tangent in Z : join CZ. 

Then in the triangles HPZy WPZ, we have the sides //P, 
WP equal by construction, PZ common, and the angles HPZ, 
WPZ equal by the property of the tangent ; therefore the 
triangles are equal in all respects, and i P7^H = z PZWy each 
of which is therefore a right angle. Hence HZ is the per- 
pendicular on the tangent. 

Again, SC-CH, and WZ ^ ZH; CZ is parallel to 
SW; and by similar triangles CZH, SWHy C7, = \SW. 
But SW^SP^PW^SP^■PH^^AC^ CZ^ACy and 
therefore Z is a point in a circle, the centre of which is C and 
radius AC, 

The proof would have been the same, if we had considered 
SY the perpendicular from tlie focus S, 

CoR. Draw the conjugate diameter CD cutting SP in E, 
Then PECZ is a parallelogram ; ^ 

/. PE^CZ^AC. 

Note. As the circle, which is the subject of the preceding 
proposition, is of great use in demonstrating the properties of 
the ellipse, we shall call^it the auxiliary circle. 
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Prop. IV. 

The rectangle under the perpendiculare from the fad on the 
tangent is equal to the square of the semi-ams minor. ^ 

• (SY. HZ = BC*). 



Produce to meet the auxiliary circle in F'; and join 
CY\ CZ. Then because ZFF' is a right angle, therefore ZCF' 
is a diameter of the auxiliary circle, and CZ, CY' are in the 
same straight line. Hence in the triangles iS'CF', ZCH, the 
sides SC, CY' are respectively equal to HC, CZ, and 
/ SCY' = L HCZ ; therefore the triangles are equal in all 
respects, and SY' = HZ. 

SY. IIZ = SY. SY'^ AS.SMx (Eucl. in. 35.) 
but AS. SM = AC^ - SC^ (Eucl. ii. 5.) 

= BC^ ; (Prop. i. Cor.) 

.-. ^yF. HZ = BCK 

By similar triangles, SYH, HZP, (fig. Prop, in.) 
SY : HZ :: SP : HP-, 

.’. SY' : SY . HZ SP : HP, 

SY’‘ : B(? :: SP : 2^C- SP. 

^ • 


Cor. 
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Prop. V. 

The rectangle under the lines intercepted between the centre 
and the intersections of the axis with the ordinate and tangent 
respectively, is equal to the square of the senii-axis major. 
(CN . CT = AC‘). 



Produce SP to W, then because P T bisects the exterior 
angle WPII, 

ST : HT :: SP : UP. (End. vi. a.) 

: ST-HT :: SP + UP : SP ~ HP, 
or \CT : SH :: ZAC : SP - IIP. 

Again, we have 

SP^ = SN^ + PN^ 

//P» = ZrjV» + PiV*; 

SP^ - HP’- ^ SN^ ~ IIN\ 
or {SP - HP) {SP + HP) 

= {SN- HN) {SN+ HN), (End. ii. 6.) 
or {SP-HP)ZAC’=ZCN.SH, 

OT iCN -. SP - HP :: QAC : SH. 

Hence CT : AC :: AC : CN, 

or CN. CT = A(P. 


. THE ELLIPSE. 


161 


Cor. Produce PN to meet the auxiliary circle in Q. 
Join CQ, TQ. 

Then CT . CN ^ AO = CQ", 

or CT : CQ :: CQ : CN\ 

therefore CQT is a right angle, and QT touches the circle 
at Q; that is, the tangents of the ellipse and circle at P and Q 
respectively cut the major-aocis produced in the same point. 


Prop. VI. 

The rectangle under the abscissce of the axis major is to the 
square of the semi-ordinate^ as the square of the axis major to 
the square of the axis minor, 

(AN . NM : PN" AC" : BC"). 


y 



Draw the' tangent PT and the perpendiculars upon it 
from the foci SY, II Z ; produce PN to meet the auxiliary 
circle in Q, join CQ, and draw the tangent QTi then the 
triangles SYT, PNT, HZT are similar, 

.-. PN : SY :: NT : FT, 
and PN : HZ :: NT : ZT\ 

PN^ : SY, HZ :: NT^ FT, ZT, 

« 


11 
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or PN^ : BC- :: NT^ : QT^ (Euc. iii. 36'), 

:: QN^ : CC^ by similar triangles, 

AN. NM : CQ" by property of the circle, 
or AN.NM^i PN^ :: AC^ : BC\ 

CoK. 1. Hence if L be the latiis rectum, 
L.AC^^BCK 
For by the propositioi; 


AS. SM : — :: AC^ : B(P, 
4 


or 

BC- 

: — A(P : BCP, (See Prop, iv.) 

4 

or 

BC : 

- AC : BC, 

O 



L.AC^'iBCP. 

Cor. 2. 


AN.NM= QN^; 


QN : PN :: AC : BC. 

Pkoi*. VII. 

If the semidiameter CD is conjugate to then CP is con- 
jugate to CD. 



Draw the ordinates PN DR and the tangents PT^ DO. 
Then the triangles PNT, CDR arc similar. 

But CN. CT^^AC^; 

CN.NT=AC^ - CW* 

^^^AN.NM; (Euc.ii.ro 
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in like manner 

CR . ItO = AR . RM-, , 

CN.NT i CR.RO :: AN.NM ; AR.RM, 

:: PN^ : 

:: NT^ : C®*, 

CN : iZO iNTT : CR, 

:: PiV^ . : HP; 

therefore the triangles PCN, DOR are similar, and CP is 
parallel to DO, or CP is eonjugate to CD. 

Obs. It is evident that the major and minor axes are 
conjugate diameters. 

Prop. VIII. 

( 

The rectangle under the abscissce of any diameter is to the 
square of tJte semiordinate, as the square of the diameter to the 
square of the conjugate. 

(PV . VG : QV* :: CP‘ : CD"). 



Let the ordinate Q VK meet the axis in O. Produce the 
ordinates NP, LD to meet the auxiliary circle in P', D 
respectively : draw Qfl, V W perpendicular to the axis : let 
PIT cut CP" in X: join OX, and produce it to meet MQ 
produced in Q'. 


11—2 
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Then QiM : QM :: XW : VW 
P'N : PN-, 

therefore Q' is a point in the auxiliary circle. 

Again, draw the tangents PT, P'T to the ellipse and 
circle, then CD is parallel to PT. 

CL : NT :: DL : PN :: D'L : P'N-, 
therefore the triangles CLIf, TNP' are similar, and CIL is 
parallel to P'T and perpendicular to CP’. 

In like manner (^X is perpendicular to CP'. 

Now CP'^ : CF® :: CP'^ : CX^ -, 

CP^ - CV‘^ : 6’P'2 - CX^ :: CP^ : CP**, 
or PV. VG : (^X^ :: CP® : AC^-, 
and eiX'^ : :: CD'^ : CD^ :: AC^ : C2>; 

PF. FC : QF® :: CP® : CLP. 

Ons. It will he seen that Prop. vi. is a particular case of 
this proposition, since in that case CP= AC and CD = PC. 
It has already been remarked that the axes of the ellipse arc 
conjugate diameters. 


Prop. IX. 

The sum of the sf/uares of conjugate diameters is constant. 
(CP® + CD= = AC®+ BC). 



Draw the tangents PT, DO, the ordinates PN, DR, and 
Pn, Dr ordinates to the minor axis. 
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Then CN . CT = A(y =>CR.CO; 

CN : CR :: CO : CT, 

:: CD : PT by simaar triangles ODO, TPG ; 

:: CR : NT by simHar triangles CDR, TPN ; 
or CR‘ = CN . NT = CN.CT- CN^ 

-‘AC^- CN ^ ; 

or CR^ + CN^ = AC’-. 

Similarly, Cn^ + Cr^ = BC ^ ; 

CiV* + Cn^ + CJT + CV* = AC^ + BC', 
or CP* + CD* = AC' + PC*. 

Cor. Since CP* = AC^ — CJV*, CR = the ordinate in 
the auxiliary circle corresponding to the point P ; 

.-. PN : CR :: BC : AC-, ^ 

similarly, DR : CN :: BC : AC. 

Prop. X. 

Parallelograms circumscribing an ellipse, the sides of which 
are parallel to conjugate diameters, have the same area. 
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Let abed be the parallelogram formed by tangents 
parallel to the semiconjugate diameters CP, CD. Draw CY 
perpendicular to the tangent PT, and the ordinates PNy KR. 

Then by similar triangles CYT, CKR, 

CT : CY :: CK : KR \ 

CY. CK^ CT.KR ; 
but CT : AC :: AC : CN, 
and KR : CN :: BC : AC (Prop. ix. Cor.) 

CT.KR^AC.BC, 
and CY.CK^AC.BC\ 

but CY . CK is one fourth of the parallelogram abed^ there- 
fore the parallelogram abed — 4* AC . BC = the rectangle under 
the axes of the ellipse, 

Pkop. XI. 

If a right cone is cut by a plane which is not parallel to a 
line in its surface, and the section is wholly on one side of the 
vertex, the section is an ellipse, 

n 


/\ 

/ \ 
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Let BAD be the section of the cone by the plane of tlic 
paper, APMP' the cuttiffg plane which is supposed ^'perpen- 
dicular to the plane of the paper. Let EPFP^ be any cir- 
cular section made by a plane perpendicular to the axis of 
the cone. Then the line PNP\ in which the planes EPFP', 
APMP^ intersect, is manifestly perpcndieular to both EF 
and AM, Draw MK parallel to AD, Then by similar 
triangles, 

AN : EN :: AM : KM, 
and NM : NF :: AM : AD ; 

AN,NM : EN,NF :: AM^ : KM . AD, 

or AN.NM : PN^ :: AM^ : KM. AD) 

but this is a property of an ellipse, ,the minor axis of which 
is a mean proportional between KM and AD ; hence the 
section is an ellipse. 


THE HYPERBOLA. 


Def. If a j)oint P move in such a manner that the dif- 
ference of its distances from two fixed points II is always 
the same, the curve traced out by P will be an Ityperhola^. 

The points 5, II are called the foci, and the point C 
bisecting SII the centre. 

It is evident that the hyperbola must consist of two 
branches, because for every point P to the right of C there 
will be another P' to the left of it, exactly similarly situated ; 
consequently the curve will be exactly symmetrical with re- 
spect to C. Moreover, it is clear that the branches will be 

• The hyperbola might be defined as the locus of a point, the distance of which from 
a given point (the/oc?^«), is always greater in a constant ratio than its distance from a 
given straight line (the direcMr). Thus the conic sections admit of a simple definition' 
applicable to all tlnee varieties, for we may say that a conic section is the locus of a 
point, the diStance of which from a given point is in a constant ratio to its distance from 
a given line, the ratio being one of ef|uality for the parabola, of less inequality for the 
ellipse, and of greater inequality for the hyperbola. " 
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infinite, since there is no limit put to the magnitudes of HP 
and SP by the condition of their (Hfference being constant. 



• The definition of the hyperbola being so nearly analogous 
to that of the ellipse, it will be anticipated that many of their 
properties will be possessed in common ; also the nomencla- 
ture is so devised, as to preserve as mucii as possible the 
analogy between tlie two curves. 

Any line PCG through the centre and meeting the two 
branches of the curve is called a diameter : it is manifest that 
the centre bisects all such lines. 

The diameter ACM, which produced passes through the 
foci, is called the a>vis major : A, M arc called vertices, 

PNR is an ordinate of the axis ; AN, NM the abscissae. 

A line BC drawn from C, perpendicular to the axis major, 
and such that BC’ = SC^ — AC* is called the semiaxis minor ; 
BE{=2BC) is the avis minor; this is according to the 
analogy of the ellipse, in which we had BC^ = A(P SC\ 
(Ellipse, Prop. i. Cor.) 

An hyperbola (represented by a dotted line in the figure) 
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having BE for its major and AM for its minor axis, is called 
the conjugate hyperbola. 

When the major and minor axes are equal, the hyperbola 
is said to be rectangular ; it will be seen that the rectangular 
has the same kind of relation to the common hyperbola, as 
the circle has to the ellipse. 

A line KCD drawn through C, parallel to the tangent at 
P, to meet the conjugate hpperbola, is called the diameter 
conjugate to PCG. 

Other definitions are the same as those for the ellipse. 

An asymptote to a curve is a line which continually ap- 
proaches the same, but being produced ever so far docs not 
cut it. 


Prop. L 


The difference of the focal distances of any point is equal to 
the axis major. (PIP - SP == 2 AC): 



For, by definition, 

HP HA-- SA, 

HP - SP = S3I - HM; 

2{HP - SP) « HA - H3I + SM - SA, 
• 2 AM, 

or HP ^ SP ^ AM ^ 2 AG 
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Prop. IL 

The tangent at any point of an^yperhola makes equal angles 
with the focal distances* 

Let P, P' be two contiguous points in the hyperbola; 
draw the secant TPP^ T ; join <SP, ^SP', //P, //P', and draw 
Pm, Pn perpendicular to SP\ IIP respectively. 


T 



Then (as in the case of the parabola,) when P and P' are 
indefinitely near to each other, P*m = SP - HP, 

In like manner 

Pn^IIP -^HP\ 

but HP - SP = HP - SP, 

Pm = Pn, 

and therefore in the right-angled triangles PmP\ PnP, we 
liave the side Pm = Pn, and the side PP' coininon : hence 
the triangles are equal in all respects, and z PPm = z PPn : 
but when P and P coincide these angles are those which the 
tangent makes with the focal distances ; hence the propo- 
sition is true. 

Cor. The tangent at either vertex is perpendicular to 
the axis major. 
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Prop. Ill, 

TIte perpendimlarafrom, tlie fod on the tangent intersect the 
tangent in the circumference of a circle having the axie major as 
diameter. 


In HP take PW^ SP\ join SW, cutting the tangent 
PT in Y: ^oiifCY. 



WPY c(iual by the property of the tangent; therefore the 
triangles are equal in all respeatsT^d / SYP = z WYP^ each 
of whicli is therefore a right angle. Hence SY is the per- 
pendicular on the tangent. 

Again, SC = CH and SY * YlVy therefore CY is parallel 
to HW; and by similar triangles CSY, HSW, CY cs i HW, 
But HW = IIP - PW = IIP - SP = 2AC, 

Tliereforc CY = AC, and therefore Y is a point in a circle 
the centre of which is C and radius AC. 

The proof would have been the same if we had considered 
IIZ the perpendicular from H, or if we had diwn the tan- 
gent to the other branch of the curve. 

Cor. Draw the semiconjugate CD, cutting HP in E : 
then GY PE is a parallelogram, and PE ^ CY AC. 
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Prop. IV. 

The rectangle under the perpendiculars from the foci on 
the tangent is equal to the square of the semiaxis minor. 

(SY . HZ = BC*). 



Let the perpendicular HZ meet the auxiliary circle also 
in Y'. Join CY, CY' ; then, because YZY' is a right angle, 
therefore YCY' is a diameter of the auxiliary circle, and CY, 
CY' are in the same straight line. Hence in the triangles 
SCY, HCY', the sides SC, CY are respectively equal to the 
sides HC, CY' and c SCY = t HCY ; therefore the triangles 
are equal in all respects, and SY = HY’ , 

.-. SY. HZ ^ HY'.HZ, 

= HM. HA. 

= HC^ - CAP, (Eucl. ii. 6). 

= BC? by definition. 

Cor. By similar triangles SYP, HZP, (fig. Prop, m.) 

SY : HZ :: SP : HP, 

SY^ : SY. HZ SP : HP, 

.-. SY : JSC* :: SP : SAC+ SP. 
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Prop. V. 

T7ic rectangle under the lines intercepted between the cen- 
tre and the intersections of the axis with the ordinate and tan- 
gent respectively is equal to the square of the semiaxis majw. 
(CN . CT = AGO- 



Because PT bisects the angle HPS, 

HT ; ST :: HP : SP, (Euc. vi. 3); 

HT - ST ; HT + ST :: HP - SP : HP + SP, 
or ZCT : SH 2 AC ; HP + SP. 

Again, we have 

SP^ = SIP + PIP, 

HP^ = HIP + PNh 
//P* - = HIP - SIP, 

or {HP + SP) {HP - SP) = {HN + SN) {HN -~SN), 

(Euc. II. 6), 

or {HP+ SF) 2CN.SH, 

or 2CN i HP + SP ZJC : SH. 

Hence CT : AC :: AC : CN, 

or CT.CN=A(y. 

0 

Cor. Draw TQ an ordinate to the auxiliary circle, and 
join NQ, CQ. 
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Then CT . CN = AC^ = CQ*, 

or CT i CQ CQ : CN. 

Therefore CQN is a right angle, and NQ touches the 
circle. 

Prop. VI. 


The rectangle under the abscissce of the axis major is to the 
square of the semiordinatCt as the square of the axis major to 
the square of the axis minor. 

' (AN. NM : PN« :: AC* : BC*). 



Draw the tangent PT and the perpendiculars upon it 
from the foci SY, HZ ; draw TQ an ordinate to the auxiliary 
circle, and join VQ, CQ. Then the triangles SVT, PNT, 
II ZT are similar; 

PN : SY :: NT : YT, 
and PN : HZ :: NT : ZT; 

PN^ : SY.HZ :: NT^ : YT ZT, 
or PJV* : BC' :: NT^ : QT\ (Euc. ni. 35), 

QV* : CQ*, by similar triangles, 

:: AN.NM : AC^, (Euc. iii.*36), 
or AN.NM : PN* :: AC* : BC*. 

CoR. As in the case of the ellipse, 

L.AC=^2BC*. 
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raop. vn. 

If tangents be drawn at the vertices of the hyperbola and of 
the conjugate hyperbola, the diagonals of the rectangle so formed 
will be asymptotes to the hyperbola. 



lact CEi be a diagonal of the reetangle, and let the or- 
dinate PN produeed meet it in Q. 

Then NCt : CIP AE^ : AC, 

BC ; AC, 

:: PIP : AN.NM, 

:: PAT* ; CN^-AC. 

Now as CN inereases, the ratio of CIP : CIP—AC 
approaches to equality, but never actually attains to it. 
Hence also NQ never actually becomes equal to PN, but 
continually approximates to it in value, and therefore the 
line CQ. is an asymptote to the curve. 

Cor: The same line is an asymptote to the conjugate 
hyperbola. 
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Prop. VIII. • 

If any line perpendicular to the axis is terminated by the 
asymptotes, the rectangle under the segments into which it is 
divided by the curve is equal to the square of the semiaxis minor. 

(QP.Pq = Be). 



Let QPq be the line terminated by tlic .nsymptotes. 

Then 

VQ* : PN* :: CN- : CN^ - JC^-, (Prop, vii.) 

.-. VQ’ - PN^ : PN^ JC^ : CN^ - AC\ 
or JSTQ* - PJV* ; AC^ :: BC^ ; AC\ 

N(f- - pm = QP.Pq = B(P. 

Coe. 1. If any line RPr terminated by the asymptotes 
makes a given angle with either asymptote, the rectangle 
RP . Pr is invariable. 

For RP ; QP :: sin PQR : sin PRQ, 

and Fr : Pq :: sin Pqr : sin Prq; 


THE HYPERBOLA. 


177 


RP.Pr iQP.Pq (VC) ::sin PQR. sin Pqr : sin PRQ. sin Prq*. 

Now all the angles in this proportion are the same so long as 
RPt makes a given angle with either asymptote, and there- 
fore RP . Pr is invariable. . 

CoR. If the line RPr cuts the curve also in p, we 
have, manifestly, 

RP . Pr a Rp .pr^ 

or RP.Pp + RP .pr = RP .pr + Pp -pr*, 

RP-pr. 

Cor. 3. The same conclusions will hold, if we suppose 
RPr to move parallel to -ifedif until it becomes a tangent 
LEK. Hence we have « jEJT, and RP . Pr = LE\ 

Cor. 4. Join CjE, and let it when produced cut Pp in 
V. Then, 

VR : LE :: VC : EC 
:: Vr : EK, 

but LE = EK, VR = Vr ; also RP = rp ; therefore TF = Vp, 
or a diameter bisects its ordinates. 


Prop. TX. 

Tf from any point in tM mrve straight lines are drawn 
parallel to and terminated by the asymptotes, their rectangle is 
invariable. 

Let PH, PK be the lines parallel to the asymptotes. 
Draw the tangent LPM, and QPq perpendicular to the axis, 
AE! the tangent at the vertex, and AO parallel to the asymp- 
tote. 

Then, by similar triangles, 

PH : PQ :: AO : AE, 

PK : Pq :: OE : AE ; 

* In order to preserve thS ^geometrical character of this demonstration, it is necessary 
to* understated by the sine of an angle a line proportional to the trigonometrical sine : in 
fact, in the figure of page 104 PN may be considered to be the sine of PON j see note on 
that page. 

12 
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PH.rK : PQ.Pq (SCO := . OE (AO-) ; AE^ (SC*), 

or PH.PK = AO*- 

= (^c*+sco. 

Cor. 1. The parallelogram PHCK is eonstant; and 
therefore also the triangle LCM is constant, for since PL = PM 
it is double of the parallelogram PHCK. 

•Cor. 2. A straight line drawn parallel to one asymptote 
and terminated by the conjugate hyperbolas, is bisected by 
the other asymptote. 
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Let PHD be such a line, then by the proposition 
PH .HC \ {Aa + 
similarly for the conjugate hyperbolaj 

DH .HC = ^ {AC^ + BC ^) ; 

PH^DH. 

Cor. 3. If we draw the tangent LPM, it is bisected in 
P, and therefore CL = ^CII\ hence the tangent RDL to the 
conjugate hyperbola at D, must meet the asymptote in the 
same point L. Also CM = 2 HP DP, therefore CD PM is 
a parallelogram, and CD is the semi-diameter conjugate to 
CP. 

Cor. 4. RL = 2 CP = the diameter at P; and LM = 2 CD 
s= the diameter conjugate to CP. 

Prop. X. 

The rectangle under the abscissae of any diameter is to the 
square of the semi-ordinate, as the square of the diameter to the 
square of the conjugate. 

(PV.VG : QV" :: CP* ; CD*). 



12—2 
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0 

X 

Let Q VQ[ produced meet the asymptote m and 

draw PL a tangent at P terminated by the Asymptote, then 
PL equals the semi-conjugate CD. 

Now RCl.C[ = BV^-QV^^PL\ 

RT- - PU-, 

but CV* : CP- PP* : PU\ 

CF^-CP* : RV^-PL^ :: CP‘ : PL\ 
or PF. VG . QV^ :: CP' : CD\ 


Prop. XL 

Tlie paralhlograms formed hy tanyents at the vertices of 
pairs of conjuyate diameters have all the same area. 



Let MPL. DI.. be the tangents, CL, CM the asymptotes ; 
then the parallelogram in this case 

= 4CZ?LP 

= »CLP = ^LCM, 

which is constant, since LCM is constant. (Prop. ix. Cor. l). 
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Cor. Draw PF perpendicular to CD, thfen 
PF.CD^CDLP', 

but when the tangents arc drawn at A and B, the area of 
the parallelogram CDLP becomes AC .BC, therefore 

PF. CD^AC. BC. 


Prop. XII. 

If a right cone is cut by a plane which meets the cone on 
both sides of the vertex, the section is an hyperbola. 



Let RAP be the section, which is 8up}>oscd to be perj)en- 
dicular to the plane of the paper ; DGEH a section of the 
cone perpendicular to the axis, which is therefore circular, 
KNP the intersection of the planes RAP, DGEII, which is 
manifestly perpendicular to both DE and AN. BGII a tri- 
angular section through the vertex of the cone by a plane 
parallel to RAP. 

* Then AN : EN :: BF : EF, 

NM : ND :: BF : FD,. 
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JN,NM : EN.ND :: : EF . FD, 

or JN.NM : PN^ :: BF^ : FII\ 

which is the property of an hyperbola, the major axis of which 
is AM, and the minor axis is to AM as FH : BF\ hence the 
section is an hyperbola. . 


Note. For some other propositions eoncerning the Conic 
Sections, see the Digression concerning the curvature of 
curves in the First Section of Newton’s Principia. 

SCHOLIUM. 

Although, throughout this treatise, the symbol AB . CD 
has been used to express the rectangle under the two lines 
AB, CD, and not to express as in algebra the multiplication 
of ABhy CD, nevertheless the symbol may be regarded in 
this algebraical point of view : for if a be the number of units 
of length in AB, and h the number in CD, then will a x 6 be 
the number of units of area in the rectangle AB . CD, and 
therefore AB . CD may be regarded as a product ; it being 
understood that in so regarding it, AB represents the number 
of units of length in the line AB, and CD tluj number in the 
line CD, In like manner the ratio AB : CD may be written 
AB 

thus with the same understanding. The importance of 

this scholium will be appreciated by the student, when he sees 
the application of the properties of the Conic Sections in the 
sequel. 
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I. STATICS. 

II. DYNAMICS. 




MECHANICS. 


The science of Mechanics treats of the effects of force; 
we must therefore commence by explaining what w^e mean by 
force. 

F(yrce is any cause which changes y or tends to change , 
a body's state of rest or motion. 

By the term body here used, we intend to express any 
material substance, or portion of matter ; we cannot conceive 
of the action of a force except as taking place upon a material 
body; and the body may be of various kinds, but at present 
wc shall concern ourselves only with the action of force upon 
a particle, and the action of force upon a rigid body. By 
a particle we intend, without entering into any discussion 
respecting the ultimate constitution of matter, to designate the 
smallest quantity of matter conceivable, so that we need not 
concern ourselves with its shape or its magnitude ; neverthe- 
less all particles are not necessarily equal, for though each of 
two particles be indefinitely small, one may be greater than tlie 
other in any proportion. By a rigid body we mean to denote 
any portion of matter, the constituent particles of which are so 
connected as to be incapable of changing their relative posi- 
tion. From this definition it is easy to see, that no such 
thing as a mathematically rigid body exists in nature, for tlie 
hardest known substances are susceptible of compression and 
extension under the action of great pressures; steel, for 
instance, though a very hard substance, is not rigid ; never- 
theless the conclusions which we shall arrive at in the fol- 
lowing treatise, though mathematically true only of rigid 
bodies, will be practically true of all ordinary solid bodies : 
for, to consider a body as absolutely rigid, or incapable of 
changing its form under the action of any force, is the same 
thing practically as to suppose, that no forces are called into 
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play, which actually do produce any sensible change of forni 
in the solid body under consideration. 

When any number of forces act upon a material body 
they will produce one of two effects, they will either keep the 
body at rest or they will cause motion, and these two effects 
are of such very distinct kinds that they require to be treated 
separately; and thus the science of mechanics naturally divides 
itself into two parts, the first and more simple of which treats 
of forces which keep a body at rest, or arc in ecjuilihrinm, and 
is called Statics ; the second of forces which produce motion, 
ami is called Dynamics. 



STATICS 


1. Force is measured statically by the pressure which 
will counteract it. So far as the principle of measuring force 
is concerned, it is indifferent what kind of pressure wc choose 
as the standard by which to measure force ; there is one kind 
of pressure, however, which in the nature of things is more 
convenient than any other, and that is weight. We may 
conceive then of a force as being measured by the number 
of pounds which it can lift, and wc may compare two forces 
•by means of the numbers of pounds which they can lift 
respectively. 

In what follows we shall denote the magnitude or 
tensity of force by letters, such as P, or Q, or R ; when we 
speak of a force P, all that is intended is that the force in 
question would just lift P lbs., and therefore has P lbs., or 
more shortly P, for its statical measure. 

2, In order that wc may be able to calculate the com- 
bined effect of any number of forces acting on a particle, it is 
not sufficient that wc should know the intensity of each ; for it 
is obvious that the effect of a force depends upon the direction 
in which it acts as well as its magnitude, and that a system of 
forces cannot in general be in equilibrium unless their direc- 
tions as well as their magnitudes satisfy certain conditions, 
which conditions the science of Statics must teach us. Let 
us endeavour to form a distinct conception of the direction 
of a force : suppose a force to act upon a particle at rest, and 
the particle to be prevented from moving by a string, one end 
of which is fixed and the other attached to the particle, then 
the direction of the force coincides with the string ; or we 
may say, that the direction of a force is that, in which the 
particle would begin to move, if not constrained to remain at 
rest. The direction of a force is sometimes called the line of 
its action. 
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3. The inteufdUj and direction are the only elements 
necessary to entirely describe any force which acts on a 
particle, but if we . consider its action on a rigid body we 
shall require in addition to know the point of its application : 
at present we shall concern ourselves only with the action on 
a single particle. 

The simplest case of such action is when there are two 
forces only, and it is manifest that, in this case', there can be 
equilibrium only when the two forces are equal in intensity 
and exactly opposite in their direction : that is, if two forces 
P and Q arc in equilibrium, they must act in the same line 
and tend to draw the particle opposite ways, and we must 
liave the condition, 

P = Q, or P - Q « 0. . 

4. AVe may here ob- 
serve, that the method, ^ "5 

Avhieh was adopted in the 

Treatise on Trigonometry, of denoting direction by an alge- 
braical sign may be applied to forces : that is, if we denote 
by + 7^ a force acting on a particle at O in the direction OX, 
then a force of the same magnitude, but acting in tlie opposite 
direction OX\ will be properly denoted by ~ P. Hence we 
may say, that if any number of forces act along the same 
straight line on a particle, the condition of cfjuilibriiim is, that 
their algebraical sum shall be zero ; and if the sum be not 
7X‘ro, then the force represented by it will be the resultant of 
the forces acting on the particle, and will tend to draw the 
particle in the direction OX, or in the direction OX\ according 
as its sign is 4 - or - . 

For instance, suppose we have two forces Q acting on 
a particle at O in the direction OX, and two others P, S in 
the direction OX', then the resultant will be 7^ + ^ - P - 
the algebraical sum of the four forces ; and in order that there 
may be equilibrium, we must have, 

P+ = 

Or, for simplicity’s sake, to take a numerical example. 
Suppose we have two forces, represented by 2 and 3 lbs., 
respectively, acting on a particle at O in the direction OX, 



PARALLELOCSRAM OF FORCES. 


189 


and a force of 4 lbs. acting in the direction OX\ then thfe 
resultant will be the force* (2 + 3 - 4 =) l lb. in the direction 
OX\ or if wc have a force of I lb. acting in the direction OX 
there will be equilibrium. 

5. When two forces act on a particle, not along tlie 
same straight line, they cannot be in equilibrium, but will be 
equivalent to some one force which we shall call their re- 
sultant : that they are equivalent to some one force is mani- 
fest from the consideration, that a particle under the action of 
two forces would begin to move in a certain definite direction, 
and that it may be prevented from moving by a string attached 
to it and coinciding with that direction ; the string spoken of 
will undergo a certain tension, and that tension or the weight 
which would produce it measures the magnitude of the resul- 
tant of the two forces. 

6. The fundamental problem of Statics, is to find the 
magnitude and direction of the resultant of two forces ; but 
in order to solve it, wc must premise that it is convenient to re- 
present forces by lines; and it is manifest that we may by means 
of a line represent a force, as to both magnitude and direction ; 
for we can represent the magnitude, by taking a line which 
bears the same proportion to some standard length, (as for in- 
stance 1 inch,) as the force bears to the standard pressure, (or 
1 lb.) ; and flic direction will be represented, by drawing the 
line in that direction in which the force tends to make tlie 
particle move. By means of this convenient mode of represent- 
ing forces, wc arc able to enunciate the relation between two 
forces, and their resultant in the form of the following Theo- 
rem, which is known as the Parallelogram of Forces. 

If two forces acting on a particle at A, he represented in 
direction and magnitude by the lines AB, AC, then the resultant 
will be represented in direction and magnitude by the diagonal 
AD of the parallelogram described upon AB, AC. 



f 
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7. The proof which wc shall give of this proposition 
depends upon this principle ; 

A force may be supposed to act 
at any point in its direction, ^ i 
that point being conceived to he 

rigidly attached to the particle on which the force acts. Thus, 
if we have a force P acting on a particle at A, we may 
suppose, if we please, that the force acts at D, B being rigidly 
connected with A ; this is a principle which the studfent will 
have no difficulty in grasping, and which may be illustrated 
roughly by saying, that the force required to toll a bell is 
independent of the length of the rope, and the effort required 
to move a carriage independent of the length of the traces. 
We are now able to give the following 


PROOF OF THE PARALLELOGRAM OF FORCES. 

8. 1. To prove the proposition so far as the direction 

of the resultant is concerned. ♦ 

When the forces arc equal, it is manifest that the direc- 
tion of the resultant will bisect the angle between the directions 
of the forces : or, if Ave represent the forces in direction and 
magnitude by two lines drawn from the point a^ which they 
act, the diagonal of the parallelogram described upon these 
lines ndll be the direction of the resultant. 

Next, suppose that the proposition, just proved for equal 
forces, is true for two unequal forces P and Q, and also for P 
and R ; we shall shew that it will be true for P and R, 

Let A be the point of application of the forces; take 
AD to represent P in direction and magnitude, and AC to 
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represent Q ; complete the parallelogram ABDC, then by 
hypothesis AD is the direction of the resultant of P and Q ; 
and, since a force may be supposed to act at any point of its 
direction, we may consider D as the point of application of 
the resultant of P and Q, or we may suppose the forces P 
and Q themselves to act at Z), P parallel to AB and Q to 
ACy or still further, we may suppose P to act at C in the 
direction CD, 

Again, the force R which acts at A may be supposed to 
act at C\ take CE to represent it in direction and magnitude, 
and complete the parallelogram CDFE, then by hypothesis 
CF is the direction of the resultant of P and R which acted 
sit C: hence the resultant of P and R may be supposed to 
act at F, or P and R may themselves be supposed to act at 
that point parallel to their original directions. 

Lastl}', the force which is at present supposed to be 
acting at D in the direction DF, may be supposed to act 
at F, 

Ilcncc we have reduced the forces P and Q + JR acting at 
A^ to P and R acting in the same directions at F\ con- 
sequently F is a point in the line of action of the resultant, 
and tliercforc xiF is the direction of the resultant : that is, if 
the proposition be true for P and Q, and also for P and fl, it 
is true for P and R, 

But the proposition is true for P and P, and also for 
P and P, therefore it is true for F and 2 P, therefore for P 
and 3 P, and so on, therefore generally for P and m P. 

In like manner the proposition may be extended to mP 
and ?i P, {in and n being whole numbers,) that is, to any com- 
mensurable forces*. 

The proposition is extended to incommensurable forces 
as follows. 

Let AB, ^(7 represent any two incommensurable forces; 
complete the parallelogram ABDC,, and if AD is not the 
direction of the resultant, let it be AE, Suppose to be 
divided into a number of equal parts, each part being less 
than ED, and siq)pose distances of the same magnitude to 
• 

* Two qiiantiiics arc said to bo t^ommensnrahle when their ratio can be expressed by 
tile ratio of two toholv numbers. 
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be set off along CD beginning at C, then one of the divisions 
must fall between E and D\ let -F be the point which marks 


A c 



the division, and complete the parallelogram AGFC, then AF 
is the direction of the resultant of the commensurable forces 
AG, AC: but AF makes a larger angle with AC than AE, 
that is, the resultant of AG and AC lies further away from 
AC than the resultant of AB and AC, although AG is less 
than AB, which is absurd : hence AE is not the direction of 
the resultant, and it may be shewn in like manner that no 
other line is in that direction except AD- Hence the pro- 
position, which was proved for commensurable forces, is true 
for incommensurable. 


II. To prove the parallelogram of forces with respect to 
the magnitude of the resultant. 


Let AB, -/fC represent the forces; complete the paralle- 
logram ABDC, join DA and produce it to D\ making AD' 
equal to the resultant of AB and AC in magnitude; complete 
the parallelogram ABCD\ and join AC\ 

Then since AD* is 


equal to the resultant 
of AB and AC, and 
drawn in the direction 
opposite to that of their 
resultant, the three 
forces AB, AC, AD 
will balance each other, 
and' therefore any one 
of them is in the direc- 
tion of the resultant of 



c 


the other two ; hence 

-4 C is in the direction of the resultant of AB, AD* \ but AC* 
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is also in that direction, therefore AC, AC' are in the same 
straight line. Hence ADBCf is a parallelogram; therefore 
AD^BC: but BC^AD\ therefore AD^AD\ And by 
construction AD* represents the resultant of AB and AC in 
magnitude, therefore AD also represents the resultant, and 
the proposition enunciated is true. 

9. The proposition, which we have now established, en- 
ables us to reduce any system of forces acting on a particle 
to one single force ; for we can find the resultant of any two 
of the forces, then of that resultant and a third, and so on. 

10. As the parallelogram of forces* enables us to com- 
pound two forces into one, so, conversely, we are able by 
means of it to resolve any force into two, that is, to find two 
forces which shall be equivalent to a given force. This is ti 
problem which obviously admits of an infinite number of so- 
lutions; in fact, if upon a line representing the given force 
in direction and magnitude, as diagonal, we describe any 
parallelogram, the sides of that parallelogram will represent 
forces, which by their composition are equivalent to the 
given force.. 

Before proceeding further, we shall supply the student 
with a few examples of the composition and resolution of 
forces. 

Ex. 1. Two forces, measured by 3 lbs. and 4 lbs. respec- 
tively, act on a particle, at right angles to each other ; find 
the magnitude of their resultant. 

If ABy AC represent the 
forces, and we complete the rect- 
angle ABDCy we have 

AD^ « AB^ + Aa 

« 3 ® + 4 * 

= 9 + 16 = 25 ; 

AD ^5, 

or the measure of the resultant is 5 lbs. 

13 ♦ 
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Ex. 2. Two forces, l and 2 lbs. respectively, act at an 
angle of Co*’; find the direction and magnitude of their 
resultant. 

Let JB and AQ repre- 
sent the forces, AD their re- 
sultant, and let BAD = d. 

Then by the data of the pro- 
blem, BAC = W. 

^AO + CD^-iAC. CD cos ACD 
= JC* + ^5* + iAC . AB cos BAC 
«= 4 + 1 + 4 cos Co** 

= J5 + 2, (since cos Co** = i) 

= 7; 

.-. ad^s/T. 

Again, from the triangle ABD^ 
sin Q BD 
sill ABD AD ’ 



or, sm 0 = - sin 60» v/^ . 

V7 


Ex. 3 . Three forces P, Q, R arc in equilibrium; find 
the angles between their directions. 



Let represent Pand Q respectively; 

complete the parallelogram ABDC, and pro- 
duce DA to D’, making AD' = AD-, then AD^ 
represents R. 


Let BAC = 9; .-. ACD = 180« - 9, 


and 


AD'^ = + C2P + zAC. CD cos 9 ; 


COS0 = 


ACP-AC^-CD* 
ZAC. CD 


R' -I«- Q’ 
ZPQ 
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which determines the angle between the directions of P and 
Q. The angles between the directions of P and R, Q and R, 
are known in like manner. . 


11. The parallelogram of forces may be stated in an- 
other form, under which it is called the Triangle of Forces* 
For we have seen that three forces will be in equilibrium, 
provided they are proportional to the sides and diagonal of a 
parallelogram, and act on a particle parallel to those sides; 
but the sides and diagonal form a triangle ; indeed, it is the 
same thing whether we say of three straight lines that they 
are the sides and diagonal of a parallelogram, or that they 
form a triangle ; hence we may assert, that forces will be in 
equilibrium, when they arc proportional to the sides of a tri- 
angle formed by drawing lines parallel to their directions. 



Suppose, in fact, that the forces 
, P, Q, ^ are in equilibrium on the par- 
tide O ; draw any three straight lines 
V" parallel to the directions of the three 
forces, and let ABC be the triangle 
formed by their intersections, then 


P : Q : R :: AB : BC : CA. 


Hence it may be said that if two sides of a triangle 
taken in order from an angular point represent in magnitude 
and direction two forces which act at that point, then the 
third side, not taken in the same order as the other two, 
will represent the resultant. Thus if ABy BC represent two 
forces acting at A, then ACy (not CA,) will represent the 
resultant. 

And this proposition may be generalized so as to assume 
a form under which it may be called the Polygon of Forces : 
thus, if any number of lines AB, BC^ CD, DE,,,NP, repre- 
sent in magnitude and direction forces acting at A, then tlic 
line AP completing the polygon will represent the resultant. 
It follows, of course, that if a particle be acted upon by 
forces which can be represented by the sides of a polygon 
taken in order, the particle will be at rest. It may be ob- 
served th*at the lines forming the polygon need not lie in one 


13—2 
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Coil. If a, j8, 7 are the angles between the directions of 
Q and It, R and P, P and Q respectively, then 

. P : Q : :: sin a : sin j8 : sin 7 ; 

or, (as it may be otherwise written,) 

P ^ Q _ R 
sin a sin /3 sin 7 ' 

1 2. It follows from the triangle of forces, that any con- 
clusions established concerning the relations of the sides and 
angles of a triangle, may be extended to the magnitudes and 
directions of forces in equilibrium. For instance, we may 
conclude from Euclid, i. 20, that of three forces in equi- 
librium any two must be greater than the third. 

13. We have seen that a force in a given direction may 

always be replaced by two forces in two other directions, 
which forces are called the components of the original force. 
There is a peculiarity in the ease of these components being 
at right angles to each other, which requires notice. Let 
AD represent a force, which is re- 
solved into the two rectangular 
components AB, AC, Then it is 
manifest, that the force AB has 
no tendency to move the particle 
in the direction AC, neither has 
AC any tendency to move it in 
the direction AB. Hence we may a o 

say that AB, AC measure the wlwle effect of AD in the di- 
rections AB, AC respectively, and they are usually termed 
the resolved parts of AD. 

If we call the angle DAD 0, we have 
AB = AD cos 9, 

AC = AD sin 9. 

lienee, if X be the resolved part of a force P in a direction 
making an angle 9 with the direction of P, and Y the resolved 
part in the direction perpendicular to that of X, we shall 
have 

X ^ P cos 9, 
r=P sin 0. 
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Also, tan0 . 4 .. and JT* + F* = 

The preceding formuIaB may be looked upon as funda- 
mental in Statics ; they enable us to solve the following most 
general problem. 

14. Any number of forces act at iho^ same pointy their 
directions all lying in the same plane ; find the direction and 
magnitude of their resultant. 

Let P be any one of the forces 
acting at the point A. Let the 
plane of the paper be that in 
which the forces act; in that, 
plane choose any two lines at 
right angles to each other, AX 
and JF, and let Q be the angle 
which the direction of P makes 
with AX. Then P is equivalent to 

P cos 9 acting in the direction AX, 

together with P sin 0 AV. 

In like manner, a force P\ the direction of which makes an 
angle ff with AX, is equivalent to 

* P' cos 0' acting in the direction AX, 

together with P' sin 0' AY. 

And so on for any number of forces. Hence, adding together 
the forces which act in the same direction, we shall have a 
system of forces P, P'... acting at angles 0,0'... with the line 
AX, equivalent to 

P cos 0 + P' cos 0' + ... acting in the direction AX, 

together withPsin0+ P'sin0'+ AY, 

For shortness’ sake, let 

• Pcos0 + P'cos0'+ = X, 

Psin0 + P'sin0'+ = Y^ 
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and let B be the required resultant, <j> the angle which its 
direction makes with the line AX ; then 


JR cos <p = X, 

R sin <l> ss Y; 

tan0 =. lP = X*+r. 

These formula! det^mine the direction and magnitude of the 
resultant of the system of forces. 

Ex. A particle is placed at the centre of a hexagon, and 
is acted upon by forces tending to the angles of the hexagon 
and measured by the 
quantities Pi, Pj, P3, P^, 

V.^, Pg respectively ; de- 
termine the direction 
and magnitude of the 
resultant force. 

If w'e choose the line 
AX so as to pass 
through one of the an- 
gular points, it will be 
easily seen that we 
shall have in this ex- 
ample, ^observing that cos 60* = and sin 60 



P, + P, i - Pg^ - P, - P,^ + P,^ 
= Pi“P4+-J(Pa“P3~P5 + Pe)} 


r = 



Suppose, for instance. Pi = 1, P^ = 2, Pg =* 3, P, 
Pg = 6, then 

A' = 1- 4 + -1(2-3-5 + ())=-3, 


f3 + 3 - 5 - 6 

I 2 ~~ 


)V3= - 3 v/i; 



.*. tan <f) = y/ Si or <p Si 6cP ; 
2 ?* = 9 + 27 = 36, or P = - 6 . 
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Thus the resultant is completely determined ; we take the 
negative 'value of i?, because since X ^ H cos 0, and in this 
case X is negative and cos 0 positive, R must be negative. 
It would have come to the same thing if we had taken 0 = 240^ 
and R positive. 

15. To find the conditiohis of equilibrium of any system of 
forces, acting in one plane at the same point. 

Suppose the forces are reduced to one (Zf), as in the last 
article ; then in order that there may be equilibrium we must 
have 

R^O, 

or P«o. 

And this equation is equivalent to these two, 

jr=o, , r = o, 

» if 

or P cos 0 + P' cos 0' + =0, 

^ P sin 0 + P' sin 0' -f =0. 

These are the conditions of equilibrium, which may be ex- 
pressed in words by saying, that the sum of the forces resolved 
in any two directions perpendicular to each other must vanish. 


ON THE PRINCIPLE OF THE LEV'EU. 

IG. Hitherto we have considered forces acting on a par- 
ticle only ; when wc come to the consideration of the action 
of forces on a rigid body, there will be other conditions of 
cquililjrium besides those already deduced. In the case of 
a single particle the only necessary condition is that there 
shall be no motion of translation; but in order that a rigid 
body may be at rest it is not sufficient that any one point in 
it should be fixed, it is also necessary that there should be no 
twisting about that point. The simplest case is that of two 
forces acting on a rigid rod, one point of which is fixed ; sup- 
posing that the forces tend to twist the rod in opposite ways, 
we can find the conditions, under which they will counteract 
each the effect of the other, and produce equilibrium. 

l 
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Def. a rigid rod, mOvcable about a fixed point in its 
length, is called a lever. 

Def. The fixed point is called the/aZcrtim, and the dis- 
tances between the fulcrum and the extremities the anus. 

Def. The mommt of a force with respect to a given 
point, is the product of the force and th6 perpendicular from 
the point on its direction. 


17. Prop. If two forces acting at tlie extremities of a lever 
and tending to txvist the lever opposite ways produce equilibrium, 
the moments of the forces about the fulcrum are equal. 


Let P, Q be the two forces acting at A and B, the ex- 
tremities of a lever. Produce the di- 
rections of P and Q until they meet in C, 
then P and Q may both be supposed to 
act at C: take Cm, Cn proportional to 
P and Q, and complete the parallelogram 
Cmpn; join Cp and produce it to cut 
A B in O, then the resultant of P and Q acts in the direc- 
tion CO, and therefore O must be the fulcrum, otherwise 
there could not be equilibrium. Draw OD, OE perpendicular 
to ACj BC\ then ' 



P Cm sin Cp m CO sin BCO OE 

Q Cn shim Cp CO sin CO OD ’ 

P.OD^Q.OE. 

or the moments of P and Q about O are equal. 

If the forces act parallel to each other, their directions 
will not meet as they arc supposed to do in the preceding 
proposition; in this cjise ive must proceed as follows. We 
shall .suppose, though it is not necessary, that the forces act 
perpendicular to the lever. 

At A and B apply any two equal and opposite forces 
r ' *.910 the direction of the lever; this 

will manifestly not affect the equili- 
brium ; then the resultant of P and 
S will be some force in the direc- 
tion-. CA suppose, and that of Q and 
S some force in the direction CB. 
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Suppose them both to act at C, and there to be resolved 
into their constituent parts P and S, Q and S ; the portions 
S, S will destroy each other, leaving a resultant P + Q in the 
direction CO parallel to the directions of the forces. 

Then the sides of the triangle AOC arc parallel to the 
directions of the forces P, S and their resultant; 

, P_CO 
S~ AO' 

... ■ Q CO 

in like manner, -t; = — 5 

S BO 

.. P.AO = Q.BO. 

The same method is applicable^ when the forces arc not 
perpendicular to the arm. 

If we had first proved the jiropOsition now under con- 
sideration for the case of parallel forces perpendicular to 
the arm, it would have, been very easy to deduce the more 
general case; For if in the first figure of page 200 we sup- 
pose the forces P and Q to be each resolved into two, one 
parallel and the other perpendicular to the arm, it is mani- 
fest that in the latter portions of P and Q only is there any 
tendency to twist the lever; and these latter portions are 
respectively P sin C AO, QmnCBO, hence 

P sin CAO X AO = Qsin CB,0 x BO, 
or P . OD = Q, . OE, 
as was proved before. 

Hence we conclude, that in all cases two forces, acting 
in the same plane, on a rigid body, one point of which is 
fixed, will produce equilibrium when their moments about 
the fixed point arc equal; for it is manifest, that the reasoning 
applied to the case of the simple lever, is applicable to a 
rigid body of any shape. This is called the principle of 
the lever. 
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Ex. 1. Two weights, of 3 and 4 lbs. respectively, balance 
on the extremities of a lever, the length of which is 6 feet : 
find the fulcrum. 

Let X be its distance from that extremity at which the 
weight of 3 lbs. is suspended ; then 6 - a? is its distance 
from the other; 

3 a? «= 4 (6 - a?), 

7 a? = 24, 

24 

.t? = — .= 3-^ feet. 

7 ^ 


Ex. 2. A Avcight of 4 lbs. is suspended from a straight 
lever, at a distance of 2 feet from the fulcrum ; determine 
the force which acting at an angle of 30^ with the lever, 
and at a distance of 3 feet from the fulermn, will produce 
equilibrium. 



Then we have 

P X .3 sin 30® = 4 X 2, 

„ 2 16 ,, 

P = -x8 = — = s^lbs. 
3 3 


18. The principle of the lever may be extended to any. 
number of forces. 


For let AC be a 
straight lever moveable 
about the fulcrum O, and 
let forces be applied at Ay 
B and C. Conceive each 
of these forces to be re- 


A 


P 




D 


C 


V 

Q+R 


11 
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solved into two, one parallel to AC, the other perpendicular to 
it ; the former parts will Imve no tendency to twist the lever, 
. and we may therefore confine our attention wholly to the 
latter, which call P, Q, and R. 

Now Q and R acting at B and C arc equivalent to a 
single force Q + -S acting at some point D, such that 

Q.BD ^ R. CD', 

this follows from Art. 17. And therefore, in order that there 
may be equilibrium, we must have 

P.AO^{Cl + R)OD. 

But Q.OD=Q.OB + Q.BD, 

R. OD = R. OC -R.CD = R.OC - Q.BDi 
.-. P.AO = Q.OB + R. OC, 

or the moment of J* = sum of the moments of Q and R. If 
we estimate moments as positive or negative according as 
they tend, to twist the lever in one direction or the other, we 
may then say that three forces will produce equilibrium when 
the algebraical sum of their moments* about the fulcrum is 
zero. 

And the same method is applicable to any number of 
forces. 

Also the same thing will hold of any forces acting in the 
same plane on a rigid body, one point of which is fixed ; 
hence we may say that such forces wUl be in equilibrium 
when the algebraical sum of their moments about the fixed 
point is zeroj*. 

* It is manifest that P,AO is the monieiit of the force applied at A, For in the 
figure of Art. 17, the moment of P is JP.OZ>, which ^ P.AO cos AOD = AO x resolved 
part of P perpendicular to AO, 

t Hence it is not difficult to conclude the conditions of equilibrium for any rigid body, 
acted upon by forces che directions of which lie in the same or in parallel planes. For so 
far as translation is concerned, it will be sufficient that the sums of the forces resolved in 
any two directions at right angles to each other should be zero, exactly as if they acted 
parallel to their own directions upon a single particle ; and so far as tivisting is concerned, 
it will be necessary and sufficient that the forces should be such as not to twist the body 
about any point supposed to be fixed, that is, the algebraical sum of the moments about 
any point hiust be zero. The point about which the moments are estimated need not be 
in the body, since we may suppose the body rigidly connected with any point, and 
about such point there must be no tendency to twist. 
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ON THE ACTION AND REAClTON OF SMOOTH 
SURFACES IN CONTACT. 


19. AVhcn two bodies are pressed together by the action 
of any forces, each will exert upon the other a certain force; 
if we call the force exerted by one body its action, we may 
call that of the other upon the first the reactim, and it is 
evident, upon consideration, that these must be equal in 
intensity and opposite in direction. For if a person presses 
his finger upon the table it is manifest that the table returns 
a pressure equal to, because it is the effect of, the pressure 
of the finger; and so in other cases. 

But what will be the direction of this mutual pressure ? 
We shall consider only the case of the action of two bodies 
smooth and lying all in one plane. 

Let BAC^ B AC be two such bodies, 
touching at A, and let R be the 
mutual pressure. Then since the 
surfaces touch at A, they have a 
common tangent at that point, and 
therefore a common normal. Now 
by calling a body smooth, we mean 
to assert that there is no tendency 
in the constitution of the body to 
prevent motion along its siu*face, 
consequently no part of the mutual ^ 
pressure of two smooth surfaces can 
be along the surface or along the common tangent, that is, 
the whole must be in 'the direction of the common normal. 

In the case of a particle pressing upon a curve, we must 
consider that the pressure is in the direction of the normal 
to the curve ; and when resting on a plane, the pressure is 
perpendicular to the plane. 

We may observe here, that in treating statical problems 
which involve more than one body, we usually consider what 
action and reaction will exist between the various' bodies, and 
having denoted them by certain symbols, as P, Q, R, &c.. 
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we consider the equilibrium of each body separately. An 
example of this will be found in the proldem of tlie wcdfje 
(Art. 33, page 217). 




ON THE MECHANICAL POWERS. 

The Mechanical Powers are the elementary forms of all 
machines, and may be considered as simple devices for 
enabling a smaller force, usually called the Power (P), to be 
in equilibrium with a larger force, usually called* the Weight 
(W). They may be thus enumerated: — the Lever, the 
Wheel and Axle, the. Toothed Wheel, the Pully, the In- 
clined Plane, the /Wedge, and the Screw. In the following 
articles the ratio^of P to W will be investigated in these 
several cases; if the ratio ^bc greater than that which we 
determine, motion will ensue. 


(1) The Lever. 

20. We have already considered the ' principle of the 
Lever as a general mechanical principle, and we have shewn 
that two forces will balance about a fulcrum when their 
moments about it are equal ; but the lever may also be 
regarded as one of the Mechanical Powers, and so con- 
sidering it we distinguish three kinds of lever, according 
to the pbsition of the Fulcrum with- respect to the Power 
and Weight. 

The first has the fulcrum between the power and the 
weight. In this case any amount of mechanical advantage 
may be gained,' by making the arm upon which the power 
acts sufficiently long. A crow-bar used to lift great weights, 
a poker, a pair of scissors, are examples. Let us examine 
one of these; in the poker, the coals are the weight, the 
bar of the fire-place the fulcrum, the force exerted by the 
hand the power. 

The second kind of lever has the weight between the 
fulcrum and the power. The oar of a boat is an example, 
in which the water forms the fulcrum, the resistance of the 
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boat applied at tbe rowlock the weight, and the power is 
applied by the hand of the rower. 

The third kind has the point of application of the power 
between the fulcrum and the weight. The most interesting 
example is the human arm, when applied to lift' a weight by 
turning about the elbow ; here the fulcrum is the elbow, and 
the power is applied at the wrist by means of sinews, which 
exert a force when the muscles of the arm contract. 

The mechanical conditions of each of these three classes 
may be thus expressed. If a represent the arm at which the 
power acts,' h that at which the weight acts, then (supposing 
the power to act in a direction perpendicular to the arm) 

Pffl = Wb, 


* The condition of equilibrium of two weights balancing on a straight lever may 
be investigated without assuming the rules for the resolution and composition of forces 
as follows. The demonstration depends upon the following Lemma : The statical effect 
of a inif/orm heavy rod w the same as if it be supposed to be jcollected at its middle 
point. The truth of which licmma is apparent from the consideration that such a rod 
would mariifcbtly balance about its middle point, and therefore an upward pressure 
ap]ilicd there equal to its weight would ^support it, and thus shew that the statical 
effect of the rod is to produce a downward pressure at that point equal to its weight. 

This being premised, let .^1/ be a C ]> y "R 

heavy unifonn rod equal in weight to Tj ^ * 

the sum of two given weights, P and 
W then the rod Ai) balances about 
its middle point C. py 

Divide AB in D, so that AD ; DB ii P • fV, and let £ be the middle point 
of AD, F of DB ; then AD or P may be conceived to be collected at JS, and DB 
or JV at l\ Consequently P acting at E will balance, about C, IV acting at F. 
But EC = AC - AE ^ BC ^ ED = DB EC 

DB = 2ECy 
similarly AD = ^X!Fi 

P : W :: AD : DB, 

CF ; EC \ 
or P.EC^W.CF. 

Upon the doctrine of the lever thus demonstrated it is possible to construct a com- 
plete system of statics : the steps are as follows. From the preceding proposition it 
is easy to conclude that two forces acting at the extremities of the arms of any lever 
will produce equilibrium when their moments are equal and tending to twist in opposite 
ways. And this being premised we can demonstrate the parallelogram offerees. 

Let Am, An represent in magnitude and direction two forces P and Q acting at 
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Hence mechanical advantage is gained or not, according 
as a is greater or less than 6. It will be seen that in the 
first kind of lever advantage may or may not be gained, in 
the second it is always gained, in the third it is never gained. 
The human arm therefore acts at a mechanical disadvantage, 
but this is far more than compensated by the superior agility 
and neatness, which result from its actual construction. 


D 

X 


The principal weighing machines in ordinary use are 
applications of the principle of the lever. The simplest is 
the common balance. 

Let AB be a rigid rod, CD a small rigid piece attached 
to its middle point and perpendicular to 
it, and let D be fixed ; jB, F two scales 
or pans of equal weight depending from 
the extremities A and i?. Then it is 
evident that if the scales be equally 
loaded, thp hema AB will be horizontal, 
, if not, that the more heavily loaded 
scale will cause the extremity to which it is attached to 
preponderate. A balance of this description oiigTit to be 
possessed of considerable sensibiliti/, and also of what 


8iomti/y and also ot wnat is 
termed stability ; the sensibility^ of a balance is measured by 
the angle through which a given difference of weights in the 
two scales will deflect the beam ; and the stability by the 
moment of the force which is necessary to retain the beam 


the point Ai complete the parallelogram AmBn^ and draw AB, Also draw BCy 

perpendicular to Am^ An produced. Now suppose 
Ail to be a lever moveable about B and acted on by the 
forces P and Q at A. Then 

P _ Am ^ftin m BA ^ Sinn A7i 
Q~ An ~ Slum AB “ sin mAli~ BC* 

or P.BC=Q.BDi 

therefore the forces P and Q would keep the lever at rest. 

And since the resultant of P and Q would produce the same effect as P and Q 
together, it also acting at 4 would keep the lever at rest. But no single force acting 
at A can keep the lever at rest, unless it act in the direction AB; consequently, AB 
is the direction of the resultant. 

That A A represents the resultant in magnitude must be proved as in Art. 8. 

Having demonstrated the fundamental proposition in this manner, the rest of the 
system would be the same as in that adopted in the text. , 
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at a given inclination to its horizontal position when the 
scales are equally loaded. The advantage of extreme sensi- 
bility is sufficiently obvious ; the advantage of possessing 
considerable stability is the rapid return of the beam, when 
it has been disturbed, to its position of equilibrium. 

Another kind of weighing machine is the steelyard. It 
may be described as a lever having unequal arms, and so 
arranged that one weight may be made to weigh a variety 
of others by sliding it upon the longer, arm of the lever, and 
so changing its distance from the fulcrum. 


Prop. To graduate the common Steelyard. 

Let C be the fulcrum, W the substance to be weighed 
hanging at the extremity 
P the moveable Aveight. Noav r 

if the Aveights W and P Avere [ ^ 

rcraoA’ed, the longer arm of ^ r ji c J> k] 

the steelyard AAdiich is that V i 

upon Avliich P hangs Avould av 
preponderate ; suppose then 

that i? is a point such that^ P hanging from it Avould keep 
the steelyard in a horizontal position, and take ('D = J5C, 
then the moment about C produced by the Aveight of the 
steelyard itself is equivalent to the moment of P hanging 
from D. 

Noav let W hang from A, and P from any point E, then 
for equilibrium we must have 

W.AC^P. CI> + P.CE^P.BE; 

W 

.-. BE = —. AC. 


Suppose that P = l lb., and make W successively equal to 
1 lb., ;2lbs., .slbs.,... then the values of BE will be AC, 2 AC, 
3 AC, ... and these distances must be set off, measuring from 
B, and the points so determined marked 1 lb., J^lbs., 3 lbs...... 

There arc several varieties of the steelyard ; one may be 
mentioned, which differs from the preceding instrument in 
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this, that the weight is fixer! and the fulcrurn moveable 
instead of the reverse. We shall sec that tliis makes an 
> important difference in the .mode of graduation. 


Prop. To graduate the Danish Steelyard, 


.f— — 



i 

.1; 

\ 



\j 


Vf 


Let B be the point on 
which the instrument would 
balance if no weight were 
suspended at A ; and when 
the weight W is suspended at 
Ai let C be the place of the fulcrum ; also let P be the 
entire weight of the instrument, which will have the cflcct 
of producing a pressure P at B, Then for equilibrium we 
must have 

W,AC:=P.BC=^PiAB - AC); 


AC^ 


ir+ p 


.AB, 


Hence making W= lib., 2 lbs., 3 lbs., successively, we 
shall be able to mark upon the steelyard the corresponding 
positions of the fulcrum. 

It may be rcmarlicd that whereas the distajnccs from the 
point A of the successive marks of graduation, corresponding 
to equal increments of IF, in the common steelyard form an 
arithmetical progression, in the Danish steelyard they form 
an harmonical. 


(2) The Wheel and Axle, 



21. This machine consists of Uvo 
cylinders, having their axes coincident, 
the two cylinders forming one rigid 
piece, or being cut from the same 
piece; the larger is called the wheel, 
the smaller the axle. The cord by which 
the weight is suspended is fastened to 
the axle and coiled round it ; the power 


14 
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acts, sometimes by a cord coiled round the wheel, sometimes 
by handspikes, as in the capstan, sometimes by handles, as 
in the windlass. 

22. To find the ratio of the Power to the Weight, when 
there is equilibrium upon the Wheel and Axle. 

Let AB, CD be the 
wheel and axle having the 
common centre O; P and 
W the power and weight, 
supposed to act by strings 
at the circumference of the 
wheel and axle respeetively. 

For simplicity’s sake P, 

W and the arms at which they 
act are represented in the 
figure as in the same plane. 

From the common centre 
O draw OA, OD to the 
points at which the cords supporting P and W touch the 
circumferences of the wheel and axle respectively ; these 
lines will be perpendicular to the directions in which P and 
W act ; hence, % the principle of the lever, 

P.AO^ W.OD, 

P OD radius of axle 
W AO radius of wheel’ 

It is evident that, by increasing the radius of the wheel, any 
amount of mechanical advantage may be gained. It will also 
be seen that the principle of the wheel and axle is merely 
that of the lever ; the peculiar advantage of the wheel and 
axle being this, that an endless series of levers (so to speak) 
are brought into play, which is essential to the practical use 
of the lever, when applied to such purposes as raising a 
bucket in a well, heaving an anchor, or the like. 
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(3) Toothed Wheels, 

23. One wheel may be made to act upon, or as it is 
called to drive, another by indenting the surface of each 
with teeth, and fixing the centres at such a distance from 
each other that the teeth come successively into contact. 
The proper form for the teeth of such wheels is a question 
of much complexity, which will not be entered upon here ; 
we shall only investigate in general the relation of P to W, 
when there is equilibrium. 

24. To find the ratio of the Power to the Weight in Toothed 
Wheels. 

Let A, B be the cen- 
tres of the wheels, on the 
circumference of which 
the teeth are arranged, 
and suppose for simpli- 
city’s sake that P and 
W act at the circum- 
ferences of the wheels, 
and that the radii of 
the same are rr' re- 
spectively. 

Also let two of the teeth be in contact at E, and let R be 
the mutual pressure of the teeth in contact, which acts in 
the direction of the common normal to the surfaces of the 
teeth; and \otpp be the lengths of the perpendiculars from 
A and B respectively on the common normal. 

Then the wheel, of which the centre is A, may be sup- 
posed to be kept in equilibrium by the forces P and R 
tending to twist it in opposite ways ; hence by the principle 
of the lever, 

P .r ^ R .p. 

Similarly, for the equilibrium of the other wheel, 

W.r ^ R.p. 

xience -tir * — * ^ 

Wr p 

P pr' 
or -rn^ *= — • 

JV p r 



14—2 
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(4f) The Fully. 

25. The Fully, in its simplest form, consists of a wheel, 
capable of turning* about its axis, which may be either fixed 
or moveable. A cord passes over a portion of the circum- 
ference ; if the axis of the pully is fixed, its only effect is to 
change the direction of the force exerted by the cord, but if 
it is moveable a mechanical advantage may be gained, as we 
shall see immediately. Combinations of pullies may be made 
in endless variety; we shall here consider only the simple 
moveable pully, and some of the more ordinary combinations. 

In what follows, no account will be taken of the weights 
of the pullies themselves, but the principles may easily be 
extended to that case. Also in practice there will be a 
considerable amount of friction, when P is on the point 
of descending, but this is neglected for the sake of greater 
simplicity. 


26. To find the ratio of the power to the Weight in the 
simple moveahle Fully. 

Let O be the centre of the pully, which is ? 
supported by a cord passing under it and at- 
tached to some fixed point C at one end, and 
stretched by the force P at the other. Suppose 
the weight W to be suspended from the centre O. 

Join the points A, B, at which the contact of 
the cord with the pully commences, by a straight y 
line AB, which will pass through the centre O. o 

Then wo may consider the mechanical conditions ^ 
of the problem to be the same as those of a lever 
AB, kept in equilibrium about the fulcrum O by 
the force F at A and the tension of the string 
at B. But the tension of the string must be the O 

same througliout, and is therefore equal to P. ^ 

Hence the force at each end of the lever is P, and the re- 
sultant of these two parallel forces sF. But this resultant 
supports W; 

. 2P= IV, 


W 2 
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27. To find the ratio of the Power to the Weight in a 
system of Pulliea in which each pully hangs by a sq>arate 
string. (First system of PuUies.) 


This system of piillics is represented 
in the figure^ Suppose there are n pul- 
lies ; then the tension of the string pass- 
W 

ing under the first =s — (by the property 
2 

of the simple pully). The tension of the 

W 

string passing under the second = — , and 
so oiu That of the string under the last 
pully = — ; but this must be equivalent 

gn 

to the power P ; 


P 


W 



1 



\v 


28. To find the ratio of the Power to the Weight, in a 
system of pullies in which the same string passes round all 
the Pullies. (Second system of Pullies.) 


This system is represented in the figure. There 
arc tAVo blocks, the lower one moveable, and each 
containing a number of pullies. Since the same 
string goes round all the pullies, the tension through- 
out will be the same, and equal to the power P. Let 
n be the number of strings at the lower block, then 
the sum of their tensions Avill be nP, and we shall 
have 

nP = W, 



(*) 

\v 


• A little consideration will shew that if the wheels in this system of pullies be equal, 
and .if the system be put in motion by the descent of P, the parts of the rope which pass 
in the same time over the wheels in the lower block are in the proportion of the numbers 
1 , 3 , 6 , whilst the parts which pass over the wheels in the upper are in the proportion 



214 


STATICS. 


r 


29. To find tlie ratio of the Power to the Weighty in a 
system of Pidlies in which all the stnngs are attaehed to the 
Weight. (Third system of Piillies.) 


The figure represents the system. The tension 
of the string by which P hangs is P; that of the 
next = 2 P (by the property of the simple puHy) ; 
that of the next 2^P, and so on. Let there be n 
strings, then the tension of the last « P, and 
the sum of all the tensions 

= (l +2+2"-+ +2^'^)P=W; 

P I ^ J ^ 

ir ~ 1 + 2 + 2*-^ + + 2"-‘ 2” - 1 * 



6 

P 


o 


^V 


(. 5 ) 7'he inclined Plane. 

30. By the inclined plane is meant a plane inclined 
to the horizon, and the problem is to find the force necessary 
to prevent a body placed upon it from sliding down under the 
action of its own weight. The plane is supposed smooth, and 
therefore, for reasons already explained (Art. 1 . 9 , page 204 ), 
will exert a pressure on the body in the direction of a line 
perpendicular to its surface. We shall have to apply here 
the general principles of equilibrium before deduced, viz. 
that the sum of the forces acting on the weight, resolved in 
any two directions perpendicular to each other, must sepa- 
rately vanish : the two equations furnished by these con- 

of 2, 4, fi, So that while the first wheel below revolves once, the first wheel above 

revolves twice, the second wheel below three times and so on. If, however, the wheels 
differed in size in proportion to the quantity of rope which must pass over them, they 
would revolve in the same time. Thus if the radii of the wheels in the lower block be 
made in the proportion of the numbers 1, 3, 5 and those in the upper in the propor- 
tion of 2, 4, 6 , the wheels would all revolve in the same time; and this being the 

case we may observe further that such wheels might be cut in the faces of two solid 
pieces. This is the principle of White's •pnlly^ a machine extremely ingenious in its 
conception and presenting considerable advantages when accurately constructed, but 
practically little used. ^ 
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ditions 'will enable us to determine not only the ratio of the 
power to the weight, but also the pressure of the weight 
on the plane. 


31. To find the ratio of the Power to the Weighty when 
there is equilibrium on the Inclined Plane. 

Let a be the inclination of 
the plane to the horizon ; R the 
pressure of the plane on the 
weight, which will be perpendi- 
cular to the plane ; and let e be 
the angle which the direction of 
P makes with the plane. Then, 
resolving the forces paralld and 
perpendicular to the plane, we 
have 

Pcose - W sin a = 0 (l), 

iZ + Psine - IF cos a = 0...., 



Hence 


P ^ sin a 
W " cos e * 


Cor. 1. If the power acts parallel to the plane, €=o, and 
P 

- = sina. 

CoR. 2. From the preceding corollary it will be easily 
seen that a uniform cord, part of which rests upon an inclined 
plane, and the remainder hangs freely from the upper ex- 
tremity of the plane, will be in equilibrium, provided the two 
ends of the cord are in the same horizontal line. For let a 
be the portion which rests on the plane, b the portion which 
hangs vertically, then 6 = o sin a ; but the force P acting along 
the plane, which is due to the weight of the vertical portion, 
is proportional to &, and the weight sustained by the plane or 
W is proportional to a, P ^ W sin a, which is the condition 
of equilibrium. 

Cor! 3. More generally, there will be equilibrium when 
a uniform cord rests upon two inclined planes having a com- 
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mon vertex, provided the extremities of the cords arc in the 
same horizontal line^. 

Cor. 4. If it is required to find the pressure R, we have, 
multiplying (l) by sin e and (2) by cos e, and subtracting, 

R cos € = W cos (a + e). 

If 6 = 0, R ^ W cos a. 

31. (bis). The results of the preceding article may also 
be obtained as follows : 

Let a, €, i2 represent the same 
quantities as before. Let A be the 
point of the plane at which the 
weight rests ; draw AC vertical, and 
from C draw CD in a direction per- 
pendicular to the inclined plane to \f 

meet the line of P’s action in B, C 

Then the sides of the triangle ABC being parallel to the 
directions of the forces P, P, Wy may be taken to represent 
those forces. (Art. 1 1 .) Hence 

P ^ 

sin C sin B sin ^ ’ 



• Tlie conditions of equilibrium on the inclined plane, from which tlie whole theory 
of the resolution of forces may be deduced, were delcnnined w'ith singular ingenuity by 
Steviiius of Jiruges, in 15dfi. The substance of his reasoning was as follows : 


Let ABC be a triangular board forming 
tw'O op])osiie inclined planccs. Suppose a loop 
of uniform cord to be suspended fioin it, as in 
the figure, so as to rest upon tlie two sides 
AB, CB^ and depend below in the sym- 
metrical curve Then it is manifest 

that there will be equilibrium. 


n 



Now the tension produced at A by the portion of the cord ADC must be equal to 
the tension produced at C by the same, on account of the symmetry of the curve ADC. 
Consequently equilibrium will still subsist if we remove the portion of cord ADC^ 
that is the portions of string ABj BC on the opposite inclined planes will be in 
equilibrium ; which is the result already obtained, and from which it immediately 
follows that weights connected by a string will be in equilibrium on opposite inclined 
planes when they are proportional to the lengths of the planes on which they rest, or 
inversely proportional to the sines of the inclinations of the planes. 
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But « 90 ® - a - e, 

J? « 90® + €, 

C = a, 

P W R 

sill a cos € cos (a + e) ’ 


. (6) The Wedge. 

32. The wedge is a triangular prism, made of some 
hard substance, as steel, the edge of which is introduced 
be#wcen tw’o obstacles, which it is our purpose to separate. 
When the edge is introduced, the wedge is driven forward 
by a violent blow, as from a hammer or the like, which 
generates an enormous force of momentary duration. We 
shall consider the wedge to be acted upon by a w eight resting 
upon its head, but the principles of the investigation are 
applicable to all cases, in whatever manner the pressure on 
the wedge is produced ; wc shall also suppose the wedge to 
be isosceles, and the obstacles on opposite sides of the wedge 
to be exactly similar. When the wedge is driven in between 
two obstacles, as for instance when applied to split the trunk 
of a tree, the obstacles have a tendency to fly together, owing, 
in the instance supposed, to the tenacity of the fibres, and this 
is the resistance which we consider, and which corresponds to 
the weight supported in the Mechanical Powers already treated 
of. In practice there will usually be a great amount of 
friction between the wedge and obstacles, but this, for the 
sake of simplifying the mathematical investigation, wc shall 
omit. 


33. To find the ratio of the Power to the Resistance^ when 
an isosceles Wedge is kept in equilibrium by the pressure of two 
obstacles symmetrically situated with respect to it. 

Let 2 P be the force acting on ^ the head of the 
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wedge, a the semi-angle of 
the wedge. Also let A be 
one of the points, at which 
the wedge is in contact with 
the obstacle ; then there 
will be a mutual pressure 
at this point between the 
wedge and obstacle, which 
will be perpendicular ta the 
side of the wedge, and which 
we will call R. There will 
be a similar pressure, on the 
other side of the wedge, 
from the other obstacle. 


JFig. I. 



Again, the point A of the obstacle is acted upon by|Jie 
force which we call W, and which forms the resistance to 
motion. To determine the direction in which W acts, we 
observe that, if A were made to move by the descent of 
the wedge, it would begin to move in some curve line, and 
that the tangent to that curve (A T) is the direction in which 
W acts. The position of this line AT is quite unknown, but 
if we denote the angle between it and the direction of R by i, 
we may be sure that i is in general small. 

In Figure II. we have represented the wedge and obstacle 
separate from each other, in order to shew clearly the forces 
which respectively retain them in equilibrium. (The point A 
will of course require a third force to keep it in equilibrium, 
this will be perpendicular to AT and will arise from the 
pressure on the ground which supports the obstacle; it is 
omitted in the investigation, because its magnitude is a matter 
of no interest.) 

Now the wedge is kept in equilibrium by the force 2 P 
and the two forces R ; hence, resolving in the direction of P, 
we have ^ 

Again, the point A is kept in equilibrium, so far as ten- 
dency to motion in the direction AT is concerned, by W and 
the resolved part of R : hence 

TV = i?cosi (2). 
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%rom (l) and (2) we have 

P Sin a 
W cos i 

If i be very small we have P = IT sin a, nearly. 


33. (bis). In addition to the preceding mode of con- 
sidering the wedge, which necessarily introduces the unknown 
angle i, we may consider it as acting upon some other body 
the possible motion of which is constrained so as to be able 
to take place only in a certain direction ; in this case no un- 
known angle will occur, and it is in this form only that the 
wedge can be regarded as applicable to the purposes of prac- 
tical mechanics. 

Suppose, for instance, that 
thfe wedge ACB is constrained 
so as to be capable of motion 
only in the direction ACO^ 
and that it acts upon the se- 
micircular body DEF which 
can only move along ODF, a 
line perpendicular to A CO; 
and suppose the wedge to be 
acted upon by a force P parallel ^to ACOt and the body DEF 
by a force W parallel to ODF; it is required to find the 
ratio of P to W when there is equilibrium. 

Let a be the angle of the wedge ; R the mutual pressure 
between the wedge and the body at the point of contact. 

Then for the equilibrium of the wedge, we must have, 
resolving the forces parallel to ACO^ 

P = i? sin tt ; 



for the equilibrium of the semicircular bo(Jy, resolving parallel 
to ODF, and observing that the angle which the direction of 
B makes with ODF is the angle of the wedge, 
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(7) • The Screw. 

% 

34. The Screw may be conceived of as an inclined plane 
wrapped round a cylinder, or as cylinder having on its sur-. 
face a projecting thread inclined in all parts at the same given 
angle to the horizon. This cylinder fits into a block pierced 
with an equal cylindrical aperture, on the inner surface of 
which is cut a groove the exact counterpart of the thread on 
the screw ; hence we can cause the screw to enter the block 
only by making it revolve about its axis. Suppose the axis of 
the screw to be vertical, and a weight W to be placed upon it, 
then the screw would descend unless prevented from doing so 
by some other force ; this force we suppose to be supplied by 
a power P acting in a horizontal direction, at the extremity of 
an arm of given length : this is nearly the mode in which the 
screw is actually applied to certain mechanical purposes, as*to 
the bookbinder’s press, and the like. In practice the friction 
between the thread of the screw and the block will generally 
be considerable, but for the sake of simplicity we shall con- 
sider every thing to be perfectly smooth. 

35. To find the ratio of the Power to the Weight in the 
Screw, 

Let the power P act at 
an arm a, and let r be the 
radius of the cylinder, a 
the inclination of the thread 
to the horizon. 

Consider the equilibrium 
of any point A of the thread ; 
suppose the portion of the 
thread on each side of A to 
be unwrapped, so •as to as- 
sume the position of the q 
straight line BC, inclined at 
an angle a to the horizon ; 
then we may consider the point A as supported on a plane 
of inclination a, and acted upon by the pressure on the plane 
Rxi a horizontal force and a portion of the weight 
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which we will call FT, ; hence, resolving the forces along the 
plane, we must have 

FTi sin a = Pj cos a ; 

in like manner, if wc take another point of the thread, we 
must have 

Wii sin a - Pi cos o, 

and so on. Hence, taking into account all points of the 
thread, and adding together the equations, we shall have 

(FTi + Wi+ W3 + ...') sin a = (P, + Pa + P3 + ... ) cos a. 
But 1Vi + TFa + W3 + ... = the whole weight supported = W. 

Also, Pj + Pa + P3 + ... = the whole horizontal force supposed 
to act "at the circumference of the cylinder, i. e. at an arm r. 

But the horizontal pressure is caused by P acting at an 
arm a ; hence, by the principle of the lever, 

(P, + Pa + P3 ...) r = Pa; 

.*. FT sm a = — cos a, 
r 

Pr 

or — = - tan a. 

W a 

We may put this result in a rather different form : thus, 
P STrrtana 

vertical distance between two threads , 
circumference of circle described by P 

35 . (bis). The first part of the preceding article may be 
replaced by the following : 


* It will be seen from this expression that in order to increase the efficiency of the 
screw we must either increase the length.of the lever at which P acts, or diminish the 
distance betwen the threads of the screw. The former method is limited by the unwieldy 
character which would be given to the machine^ if the arm of the lever were made very 
long ; if the latter be resorted to, the too great diminution of the thread will so weaken 
it that le slight resistance will tear it from the cylinder. These difficulties arc obviated 
by IIunter\s Screwt which consists of two screws, one coarser than the other, the finer 
screw usually fitting into the cylinder, the surface of which carries the coarser thread. 
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Draw AD vertical, DE horizontal, in a 
direction perpendicular to the thread of the 
screw; then the sides of the triangle ADE, 
being parallel to the directions of the weight 
supported by the screw, the horizontal pressure 
produced by the power P, and the resultant of 
the pressures on the thread, may be taken to represent those 
forces ; 

DE 

the horizontal pressure = = IT tan a. 

But the horizontal pressure = P - . 

T 

P r 

™ = - tan a. 

W a 

ON FRICTION. 

36. When we attempt to make the surface of a body 
move upon that of another, with which it is kept in contact 
by pressure, there is in general a resistance to motion, which 
is frequently sufficient to prevent it altogether ; the force of 
resistance is called friction. 

Friction. at any point of a surface always acts* in the 
direction exactly contrary to that in which the point tends 
to move. Hence, when a particle is placed on a rough plane, 
the line in which the friction acts will lie in the plane. Also, 
if a body on an inclined plane, and under the action of 
some force, is on the point of ascending^ the force of friction 
acts downwards; but if the weight of the body is so great 
that it is on the point of descending^ the action of friction 
is upwards. 

It has been shewn by experiment, that when a body is on 
the point of moving on the surface of another, and is only pre^ 

Thus when the working point of the machine is urged forward by the coarser screw it 
is drawn back by the finer, and the formula for the machine will be found^to be, 

P _ difference of vertical distances between the threes 
W ~ circumference of circle described by P ' 

And it is manifest that this ratio may be diminished to any extent by maxing the 
vertical distance between the threads in the two screws nearly equal, each screw being 
as coarse as we please. 
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vented from doing so by friction, then the force of friction 
bears to the normal pressure between the two bodies a ratio 
which depends only upon the constitution of the two bodies. 
In fact, let R be the normal pressure, then the friction will be 
expressed by /xJB, where /a is a quantity depending not on the 
pressure nor on the extent of the surfaces in contact, but only 
on the nature of the bodies ; it has, for instance, a certain 
definite value for metal and wood, and so on. The quantity jul 
is called the coefficient offrictim*. 

From what has beei^said it will appear, that in problems 
involving the pressure or one body on another, there will not 
be a greater number of unknown forces involved on the sup- 
position of the bodies in contact being rough, than there would 
be on the hypothesis of their being smooth, provided we con- 
sider only the limiting circumstances of equilibrium, that is, 
when the body is on the point of sliding. 

In consequence of the force of friction, systems of bodies 
in nature are not obliged to fulfil those exact conditions, 
which would be necessary if such a force did not For 

example, a body would not retain its position on a smooth 
plane unless the plane were accurately horizontal, whereas a 
rough plane may be considerably inclined without disturbing 
the equilibrium of a body upon it. 

37- We shall illustrate this by finding the angle at which , 
a rough plane may be inclined, so that a body may just rest 
upon it without sliding. 

Let a be the angle of inch- .. 
nation of the plane . JV the ' 
weight of the body ; . R the nor- 
mal pressure on the plane; /aJ? 
the force of friction. Then, re- 
solving the forces perpendicular 
to the plane and parallel to it, 
we have these equations of equi- 
librium, 

• The friction spoken of in this article may be termed sia/ica/ friction ; when one 
rough body actually moves upon the surface of another a different kind of friction la 
brought intA play, which may be called dynamical friction. This latter is shewn by 
experiment to be proportional to the pressure, and independent of the extent of surface 
in contact and of the velocity of the moving body, ^ 
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R = W cos a, 
fiR = W sin a; 
tan a = ju. 

Tliis equation determines the limiting value of the inclination 
of the plane, for which equilibrium is possible; for any 
smaller value there will, be equilibrium a fortiori. 


38. Again, if the interior of a hemispherical bowl is 
smooth, a body cannot rest in it except at the lowest point ; 
but if it bo rough, there will iJlf certain limits within 
which the equilibrium will be possible; let us determine 
those limits. 

Let B be the highest position of the body possible, A the 
bottom of the bowl, O the centre ; AOB — 0. The direction 
of the pressure R will pass through the centre, the friction /* R 



will be perpendicular to BO. Ecsolving the forecs in the 
direction of BO and perpendicular to it, we have 

R = W cos 0, 
ftR = W sin 0 ; 

.*. tan 0 = 

This equation determines the greatest possible angiJar dis- 
tance of the body from the bottom of the bowl. The vertical 
height of the body above the lowest point A 


■ (l - cos 0) = r |l j JL-.: 1 . 

I \/l + 


Suppose, for instance, that r = l foot, and that ik - - , which is 

4 
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its value for metallic surfaces, then the preceding expression 
4 « 

becomes i = .029 of an inch, nearly. 

V17 

THE CENTRE OF GRAVITY. 

39. If two equal heavy bodies A and B are connected 
by a fine rod, it is evident that 

the system will balance, ^if the 

middle point C of the rod be supported. And this will be the 
case in whatever position the system is placed, because the 
moment of A, tending to twist the rod in one direction, Avill 
always be equal to the moment of tending to tivist it in 
the opposite. The point C, about which A and B will balance 
in any position, is called t/te centre of gravity of the bodies. 

Jt may be shewn, that for every system of heavy particles 
there exists in like manner one point, and no more, such that, 
if it be fixed and the bodies rigidly connected with it, the 
system will rest in any position. This point is called the 
centre of gravity of the system, 

40. To shew that every system has a centre of gravity. 

Let W„ W„ W,, IF,, ^ 

be a system of j>ar- 

tides, the Aveights of which 

are IF,, IV:., 1F„ IF^, 

respectively: suppose IF,, IF^ 
joined by a rigid rod without 
weight, and divide the same 
rod in Gj, so that 

^ W,G, : WG, IF, : IF,, 

then IFi and IF, wdll balance in all positions about Gi, and 
if we suppose Gi supported, the pressure upon the support 
will be W, + IFo. 

Again, join GJV^^, and divide it in Go, so that 
G,G, : W,G, :: W, : IF, + TF,; 
then, if we sujipose the rod IFilFy to rest upon the rod GiW^, 
. 15 
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ami to be supported, the pressure at and 

IF, at IF, will balance about Hence the three bodies 

IF., IF,, supposed rigidly connected, will balance in all 
positions about 

Similarly we may find a point G^, about which TFj, TF^, 
11 ^ 5 » IF 4 will bahincc in all positions, and so of any number 
of particles. Hence every system of particles has a centre of 
gravity. 

41. A system can have only one Centre of Gravity. 

For suppose there are two, and let the system be so 
turned that the two centres of gravity lie in the same liori- 
zontiil plane. Then the weights of the different ] 3 iirtieles of 
the S 3 'stem form a s^^steni of vertical forces, the resultant of 
which must pass through the centre of gravity , otherwise tlie 
system could not balance about that point ; hence the said 
vertical resultant must pass through two points in the same 
horizontal plane, which is absurd. Therefore there are not 
two centres of gravity^ 


42. It is manifest from the mode hy which we proved 
the existence of a centre of gravity, that the tendency of a 
sy stem of heavy particles to produce pressure, or to cause 
moment about any point, is the same as that of a single 
particle equal in weight to that of the whole system and 
situated at its centre of gravity. This is sometimes expressed 
by saying, that we may suppose a system collected at its 
centre of yravity. 


43. To find the centre of gravity of any number of particles 
in the same plane. 


Let IF,, FF^, IF 3 , be 

the weights of the particles ; in 
the plane in which they lie, take 
any two straight lines Ax, Ay, 
at right angles to each other, and 
let /q, Ag, /i;,, be the dis- 
tances of IF,, IFg, IF 3 , 

from the line Ax, and A-g, 

their distances from 

I 



0 .. 


I 

i 

1 

! 


A. f/y L, *0s. 


the line Ay ; also let h, k be 
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the distances of the centre of* gravity of the system from Ax, 
Ay respectively ; then it is evident that if we find h and i we 
shall have solved the problem. 

Join WiW^, and let Gi be the centre of gravity of Wi, W/, 
from W,, TFg, G,, draw IF, a,, and Gj6i perpendicular 

to Ax: then we have 

IT, X 

but it is evident, from similar figures, that 
WiGi : a^bi :: W^Gi : Osfei ; 

. . TF I X ciy b\ — TFg X ctg b, , 
or (Abi - *,) = ^ 6.) ; 

_ JF^,+JFA 
•• -w,+ in * 

If we consider another particle IF,, we may, in searching 
for the centre of gravity of the three IF,, IF^, IF,, suppose 
the two former to act together at their centre of gi’avity 
already found ; hence, if be the centre of gravity of the 
three particles, and we draw perpendicular to A x, we 
shall have 

{W, + W,)Abti.W,h 

Tv, + fv,+ fv, 

_ + lFafea+ fV.k, 

- w^+W^+W^' ’ 

and so on for any number of particles. Hence we shall have 
»F,A-, + IF2&a + W„K ^ 

“lF,+'iF, V'W„ 

and, in like manner, 

IF,A, + IFsAs.....': + ^ 

' ~ “if, + if, + IF. “ 

44. To find the centre of gravity of any number of particles 
not in the same plane. 

If we conceive three planes perpendicular to each other 
to be drawn, we shall solve the problem if we find the 

15—2 
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perpendicular distance of the centre of gravity from each of 
these planes. Let Ai, Ai, Zi, be the perpendicular distances 
of the particle Wi from the three planes respectively, and so on 
of the other particles, and A, k, Z, the perpendicular distances 
of the centre of gravity : then we ma}" prove, in like manner 
as in the last proposition, that 

TF.A, + Tr,A + Tr„A„ 

' “ ~~Tr7+~Tr ■ ’ 

similarly, 

W,k, + W,h + 

+ W, :. + TF, ’ 

and so likewise, 

rF;+ w ,. + tf„ * 

AVe shall now proceed to find the centre of gravity in some 
actual cases. 


45. To find the centre of gravity of a right line. 

The middle point will be the centre of gravity ; for we 
may suppose the line to be divided into pairs of equal weights 
equidistant from the middle point, and the middle point will 
be the centre of gravity of each j^air, and tluu-cfore of the 
whole system. 

4G. To find the centre of gravity of a triangle. 

Let ABC be the triangle ; bisect BC in D, and join AI)\ 
draw any line hdc pa- 
rallj^l^o pC\ then it is 
evident ^hat this line 
will be bisected by AD 
in dy and 'will therefore 
balance ^bout ri, in all 
positibii^'; similarly all 
lines in the triangle pa- 
rallel to jRC will balance 
about points in AD, and therefore the centre of gravity must 
lie somewhere in AD, 

In like manner, if we bisect AC in E, and join BE, the 


A 
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centre of gravity must be in JRE ; hence G, the intersection of 
AD and BE, is the centre of gravity of the triangle. 

Join DE, which will be parallel to AB. (Euclid, vi. 2) 
then the triangles ABG^ DEG are similar. 

/. AG : GD :: AB : DE 

:: BC : DC 

:: 2 : 1 , 

or AG^ZGD, 

and AD = 3 GD. 

Hence, if we join an angle of a triangle with the bisection 
of the opposite side, the point which is two thirds of the dis- 
tance down this line from the angular point is the centre of 
gravity of the triangle. 


47 . To find the centre of gravity of a pyramid on a 
triangular base. 





Let ABCD be the pyramid. Bisect BC in E \ join AE\ 
take EF = \AEy and join DF. 
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Suppose the pyramid to be made up of thin slices parallel 
to ABC, and let abc be one of them; let afe be the line in 
which it is intersected by the plane DAE, e and / lying in 6c 
and DF respectively. Then, by similar triangles, 

he : cD :: BE : ED, 

also ce : eD :: CE : ED\ 

be : cc :: BE : CE, 

but BE = CE ; he = cc. 

In like manner it may be shewn, that 
fe : af :: FE : AF, 
but AF^2FE; af^2fe. 

Hence / is the centre of gravity of the triangle a 6 c. Simi- 
larly it will appear, that the centres of gravity of all slices of 
the jiyramid made by planes parallel to ABC lie in DF, and 
therefore the centre of gravity of the pyramid is in that line. 

Similarly, if we join DE, take GE = \DE, and join AG, 
the centre of gravity will be in ; therefore 11, the intersec- 
tion oi DF and AG, is the centre of gravity of the pyramid. 

Now join GF, then by similar triangles, 

IlF : IID :: GF : AD 
:: FE : AE 
:: 1 : 3 ; 

HF^\IID^^IDF. 

Hence, if we join the vortex of the pyramid with the 
centre of gravity of the base, and set off one fourth of this 
line from the latter point, we shall determine the centre of 
gravity of the pyramid. 

Cor. 1. The same construction will hold for a pyramid 
upon a base of any form, since it may be divided into a num- 
ber of pyramids on triangular bases. 

Cor. 2. The centre of gravity of a solid cone will be 
found, l)y setting off one fourth of the axis measured from the 
centre of the base ; for the base may be regarded as a poly- 
gon having an indefinite number of sides. 
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48. Givm the centre of gravity of a heavy My, 
that of a certain portion of it, to find the centre of yt an y 
remainder. 



Let a be the centre of gravity of the body. J 

a-eight: O. ^XS'toko gI 

its weight. Join GxG, and in that line piou 

such that 1 ^ 

Then will be the eentre of gravity required. 

The preeeding proposition is applicable to a variety 

““ me foIWng b one of the moat important properties of 
the centre of gravity. 

49. When a body is placed of 

stand or fall according as the vertical hns through tiu. J 

gravity falls within or without the hose. 

Fiii. 11 - 


Snp,!.«o the verUeal line OC through the eentre of 



232 


statics. 


gravity G, to full witliin tlie base, as in fig. 1 ; then we may 
suppose <he whole weight of the body to be a vertical pres- 
sure W acting in the line GC ; this will be met by an equal 
and opposite pressure W from the plane on which the body 
is placed, and so equilibrium will be produced and the body 
will stand. 

But suppose, as in fig. 2, that the line GC falls without 
the base ; then there is no pressure equal and opposite to W 
at C, and therefore W will produce a moment about B, (the 
nearest point in the base to C,) w^hich will make the body 
twist about that point and fall. 

50. According to the proposition just -proved, a body 
ought to rest without falling upon a single point, provided 
that it is so placed that the centre of gravity is in the 
vertical line passing through the point which forms the base. 
And in fiict a body so situated would be, mathematically 
speaking, in a position of equilibrium, though j)ractically the 
equilibrium will not subsist ; this kind of equilibrium and that 
wliich is practically possible are distinguished by the names 
of unstable and stable. Thus an egg will rest upon its vside in 
a position of stcthle equilibrium, but the j»osition of equilibrium 
corresponding to the vertical position of its axis is unstable. 
The distinction between stable and mistahie equilibrium may 
be enunciated generally thus : Suppose a bi)tly or a system 
of particles to be in equilibrium under the action of any 
forces ; let the system be arbitrarily displaced very slightly 
from the position of equilibrium, then if the forces be such 
that they tend to bring the system back to its position of 
equilibrium the position is stable, but if they tend to move 
the system still further from the position of equilibrium it is 
unstable. 

51. When a heavy body is suspended from a point about 
which it can turn f reely, it will rest ivith its centre of gravity in 
the vertical line passing through the point of susj>ension. 

For let 0 be the point of suspension, G the centre of 
gravity, and suppose that G is not in the vertical line through 
O; draw OP perpendicular to the vertical through G, that 
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is, Tf> the direction in which the 
weight JV of the body acts. Tlien 
the force IV will produce a moment 
W, OP about O as a fulcrum, and there 
being nothing to counteract the effect 
of this moment equilibrium cannot 
subsist. 

Hence G must be in the vertical 
line through O, in which case the 
weight W produces only a pressure 
on the point O, which is supposed 
immoveable. 


ON THE PRINCIPLE OF VIRTUAL YEI^OCITIES. 


52. Def. If we suppose a point at wdiieh any force nets 
to be very slightly displaced, and from the new position of the 
])oint a perpendicular to be dropped upon the direction of the 
force, then the line intereeiited between the foot of tliis per- 
pendicular and the original position of the point is called the 
Virtual Velocity of the force. 

Thus let O be the point at which 

the force P acts, and suppose it to be | 

slightly displaced so as to be brought O N p 

into the position O'; from O' draw' the perpendicular O'N o\\ 
OP, then ON is the Virtual Velocity of P, 

If the displacement of O is such that N falls between 0 
and that is, if the virtual velocity is in the direction of the 
force, it is reckoned positive ; if in the opposite direction, 
or N on the other side of O, it is reckoned negative. 


53. It w^ill appear from wdiat has been said that the vir- 
tual velocity of a force is to a considerable extent an arbitrary 
quantity, and such is the fact, but it will be observed that 
when we have several forces acting at diflerent points of a rigid 
body the displacement of one point will in general determine 
the displacements of the others. For example, suppose we 
have twd forces acting on tlie arm of a lever, then if we raise 
one extremity of the lever through a small space, the other 
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extremity is necessarily depressed through a space, the mag- 
nitude of which can be assigned. 

54. If the displacement is made in the direction of the 
force, the whole displacement becomes, according to our 
definition, the virtual velocity, and if in a direction perpen- 
dicular to that of the force, the virtual velocity is zero. And 
in general we may regard the virtual velocity as the space 
through which the point of application is moved in the direc- 
tion of the force. It will be seen also, by reference to the 
note on page 148, that when a force is acting perpendicularly 
to the arm of a lever, and the arm is made to turn through 
a very small angle, the small arc of a circle described by 
the point of application may be taken as the virtual velocity 
of the force. 

55. Hence we shall see something of the meaning of the 

term Virtual Velocity ; for suppose we have any number of 
forces acting at different points, and that in consequence 
of an arbitrary motion of one of the points in the direction 
of the corresponding force through a very small space a, the 
other points of the system move in the direction of their 
respective forces through* the spaces / 3 , 7 , &e. ; then since 
these points move contemporaneously through the s])aces 
a, / 3 , 7 ..., these spaces measure the rate at nlueh they re- 
spectively move; for example, su])pose /^ = 7 = 3a, &c., 

then the points must have moved at raie.s, or with velocities, 
which are in the ratio of 1, 2, 3, &c. ; but these velocities are 
not real, since the parts of the system do not move in con- 
sequenee of the forces which act upon them ; if they did 
move, the question would be Dynamical, not Statical ; hence 
the small spaces of which we have been speaking are called 
Virtual Velocities. And the student cannot too carefully 
bear in mind, that the motion which would seem to be im- 
plied by the term velocity is altogether of a geometrical 
character, that is, it is not due to the forces of the system, 
but is only a displacement supposed to be arbitrarily produced 
without any reference to the nature of the forces necessary 
to produce it. 

5f). Having explained what is meant by virtual velocity, 
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we shall be able to prove «?everal propositions, which form 
particular cases of a very general principle known as that of 
Virtual Velocities, the proof of which we cannot give here, 
but of which it may be well to give the enunciation. 

When a system of bodies is in equilibrium under the actim 
of any forces, then if the system be very slightly displaced, 
the sum of each force multiplied by its virtual velocity will equal 
zero. 

All that wc shall do will be to prove this principle in those 
cases of equilibrium, which have been already considered, 
assuming the results which have been obtained. 

57. To prove the principle of virtual velocities in the case 
of a single particle, acted upon by any system of forces in the 
same plane. 

Let O be the particle, P any one of the forces, which 
makes an Jingle 9 wdth a line OX 
drawn tliroiigh O. Let the particle 
be displaced to O', and from O' draw 
O' AT perpendicular to OP, and let 
ON = p ; also draw O'm perpendicular 
to OX, and let Om = x, O’m = y\ 
then it is easy to see, by drawing mn 
perpendicular to OP, and Or perpen- 
dicular to mn, that ’ ’ O X 

p Oh + Or = X cos 0 + y sin 0. 

Similarly, pp” ...ha the virtual velocities of forces P'P"... 

acting at angles 0', 0"...with the line OX, we shall have 

p = X cos 0' + y sin 0', 
p - X cos 0 + y sin 0 , 

&c. = &c. 

Pp + P’p’ ■¥ p^’p +...^x{PQOSd P'COS0' + P"COS0"+...) 
+ y (Psin 9 + P* sin 0' + P" sin 0" +...) = 0, 

by the general conditions of equilibrium established in Art. 15, 
page 199 , which proves, the principle of virtual velocities in 
this case. 
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58. To prove the principle of virtual velocities in the case 
of the Lever, 


(l) Suppose the lever 
to be a straight lever AB^ 
having arms AO^a, BO^h, 
and to be aeted upon by 
forces P and Q perpendicu- 
lar to the arms. 



Let the lever be turned through a small angle about 
its fulcrum, so that the points A, B, are brought into the 
positions A\ B\ respectively ; from A\ By draw Am, B'n, per- 
pendicular to the directions of the forces, and Arn, B* n 
perpendiculars upon the lever. Then Am, Bn, or Am\ Bn 
are the virtual velocities of P and Q. 


Now we have seen. Art. 17, page 200, that 
P * a Q , b. 


but by similar triangles A Oni, BOn\ 
A'm* Bn 

~a ^ 17 * 


P , Ani = Q . Bn, 

Hence, not having regard to sign, we may say that 

P X P’s virtual velocity = Q x Q’s virtual velocity. 

Or if we denote A'm' by p, and B'n by - q, (see Art. 52) we 
shall have 

P .p ^ Q,qr=0, 

which coincides with the general enunciation of the principle 
of virtual velocities given in Art. 56. 


(2) Suppose the forces P and Q to act at any angles a 
and /3 with the lever AOB, 

Let the lever be turned through a small angle as before, 
and call the angle 9. From A\ B the new positions of A and 
B draw A' m, Bn perpendicular to the directions of the forces; 
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then if 6 be indefinitely small, Am, Bn will be the virtual 
velocities of P and Q. Join AA\ 

Then Am = A A' cos A* Am 

0 ( 6\ f 6\ 

= 2a sin - cos (“ " 90® + -j , (since A' AO = 90® — j , 

= 2 a sin - sin ( a + - | , 

2 \ 2/ ’ 


6 f 6 \ 

similarly it Avill be found that Bn ^ 26 sin - sin f “ “j » 

a sin 


Am 

Bn 


b sin 


If we make 0 indefinitely small, we shall have sin 
indefinitely nearly equal to sin a, and sin ^/3 - to sin /3, 


Ps virtual velocity a sin a 
and therefore : — 77. 

Q s bs.va.li 

But we know, from Art. 17, page 200, that 

P b&mfi 

Q a sin a’ 

P X P’s virtual velocity = Q x Q’s virtual velocity, 

or, having regard to the signs of the virtual velocities, and 
calling them p and - q, 

P.p+ Q.q-O, 


as before. 



238 


STATICS. 


This last demonstration is applicable to. the case of any 
rigid body acted upon by two forces in the same plane, and 
having one point fixed ; for through the fixed point we may 
draw a straight line intersecting the directions of the forces, 
and the points of intersection we may regard as the points of 
application of the forces. Hence in this general case the 
principle of virtual velocities is true. 

59. The Wheel and Axle, 

The condition of equilibrium being precisely the same as 
for the straight lever acted upon by two forces perpendicular 
to its arms, the demonstration will be the same as in that 
case. 


60. Toothed Wheels, 

To simplify the investigation we shall suppose the teeth 
to be indefinitely small, and therefore the wheels themselves 
to be in contact ; the action between the wheels will then be 
in the direction of the tangent to the wheels at the point of 
contact, or perpendicular to the line joining their centres. 

LfCt R be the action between the wheels, and suppose one 
of them to be turned through a very small angle, and let 6, c 

II 



be the positions into which the points which were in contact 
at a are brought by the displacement. 

Then from what has been already proved, and from 
Art. 54, we shall have, 

F X P’s virtual velocity R 'a ab, 
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similarly, 

fV X fV's virtual velocity — R x ac\ 

but it is manifest that ab ^ ac, since those portions of the 
wheels have been in contact, 

/. P X P’s virtual velocity = IT x IF’s virtual velocity. 

61. The Fully, 

In applying the principle of virtual velocities to pullies, 
we suppose the weight W to be raised through a small space, 
•whicli small space will be its virtual velocity, and the cor- 
responding space through which the point of application of P 
must be moved in order to keep the string stretched will be 
the virtual velocity of P. 

(1) The single moveable Fully, 

If in the figure, page 212, Art. 26, we suppose W raised 
through a small space a, the string on either side of the pully 
will be shortened by the same quantity; consequently the 
point of application of P must be raised through 2 a, which 
will be P’s virtual velocity, 

Ihit 2P=fr; 

P X 2a = W X a, 

or P X P’s virtual velocity = IF x IF’s virtual velocity. 

(2) The first system of Pullies, 

In the figure of page 213, Art. 27, let W be raised through 
a small space a, then the lowest pully rises through a space «, 
the second (reckoning from the lowest) through a space 2 a, 
the third tlirough 2 x 2a or 2^ a, and so on; hence the 
pully will rise through a space 2'*“^a, and the space through 
which P will descend will be 2"a. 

But P X 2” = TF; 


• .-. P X 2’'a = IF X a, 

or P X P’s virtual velocity = IF x IF’s virtual velocity. 
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{3) Thv second system of Pitllies. 

In the figure of page 21.3, Art. 28, let JV be raised through 
a small s])acc a ; then if there be n strings between the two 
blocks, each of tliese Avill be shortened b}" a quantity a, 
consequently P will descend through a space na. 

Ihit Pyc ir; 

.*. P X na = ir X a, 

or P X 7-*’s virtual velocity = IF x ir’s virtual velocity. 

(I-) The third system of Pidlies. 

In the figure of page 214, Art. 2.0, let JV be raised through 
a small space a ; then the second pully (reckoning from the 
highc>t) will descend through a space a, and therefore the 
third i)ully will descend through 2a; but in conse(|uence of 
the ri.'>ing of lt\ the tliird pully Mould have descended through 
a, even if flic second had been fixed, therefore on the whole 
it descends through 2a -f a. Iii like manner the fourth 
descends through 2 (2a + a) + a or (2^^ + 2 + l)a ; and the 
through (2'”'- + 2"* ’ + ... + 1) a, and P through 

(2”'‘ + 2”“^ + ... + 1) a, or through (2’* - l) a. 

But 7^x (2«~i) = W; 

P X (2" - 1) a =■ IV X a, 

or P X 7^’s virtual velocity = IF x IF's virtual velocity. 

G2. The inclined Plane. 

Let A be a particle, of Mciglit IK, 

M'hich is kept at rest on an inclined 
I)lane by a force P, the direction of 
Mliich makes an angle e ivith the 
plane ; R the pressure of the plane 
on ^ ; tt the angle of the plane. 

Suppose A to be moved along the plane to the point a ; 
from a draw ah, ac perpendicular to the directions of P and 
IK rcs])cctively ; then Ah^ Ac arc the virtual velocities of P 
and IK; R will have no virtual velocity, Art. .04. 
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Now Ab = Aa, cos 6, 

and Ac = Aa. sin a ; 
but P cos € = IF sin a ; 

/. P 'K A a cos e = W X ^ a sin a, 
or X Ab = IF X 

or P X P’s virtual velocity = W” x TF ’s virtual velocity. 

63. T/ie Wedije. 

Let the figure represent one side of an 
isosceles wedge, acted upon by a force 2 P ; 

A the point of contact of the obstacle ; TF 
the resistance ; a the semiangle of the wedge. 

Suppose the wedge depressed through a 
small space so that the wedge assumes the 
position represented by the dotted line ; and 
let h be the corresponding point of contact of 
the obstacle, so that the point A has moved 
through the very small space Aby which we 
shall consider to be a straight line. From c^Ay draw cd, Aq^ 
perpendicular to the side of the wedge, and let the angle 
bAa = i. 

Then A h cos I = Aa - cd s=: ce sin a, 

but P cos i = W sin a ; 

F y. ce = W Aby 

or P X 7’’s virtual velocity = IF x TF’s virtual velocity. 

64. The Screw. 

It is evident that if the arm upon which the force P acts, 
(see fig. page 35), be made to describe a complete revolution, 
the weight W will be raised or depressed through a space 
equal to the vertical distance between two threads of the 
screw ; alid the same proportion will be observed whatever 
be the actual magnitudes of the motions of P and TF ; con- 
16 
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sequently supposing these motions to be indefinitely small, 
we have (Art. Si). 

P’s virtual velocity circumferenee of circle described by P 
TT’s vertical distance between two threads ’ 

P vertical distance between two threads - 
W circumference of circle described by P ’ 

P X P’s virtual velocity = W x W’a virtual velocity. 

65. We have thus proved the principle of virtual velocities 
in the case of all the simple machines. In any combination 
of these machines it is not difficult to conclude that the prin- 
ciple must also hold. A law which thus brings under one 
view the conditions of equilibrium in so many different cases 
will doubtless appear to the student one of great beauty and 
generality, although only a deduction from conditions pre- 
viously established; but the principle of virtual velocities 
appears in its most striking light when demonstrated in all 
its generality, and made the basis of ipechanical investiga- 
tions. 
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1. We have now to treat of force, considered as pro- 
ducing motion in bodies. Our first business will be to explain 
accurately what we mean by the velocity of a body, and how 
it is measured. 

2. The velocity of a body is the rate of its motion, or the 
degree of quickness with which it is moving : if of two bodies 
one passes in a given time over twice the distance passed over 
by the other, we say that the velocity of the first is twice as 
great as the velocity of the second. 

Velocity may be uniform or variable. By saying that a 
body moves with uniform velocity, we mean that it moves 
through equal spaces in equal times; when the velocity is 
variable this is not the case. 

Velocity token uniforni is measured by the space passed over 
in a unit of time ; token variable it is measured at any instant^ 
by the space wkick would be passed over in a unit of time^ff the 
body were to move during that unit with the velocity which it 
has at the proposed instant, f 

This requires some explanation. Let us first consider 
uniform velocity; in order to measure it, we first fix upon 
some unit of time, that is, some convenient period of time to 
which we may always refer, and by which we may measure 
other periods : the unit agreed upon is one secotid, so that 
in what follows, (unless the contrary be stated,) time will be 
measured by seconds ; if any number, as 5 for example, should 
occur as representing time, it will be understood to mean 5" 
or 5 seconds. We may here also state that, in like manner, 
we find it convenient to agree upon a fixed unit of space, 
and that the unit we shall take, will be one foot, so that (to 
take oiA' former example) the number 5, if representing 
space, will mean 5 feet. With these conventions our rule for 

16—2 
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measuring uniform velocity will be, that it is measured by 
the number of feet described in one second ; and it does not 
require much consideration to perceive, that this is a proper 
mode of measuring velocity; for suppose two bodies are 
moving uniformly, and that one passes over 3 feet in a second 
and the other 5 feet, then the numbers 3 and 5 are proper 
representatives of the respective velocities of the bodies. 
Any other numbers in the same proportion would be equally 
proper expressions for the velocities, and the actual numbers 
of course depend upon the particular units we have chosen ; 
thus, if in the case just supposed we had taken 2 seconds as 
the unit of time instead of 1 second, the values of the veloci- 
ties would have been 6 and 10 instead of 3 and 5, 

With regard to the mode of measuring variable velocity, 
it will be seen, that when the rate of a body’s motion is 
changing from moment to moment, we cannot measure its 
velocity by the space which it passes over in a unit of time, 
because it >vill not have moved at the same rale during the 
whole of that unit of time. Hence we adopt the method 
already enunciated, and we measure the velociM|||pf a body 
at any moment, not by any space actually deserroed, but by 
the space which would he described in l", if the body moved 
during that time with the velocity with which it is animated 
at the moment in question. In doing this, we are in fact 
only adopting a method which is in ordinary use ; for when 
w’e speak of the velocity of a coach as 10 miles per hour, we 
do not mean to assert, that the coach will pass over, or has 
passed over, 10 miles in any given hour, but only this, that 
if it were to proceed during an hour at the rate at which it 
w^as moving at the moment of our observation it would pass 
over 10 miles. 

3. W e shall in what follows usually denote time by the 
letter t, space by s, velocity by v. From what has been 
said, we shall be able to attach a distinct conception to each 
of these symbols ; t will be the number of seconds in any 
time symbolized, s the number of feet in any space, and v 
the number of feet which are, or would be, described by a 
body in one second, according as the velocity is uniform or 
variable. 
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4. Prop. If % he the space which a body, moving uniformly 
with a velocity v, describes in the time t, then s = vt. 

For V is the number of feet which the body passes over 
in l"; and 'the body passes over equal spaces in equal times, 
therefore in f it describes vt feet, i. e. « = 

5. We may extend to velocity the convention respecting 
algebraical signs, which we have already found of use in the 
case of lines, angles, and statical forces. If we fix upon any 
point in a body’s path, and consider the velocity of the body 
to be positive when its distance from that point is increasing, 
then we must regard the velocity as negative when that dis- 
tance is diminishing: for instance, suppose a body is projected 
upwards from the earth’s surface, and we regard the velocity 
during the ascent as positive, then when the body descends 
the velocity will be negative. 

6. ^It is manifest that we may represent velocity, in the 
same wky as we formerly represented force, by a straight line, 
the length of the line indicating the magnitude of the velocity, 
and the direction in which it is drawn that in which the body 
is moving ; this we shall call representing a velocity in direc- 
tion and magnitude. 

7. AVhen a body is animated simultaneously by two velo- 
cities having different directions, the body will evidently move 
in a direction intermediate to those two directions, in one of 
which it would have moved if animated by either velocity 
singly, and with a velocity which will in some manner depend 
on each of the two velocities, and may be called their resuU 
tant. The actual problem of finding the resultant of two 
velocities we shall solve, by proving a proposition very nearly 
analogous to the parallelogram of forces, and which we shall 
call the parallelogram of velocities. 

8. Prop. If two velocities, with which a particle is simuU 

taneously animated, he rejyresented in direction and magnitude 
by two straight lines drawn from the particle, the residtant 
velocity of the particle will be represented in direction and 
magnitude by the diagonal of the parallelogram described upon 
those two straight lines. . 
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c. p 

Let A be the particle, AJJ 
AC the lines representing tJie 
two component velocities, AD 
the diagonal of the parallelogram 

ABDC described upon them. 

A B 

Then, under the influence of the velocity AB only, the 
particle would at the end of l'' be at B, and under the 
influence of AC it would be at C; suppose now, that instead 
of moving for i" under the influence of the two velocities, the 
particle moves for l" under the influence of AB, and then 
for l" undej* the influence of AC, its place at the end of the 
time will be the same as upon the former hypothesis. But on 
this supposition the particle will be at the end of the first 
second at B, and (drawing BD parallel and equal to A C) it 
will be at the end of the next at D\ hence, under the influence 
of AD and ^(7 jointly, the particle will be at the end of l" at 
D, that is to say, AD represents the resultant velocity in 
direction and magnitude. 

Obs. In this proof we have, for simplicity’s sake, spoken 
of the velocities as if they were uniform ; the same proof 
however applies, with a change of phraseology, to variable 
velocities. 

9. It follows from the proposition just proved, that, if a 
particle be moving with a velocity v in .a direction making an 
angle 9 with a given line, we may conceive the particle to be 
animated by two velocities v cos 6 in the direction parallel to 
the given line, and v sin 6 in the direction perpendicular to it. 
This is called resolving a velocity. 

And hence we may compound any number of velocities 
and find their resultant, by a process exactly similar to that 
made use of for forces, and given at length in Art. 14 , 
page 197. 

Having said thus much respecting velocity, we shall now 
proceed to treat of force, considered dynamically. We have 
already defined force (page J85) as any cause which changes, 
or tends to change, a body's state of rest or motion, and we 
have already in the treatise on Statics considered the case of 
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force tending to move bodies from rest; we shall now be 
employed with the case of force actually producing or changing 
motion. 


10. We shall begin by enunciating the following general 
property of matter, which is known as the First Law of 
Motion. 

A body tinder the action of no external force will remain at 
restf or move uniformly in a straight line. 

With regard to the meaning of this law, it is intended to 
assert that there is in matter no tendency to motion of one 
kind more than another, or indeed of any kind ; that matter 
is purely inert, and the cause of any motion which a body 
may have, is to be sought not in the properties of the body 
itself, but in external influences. The property which matter 
possesses, of moving only with the velocity it has acquired from 
the action of external force, is called its inertia; hence we 
may say briefly, that the first law of motion asserts the inertia 
of matter. 

11. As to the proof of this law, we may obtain some 
hint of its truth by observing, that the more nearly we make 
the circumstances of a body agree with those supposed, the 
more nearly is the law verified ; for instance, according to the 
law the destruction of the velocity of a body moving along a 
dead level ought to be wholly due to friction, and we do in 
fact find that the more we guard against friction the longer 
the body will continue in motion, and on a railway, where the 
friction is very much diminished, the distance to which a train 
will proceed after the steam has been turned off is very great 
indeed. Other examples w ill suggest themselves to the student, 
or perhaps he may think the law so simple as not to require 
illustration ; he must remember however that the want of a 
clear perception of its truth was for a long time a bar to pro- 
gress in dynamical science, because men, misled by terrestrial 
pluenomena, considered it necessary to inquire wdiat force was 
necessary to keep a body in a certain uniform state of motion. 
A satisfactory proof of the truth of this, as well as of other 
laws which we shall meet with hereafter, arises from the fact 
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of the accurate agreement with fact of calculations, many and 
complicated, which are based upon it. Perhaps, however, the 
mind, wliich has dwelt long on the subject, will see the truth 
of the law as necessarily involved in the idea of matter, and as 
having therefore an axiomatic character more convincing than 
any proof founded upon the agreement of calculation and 
experiment: we must not however pursue a remark, which 
would lead us into discussion unsuited to the character of the 
present elementary work. 

12. Dismissing then the question of the nature of the 
proof of the first law of motion, and supposing its truth to 
be established, we learn from it that whenever a body is 
moving with a velocity varying either in direction or in 
magnitude, w'e are to conclude that the body is acted upon 
by some extraneous force. Confining ourselves, for distinctness 
of conception, to the case of a body moving in a straight line 
but not uniformly, we are to conclude that the change of 
velocity from one moment to another is due to the action of 
some force upon the body ; hence the rate of this change must 
in some way be an index of the intensity of the force : but 
here the question occurs, — Arc we to estimate the force acting 
on the body solely by the change of velocity, or are we to 
take into account also the quantity of matter contained in tlie 
body, for it is an obvious fact that a given force (as a blow 
for instance) will generate a greater velocity in a body as its 
weight is less? The answer is, that we may estimate the 
force either way, that is, we may estimate it either by the 
velocity generated only, or we may take into account not 
only the velocity generated, but also the quantity of matter 
moved ; in the former case we call the force the accelerating 
force acting on the body, in the latter the moving force. 
As the distinction between these two ways of estimating force 
is of first importance to a clear understanding of dynamical 
principles, we shall enunciate it as plainly as we can. 

13. Force considered with reference to velocity generated 
only, and not to the quantity of matter moved, is called accele- 
rating force. 



ACCELERATING AND MOVING FORCE. 249 

Force considered with reference to the quantity of matter 
moved, as well as the velocity generated, is called moving force, 

14. The exact relation between accelerating and moving 
force will be for our consideration presently: the former 
will just now occupy our attention^ and we must consider 
carefully the mode of measuring it. We will observe, by the 
way, that the term accelerating is not used as opposed to, but 
rather as inclusive of, retarding force, the latter being sup- 
posed to differ from the former merely in its algebraical sign ; 
and hence, when we speak of a force generating a velocity 
in a body, we intend the term to include forces which destroy 
velocity. 

Accelerating force may be uniform or variable ; it is called 
uniform when equal velocities are generated in equal times, 
variable when this is not the case. 

Accelerating force is measured, if uniform', by the velocity 
generated in a unit of time ; if variable, by the velocity which 
would be generated in a unit of time if the force remained con- 
stant during that unit. 

Let us illustrate the mode of measuring accelerating force, 
by reference to the case of the earth’s attraction : we observe 
that bodies fall with a variable velocity, hence we know that 
they are acted upon by some force ; this force we are led to 
attribute to an attraction residing in the earth, and which 
we call gravity; agai^jp^we observe, (or at least we will 
suppose it to be observed,) that the increments of velocity 
of a falling body in equal times are equal, hence we con- 
clude that gravity is a uniform, force. Let us consider how 
it is to be measured; a body in l" is found to fall from 
rest thropgh l6.l feet, at the end of l" it is found to be 
moving virith such a velocity that it would, if it continued to 
move with the velocity which then animates it, pass over in 
the next second 32.2 feet. Hence 32.2 feet is the measure 
of the velocity which has been generated in l", and is there- 
fore the measure of the accelerating force of gravity. It may 
be mentioned here, that this quantity is usually denoted by 
the letter g. 

It appears then that 32.2 feet is the measure of the earth’s 
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attraction, and in making use of this result the student is 
requested to bear carefully in mind all the conventions upon 
which it depends. We have assumed that the accelerating 
force of tlie earth’s attraction on all bodies is the same ; an 
experimental proof of this is supplied by the fact, that under 
the exhausted receiver of an air-pump aU bodies fall” equally 
rapidly; the difference of velocity of falling bodies in air is due 
entirely to the differenjt action of the air upon them. 

1 5. Prop. If v be the velocity generated by a uniform 
accelerating force f in the time t, then will v = ft. 

For f is the expression for the velocity generated in l", 
and since the force is uniform an equal velocity is generated 
in each second, therefore the velocity generated in f is ft ; 
i. e. V = fU 

Thus in the case of the earth’s attraction, the velocity 
generated in l" in a falling body is 32.2 feet, therefore the 
velocity generated in 2" is 6’4.4 feet ; by which wo mean, that 
if a heavy body be let fall, it will at the end of 2" be moving 
with such a velocity that, were that velocity continued con- 
stant through l", the body would move through 64.4 feet. 

16. We have said that force is measured by the velocity 

generated in a unit of time, but now we must observe further 
that there is a certain kind of force w hich f’/innot be so esti- 
mated. This kind of force is what we terni impulsive, under 
which name we include all forces are of the nature of 
a sudden blow, applying the name to all other forces, 

such as that arising from the gravitation of bodies. We will 
first give formal definitions of these two classes of force, and 
then attempt to explain clearly the difference between them, 
and the necessity for different modes of measuring their 
effects. 

Def. a finite force is one which requires a finite time to 
generate a finite velocity. 

Def. An impulsive force is one which generates a finite 
velocity in an indefinitely short time. 

17. Let us consider what takes place, when an impulsive 
force results from the impact of two bodies upon each other. 
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For distinctness of conception, let us suppose that the impact 
is that of two ivory balls : when the balls strike each other, 
they appear to fly asunder instantaneously, but in reality a 
ratlicr complicated action takes place between them ; the first 
effect after impact is a compression of each of the balls, very 
slight of course, but nevertheless necessarily existing unless 
the balls be absolutely rigid, which no substance in nature is ; 
after the compression has ceased, a restitution of the figure of 
the balls commences, in consequence of their elasticity, and 
when the form of the balls is restored they separate, and their 
action on each other ceases. The whole action just described 
necessarily occupies a certain space of time and cannot be in- 
stantaneous, and there is nothing in the nature of the forces 
considered to make them differ essentially from those which 
wc have denominated finite; nevertheless, if we attempt to 
measure them in the same way we are met by this insuperable 
difficulty, that we know nothing of the laws according to 
which the action we have described takes place ; we cannot 
observe the action of the forces, because for all purposes of 
observation that action is instantaneous ; hence we distinguish 
these impulsive forces as a new class of forces, not because 
they are physically different from those which wc call finite, 
but because, since they generate a finite velocity in a time so 
short as to be considered indefinitely small, wc are compelled 
to measure them in a different way; and we measure the 
accelerating force of an impulse, not by the velocity which 
would be generated in a unit of time, but by the whole velo- 
city actually generated. 

The measure of the moving force of an impulse will be 
considered, when we come to speak in general of the connec- 
tion between accelerating and moving force. 

18. The first Law of Motion would enable' us; with the 
help of such mathematical calculation as we shall hereafter 
employ, to solve all problems of rectilinear motion ; but we 
have at present no means of determining the motion of a body 
which is moving under the action of various forces in different 
directions, or of a body >vhich being in motion is acted upon 
by a force not in the direction of the motion. That which 
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we require is furnished us by Secoiid Law of Motion, 
which we shall at once enunciate. 

19. When any number of fcn'ces^act upon a body in motion, 
each produces its whole effect in altering the magnitude and 
direction of the body's velocity, as if it acted singly on the body 
at rest. 

The application of this law is as follows : At any moment 
a body has a certain velocity, also if it were at rest each of 
the forces would, acting separately, generate in it a certain 
velocity in a certain direction; we must suppose that the 
body has all these velocities simultaneously, and if they be 
compounded by the rule of the parallelogram of velocities, 
the resultant velocity will be the actual velocity of the body. 

20. With regard to the proof of the second Law of 
Motion, we may appeal to such experiments as the following : 
A ball let fall from the mast of a ship in motion, will fall at 
the foot of a mast, notwithstanding the onward course of 
the ship : in this instance, the velocity of the ball is com- 
pounded of that which it has in consequence of the motion of 
the ship, and of that impressed upon it by the action of 
gravity ; for before the ball is let fall, it has the same hori- 
zontal velocity as the ship, and when let fall, it does not 
lose this velocity, but only has it compounded with another, 
viz. that due to gravity; and as the ship also retains the 
same horizontal veloicity, (for it is supposed to be sailing uni- 
formly,) the ball falls, with reference to the deck, exactly as 
though the vessel were at rest. 

Illustrative of this law also are such facts as these ; that 
we walk with the same ease in different directions along the 
eartffs surface, although we know the earth to be not at 
rest; that we can walk across a railway carriage in rapid 
motion ; and doubtless many others will suggest themselves to 
the mind of the thoughtful student. Perhaps the most satis- 
factory is this ; the time of oscillation of a pendulum is 
independent of the plane in which it vibrates, notwithstand- 
ing the earth’s motion. 

Further experimental proof arises from the fact of calcu- 
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lations/ based upon this law, leading in the most delicate 
cases to correct results. Perhaps however it may be said, 
that when the idea of force has been completely seized and 
thoughtfully considered, the truth of the second Law of 
Motion will present itself to the mind in a form rather 
axiomatical than experimental; but this is a question on 
which we shall not here raise a discussion. 

21. Hitherto we have considered force only as measured 
by the velocity which it generates, in other words, we have 
,been concerned with accelerating force : we must now examine 
{the proper mode of estimating force, when we take into 
account the quantity of matter moved, or when we regard it 
as moving force. 

The quantity of matter in a body is usually termed its 
mass; but how are we to define the term mass? If we 
were to conceive matter to be made up of ultimate atoms, 
which atoms should be all precisely alike in magnitude and 
in all their qualities, then Tve might measure the mass of a 
body by the number of atoms it contains; but this is not 
a practicable method, and we are compelled to measure the 
mass of a body by its effects; we measure the mass of a 
body by its weight, or we consider two bodies to be of the 
same mass if they are of the same weight. In this mode 
of estimating mass, it is assumed that the attraction of the 
earth on all particles is the same, that is, that the attraction 
is not dependent upon the nature of the matter attracted ; 
an assumption which appears to be justified by the fact 
already alluded to, that bodies of all kinds fall with equal 
velocity under the exhausted receiver of an air-pump, and 
of the truth of which Newton assured himself by a variety 
of experiments*. We can only define the mass of a body 

* Newton commences the Principia with a definition of mass; he tells us that 
the quantity of matter in a body is measured by the product of its density and 
magnitude.’* And he explains his definition thus : Air when its density is doubled, 
and when it fills twice the space which it did before, must be quadrupled in quantity ; 
the same is true of snow or dust condensed by compression. And the same holds of 
all bodies condensed, by whatever cause. This quantity of matter I denote by the 
name of Body or Mass. And the mass of every body is determined by its weight ; 
for 1 have ascertained by most accurate experiments with pendulums^ that the mass 
is proportional to the weight.” • 

Here it will be observed, that although Newton speaks of the mass being measured 
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then, as being a quantity proportional to its weight, s'o that, 
if W be the weight of a body and M its mass, 

FTccM, 

orfV^C.M, 

where C is some constant quantity, the numerical value of 
which will depend upon circumstances to be presently ex- 
plained. 

22. Before proceeding further, we must define the term 
MomentU7n, which we shall use frequently. 

Def. The momentum of a particle of matter is its mass 
multiplied by its velocity; the momentum of a body, or 
system of particles, is the sum of the products of the masses 
of the particles by their respective Velocities. 

The phrase quantity^ of motion is sometimes used instead 
of momentum. 

23. Let us now inquire concerning the method of mea- 
suring moving force : in other words, when pressure commu- 
nicates motion to a body, what will be the proper measure 
of its effect? The answer is given by the Third Law of 
Motion, which we may enunciate as follows ; 

When pressure produces motion in a body, the momentum 
genei^ated in a unit of time, supposing the pressure constant, or 
which would be generated supposing the j^ressure variable, is pro- 
portional to the pressure. 

by the volume and the density, yet the ultimate standard of reference is the weighty 
that being in fact the only test of density. 

As mentioned in the text, it is clearly assumed that the action of the earth’s attraction 
is the same on all kinds of matter, and only varies in different bodies in consequence of 
their containing different quantities of matter. For illustration ; a cubic inch of lead 
weighs more than a cubic inch of wood, and it might be argued that this was on account 
of the greater intensity of the earth’s attraction for lead than for wood, even as in 
chemistry substances have a greater affinitj^ oi^e substance than another; but this is 
exactly what is denied in the case of the eartVa' attraction, and it is asserted that the 
greater gravitation of the lead than'iof ^e wood is due to the greater degree of closeness 
with which the particles in it ^|^^tacked. Without entering upon other experiments, 
the fact mentioned in the te:^ nknely, the equal velocity of all substances under an 
exhausted receiver, is very strong iiribvour pf the assertion ; because, if there were any 
difference between the acti^ of..tl)e earth on different substances, might expect it 
to be shewn in the difference of velo^y generated as well as in that of pressure produced. 
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24. ‘ The result of this laiv is, that as velocity generated 
is the measure of accelerating force, so^ momentum generated 
is the measure of moving force. And. if P be a uniform 
pressure, v the velocity generated in the time in a body 
the mass of which is AT, we shall have 

Mv = Pt. 

Suppose f to be the accelerating force corresponding to 
the pressure P, then we have 

V 

hence, comparing the last two formula?, 

P^Mf. 

or, moving force = mass x accelerating force. 

Thus the third Law of Motion teaches us how, when a 
pressure is given, to deduce the accelerating force due to it, 
for we have only to divide the pressure by the mass moved 
and wj^ have the accelerating force required. Let us take 
the ample of the pressure caused by the weight of a 
body ; let W be the weight, M the mass, then we know that 
the accelerating force is that which was before denoted by 
g, hence by the third Law of Motion we must have 

and therefore the constant C in the formula of Art. 21, is to 
be replaced by g^ the accelerating force of the earth's at- 
traction 1. 

* The adoption of this formula compels us to take a peculiar quantity as the unit of 
weight in Dynamics. 

For let p be the density of a body of which the mass is M and the volume V ; in 
other words, let p be such a quantity that M=pVy tlien 

In this formula let and /«- I, # 



that is, the unit of weight is the part of the weight of a unit of volume of the 
substance whose density is taken for unity. In general, distilled water at a given 
temperature is taken as the standard substance, and a cubic foot as the unit of volume, 
and the weight of a cubic foot of distilled water is found to be lOOOoz : hence the unit 

^ u iom 

ot weight in Dynamics must be oz, 

■ oj£jS 

The Third Ijaw of Motion is enunciated in a different form by Newton, as 
follows ; 
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25. This Law of course includes impulsive forces, and 
we may therefore say that an impulsive force is measured 
by the Avhole momentum generated by it. (See Art. 17.) 

26. We may exhibit the third Law of Motion from a 
slightly different point of view, by saying, that it establishes 
a relation between the statical measure of force, which is the 
pressure produced, and the dynamical measure, which is the 
velocity generated. 

27. With regard to the truth of the third Law of 
IVIotion, it may be considered either to rest on experiment, 
confirmed by the coincidence with fact of innumerable cal- 
culations founded upon it, or perhaps to be deducible without 
experiment from previously established principles. 

We shall content ourselves with giving an account of one 
experiment, divested of all the refinements by means of 

lieactlon is always equal and opposite to action ; or the mutual aciimis of two 
bodies upon each other are always equal and in opposite directions. 

In illustration of the Law Newton has these remarks: 

“ Whatever body presses or draws another, is in like manner itself pressed or drawn. 
If a stone is pressed with the huger, the finger is also pressed by the stone. If a 
horse draws a burden, the horse will be (so to speak) also drawn back by the burden : 
for the rope by which the burden is drawn being equally stretched throughout will 
pull the horse towards the burden as much as the burden towards the horse, and 
will impede the motion of the one as much as it expedites tht motion of the other. 
If one body impinging upon another change its motion in any manner, it will also 
itself undergo the same change in its own motion only in the opposite direction, on 
account of the equality of the mutual pressure. It is the change uf motion, {morneum 
tunit) not of velocity, which is equal to the action in such cases, at least in bodies 
otherwise moving freely. For the change of the velocities of two impinging bodies, 
since the momenta of the two are equally changed, is inversely as the masses of the 
bedies,** 

From this it will be seen that the third Law of Motion as enunciated by Newton is 
not entirely equivalent to the Law as stated in the text; the reason is that he has 
before, namely, in the second of the definitions which preface the Principia, laid 
down that the quantity of a body’s motion is to be measured by the product of the 
mass and the velocity; taken in conjunction with this definition the law is equivalent 
to that of the text; for Newton’s third Law asserts that action and reaction are 
necessarily equal and opposite, and if the action be represented by a pressure and the 
reaction by the motion produced the equality must hold, it is not possible to conceive 
it otherwise. But how to measure the motion produced? Newton has before laid 
down the rule, that it is to be measured by that which we have called momentum; 
hence his assertion, that action and reaction are equal and opposite, becomes equivalent 
to that of the text, that the momentum generated by a pressure is proportional to the 
pressure. 
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yf\\i^**Atwood was able, will’ a machine constructed for the 
purpose, to obtain great accuracy of result. 

Let W and be two weights, of which W is the 
greater, connected by a fine string passing over a small 
fixed pully. Then W will descend, and as TT and W* 
are pulling in opposite directions, the weight producing 
motion is W - W\ and the weight moved is TF + W\ 

The advantage of this experiment is, that we can alter 
the difference between the weights {W ^ W') as much 
as we please, while the weight moved ( TF + TK') re- 
mains the same. Now by numerous experiments it 

W^W' . 

was determined, that the ratio — - -7 in all cases 

W H- W 

proportional to the accelerating force, or that the pres- 
sure producing motion is proportional to the product of the 
weight moved and the accelerating force, or (which is the 
same thing) the product of the mass and the accelerating 
force : which result is in accordance with the third Law of 
Motion. 

28. We are now prepared with Dynamical principles, 
which we shall proceed to apply to the cases, of a particle 
under the action of uniform forces, and of the collision of 
bodies. A more general application of the principles would 
require the use of a higher calculus than any with which the 
student is supposed to be acquainted. 


ON THE RECTILINEAR MOTION OF A SINGLE BODY 
CONSIDERED AS A PARTICLE, UNDER THE ACTION 
OF A UNIFORM FORCE, ^ 

The following is the fundamental proposition of this 
branch of Dynamics. 

29. Prop. If ^ he tlui space described from rest; in the 
time i, by a body under the action of a uniform accelerating 

. • . ft" 

force, f, then s = — . 

. 17 
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Suppose the time to be divided into n equal intervals, 
each equal to t, so that t = nT; then the velocity of the 
body at the end of the 1st, 2nd, 3rd... intervals will be /t, 
zfr, 3/t... respectively ; (Art. l.*)). Now suppose the body, 
instead of moving as it actually does, to move through the 
whole of each interval of time with the velocity which it 
had at the beginning of the interval, and let be the space 
which would be described in the time t on this hypothesis ; 
again, suppose the body to move through each interval with 
the velocity which it has at the end of the interval, and let 
Si be the space described on this hypothesis ; then 

s, = 0 . T + /t . T + Q/t . t + ... + (n — l)y’r . t 

-i> 

2 ^\nj 

Si =fT . T + 2/t . T + 3/t. T + ... + m/t . T 

^ 2 2 \ n) 

Now it is manifest that s is intermediate in value to 
and S29 but when we suppose the interval t to be indefinitely 
small, and 7i indefinitely great, we bring the two hypothetical 
cases which we have supposed to coincide with the real mo- 
tion of the body, and in this case - is indefinitely small, and 

n 


^2 — ^ 5 

/. also, s = — . 

2 


/ so. We shall give another proof of the same propo- 
sition, which, though in some respects inferior to that which 
precedes, is worthy of the student’s attention on account of 
its brevity. 

Let A be the point from which ^ 

the body starts, B its place at the 

end of the time t, so that AB 8: then the velocity of the 
body at jB = ft. Now suppose the body to start from B with 
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a velotityy*^, and to proceed towards the force /acting in 
the same direction as before, and therefore retarding its mo- 
tion : at the end of the . time t the body would, if no force 
acted, have described a space also we know that the 
space, through which the force / would carry it, is s ; hence 
the space through which the body wiU move in the time 
when it starts with a velocity ft, and is retarded by a force 
/ must be ft? - s. But at the end of the time t the body 
will be at A, since the force f will destroy the velocity /^, in 
exactly the same space which it required to generate it. 
Hence we have 

5 = BA = 8 ; 



Cor. If V be the velocity of the body at the end of the 

time t, v^ft\ — , or t;* = 2/?. Hence, when a body 

falls under the action of gravity, this being a uniform force, 
the velocity oc the time, and the square of the velocity cc the 
space described, 

31. If the body, instead of starting from rest, begins 
to move with a given velocity, the formulae of the pre- 
ceding article are easily adapted. 

For let V be the initial velocity, v the velocity at the time 
t, 8 the space described. Then the velocity at the time t is 
the original velocity ± that which is generated or destroyed 
by the force, or 

V^ft, 

the upper or lower sign being used, according as the force 
accelerates or retards. 

And the space will be that, which would have been de- 
scribed by the body moving uniformly with a velocity V 
± that which it would describe under the action of the force 
only, or 
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the upper or lower sign being taken according to thfe same 
rule as before. 


Con. • We can obtain v in terms of s : for 

= P ± 2/s. 


32. For distinctness’ sake, we will here collect in a 
tabular form the formulae which have been proved, and 
which may be applied to a variety of examples. 

When the body starts from rest. 


s = ‘ — 
V ^ ft 


{A). 


When the body starts with an initial velocity F, 


5 = ± 


fe 


v^V^ft 

= P ± 2/^ J 




the upper or lower sign to be taken, according as f accele- 
rates or retards the motion. 


33. These formulae possess peculiar interest, because 
they apply to the case of a body falling under the action of 
gravity. We have before said, that gravity is a uniform force, 
at least it is sensibly so for small distances above the earth’s 
surface; we may here remark in addition, that in conse- 
quence of the earth not being accurately spherical, the force 
of gravity is not exactly the same at all points of the earth’s 
surface, but varies slightly with the latitude; we may con- 
sider, however, that for all ordinary purposes its magnitude 
is measured by the quantity ^ = 32 . 2 feet. The value of g 
is not determined by direct experiment, but may be most 
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accurately found by observations of the pendulum, according 
to principles hereafter to be developed. 

34. We shall now illustrate the formulae (A) and (B) 
by some examples of falling bodies. 

Ex. 1. Two bodies are let fall at an interval of l", to 
find how far they will be apart after the lapse of 4" from the 
fall of the first. 

Let 8 8 be the spaces through which they have respec- 
tively fallen, then 

S ~ 4 — X IO 5 

2 2 

2 2 

« - s' = - X 7 = 16 . 1 X 7 = 112 . 7 feet, the distance required. 

2 

Ex. 2. When two bodies are let fall from the same 
point, but not at the same moment, the distances between 
them at the end of successive equal intervals increase in 
arithmetical progression. 

Let 5.9' be distances, described by the two bodies re- 
spectively in the time t from the fall of the first, r the in- 
terval of time between the starting of the two, then 


# — «' = — f2fT - T*} ; • 

2 ‘ ' 

« - a' is tlje distance between the bodies at the time t ; call 
this d, and let di,dj... be the distances corresponding to the 
times < + <1, t ; • 
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••• d = f {2«r-T*}, 

rfl = ^ {2(< + fi) T — t'}, 
a - \z(t + 2*,) T - T®}, 

&e. = &c. ; 

rfi - cZ = gt^T s= - rf, * &c. ; 

that is, the quantities dd^d^... &c., are in arithmetical pro- 
gression. 

Ex. 3. A stone is thrown into a well, and it is observed 
that 2" elapses before the sound of its striking the bottom is 
heard ; neglecting the time occupied by the transmission of 
the sound, find the depth of the well. 

Let 8 be the depth ; 

then 5 = - 2® = 2g * 64,4 feet. 

2 ^ 


Ex. 4. A ball is projected upwards with a given velocity; 
it falls, and on striking the earth rebounds with a loss of 

l\th 

part of its velocity ; find to what height it will rise 

TlJ 

after any given number of rebounds, and the whole space 
which will be deseribed by the ball before eoming to rest. 

Let V be the veloeity, then the height to whieh it rises 

V2 

“ 2g ■ 

AVhen it rcaehes the earth its yeloeity is V, therefore the 
velocity of rebound is F - j by hypothesis, and the 

FV ix® 

height to which it rises “ ^ j • 


In like manner, the height to which it rises after the second 


rebound = 


y2 
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And similarly, it will be seen, that the height after the 
rebound = — - -j , which is the answer to the first part 

of the question. 


The whole 

space described by the ball 

{in- 
s' 1 

~ ii) ^ n) 


1 n? 


\ _ LV ~ ^ ~ S' ^ 

^ n) 


35. The formula (A) and (B) are applicable, with a 
slight modification, to the case of a body falling down a 
smooth inclined plane. In this case we must conceive the 
force of gravity to be resolved into two parts, one parallel to 
the plane, the other perpendicular to it ; the latter will pro- 
duce pressure on the plane, the former will accelerate the 
motion of the body, and is the only part with which we shall 
be here concerned. Let a be the inclination of the plane, 
then the resolved part of g parallel to the plane will be g sin a, 
and this quantity must be used for / in our fundamental 
formula). 


Ex. 1 . To find the velocity acquired by a body in falling 
down a given inclined plane. 

Let AB be the inclined 
plane, a its inclination, P the 
place of the body at a given 
time, BP = s, v = the velocity 
at P; then we have by our 
formula, 

= 2g sin a xs, 

which gives the velocity. If we draw BC perpendicular to 
the horizontal line through A, and call V the velocity at A, 
we have 

r® = . AB sin a 


B 
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Hence the velocity is the same at A, as if the body had 
fallen* through the vertical space BC: that is to say, the 
velocity generated by gravity, depends upon the vertical 
space through which it is allowed to act, a result which might 
perhaps have been anticipated, and which was in fact assumed 
by Galileo. 

Ex. 2. A body is projected upwards, along an inclined 
plane, with a given velocity, find how high it- will ascend, 
and the time of ascent. 

If V be the velocity at the time t, when it has ascended 
through a space s, a the angle of the plane, and V the given 
velocity of projection, we have 

= F® - 2gs sin a ; 

’when v-0 the body will stop, and the distance required 
will be given by the equation, 

V^_ 

2g sin a * 

For the time, we have, 

V V - gt sin a, 
and the body stops when 

V 

t = —7— . 

g Sin a 

Ex. 3. Let ACB be a circle in a 
vertical plane, A its highest point; the 
time of descent down all chords drawn 
through Ay considered as inclined planes, 
will be the same. 

Let AP be any chord, a its incli- 
nation to the horizon ; draw the vertical 
diameter AB, and join BP, then ABP 
= - BAP = a : now if t be the time 

of descent down AP, we shall have 




MOTION ON AN INCLINED PLANE, 


265 


but, AP = AB sin a, 

2 


f2AB 


and t = sj — , which is independent 
g 


of a, and is therefore the samfe for all chords. 


Ex. 4 . From a given point to draw the line, down which 
as an inclihed plane a particle will descend to a fixed line in 
/the shortest time possible. 

Let A be the given point, and 
through it draw a horizontal line to 
meet the given line in J5; in the 
given line take BC equal to BA ; 
join AQ which shall be the line re- 
quired. 

This will easily appear from the 
fact that a vertical circle having A for its highest point will 
touch the given straight line in C; for if be not the line 
of quickest descent, let AED cutting the circle just mentioned 
in D be the required line ; then the time of descent down 
AC is equal to the time down AE, and therefore is less than 
the time down AD. Therefore AC is the line of quickest 
descent. 

And it may be shewn, that in general the line of quickest 
descent from a point to any given curve will be found, by 
describing a circle, to touch the horizontal line passing through 
the given point at that point, and also to touch the given 
curve. The chord joining the points of contact will be the 
line of quickest descent. 



ON THE MOTION OF TWO FALLING BODIES 
CONNECTED BY A STRING. 

3C. We have distinguished problems of this class from 
those which we have been recently engaged in considering, 
because in those we were able to regard gfavity only as an 
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accelerating force, whereas in these we must consider the mass 
moved, and deduce the accelerating<rforce by the third Law 
of Motion. 


Ex. 1. Suppose wc have two bodies, the masses of which 
are M and M' respectively, connected by a fine string passing 
over a smooth peg or small puUy A, the only effect of which 
is to change the direction of tfic string. 


Let M be greater than At ; then the moving force 
producing motion is the difference of the weights* or 
Mg - M* gy and the whole mass move(f is M ^ AT', con- 

M — At 

sequently the accelerating force is ~ — g. 

JSl H- A1 

Hence, if x be the distance of AI from A at the 
tinie f, a the distance when the motion commenced, 
W’e shall have 


X 


AI-- A t gf 

a M ® , 

Al + Af' 2 


0 


6 

M' 


6 

Al 


Let it be required to determine the tension of the string. 
To do this W’C observe that if the weight Afg were sus- 
pended at the extremity of a string and were at rest, the 
tension would be ATg, the accelerating force g being entirely 
employed in producing tension. As it is boAvcver a portion 
of the accelerating force acting on AI is employed in pro- 
ducing motion, and the remainder in producing tension of 
the string ; now the former portion wc have determined to 

be pr hence 

^ M^Af \ 

the tension ^ M {g - — — i- 

r A/+A/'^j 

2AIAf 

an expression which, it may be observed, involves M and 
At symmetrically, as manifestly it ought. 

This problem may be solved in another manner, which 
will give us at once the tension of the string and the ac- 
celerating force. . 
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Thus, let T be the tension of the string ; then the moving 
force upon the body M will be Mg - T, and the accelerating 
T 

force therefore g- In like manner the accelerating force 

• M 

T 

upon M' will be g - ^ ; and these two must be equal, but 

of opposite algebraical signs, since one of the bodies neces- 
sarily ascends with the same velocity with which the other 
descends. 

• T T 

Therefore, + 


T 



and 




^MM' 

M+M 


g, as before; 


and the accelerating force 

T M~M' 

= S--j^ = g- ^ “ m'Vm' 


Ex. 2. Let us take a numerical illustration of the last 
example. 

Suppose M = 2i/', and a = 0, to find how far M will 
descend in l". We have, 


2 " 1 g 
2 + 12 


=5.3 feet. 

8 


Also in this case the tension of the string = f Mg = two- 
thirds of the heavier weight. 

Ex. 3. Two weights are placed"' upon two opposite in- 
clined planes, and connected by a fine string which passes 
over a sisnall pully at the highest point of the planes; to 
determine the motion. 
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Let AB, AC he the two planes, a, 
j3 their respective inclinations; 

Then the part of the weight Mg 
which is effective in producing motion 
is Mg sin a, and that of M'g is 
J/'gsin/3; the difference of them or ^ 

Mg sin a — M'gsin is the moving force ; the mass moved is 
M + M ' ; therefore the accelerating force is 

if/ sin a - J/' sin 
M + M. 

If X be the distance of M from A at the time a the 
distance at the beginning of the motion, 

Jlf sin a - M' sin ^ gf 
2 


a + 


The tension of the string may be found as in Ex. l. 

Ex. 4 . A numerical illustration of the preceding. 
Suppose M e SM\ a = 30**, /3 = 6o® : then, 

3 V^3 ’ 


a? = a +. 


2 


a + 


3 + 1 
3 - 1.7 


1 . ^ 
2 


16 


gf* ss a + 2 . 6 nearly. 


ON PROJECTILES. 

.37. We now come to the case of motion not rectilinear, 
and the principal problem to which the formulas already es- 
tablished are applicable, is that of the motion of a projectile, 
that is, of a heavy body which has been projected in a 
direction not vertical. The results which we obtain, it may 
be observed, are not practically correct, since we omit the 
consideration of the resistance of the air, and suppose the 
body to move in a perfect vacuum. 
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38. The path of a projectile will he a parabola. 

It is evident that the path will be in one 
plane : let it lie in the plane of the paper, W 

and let P be the point of projection, PNR / 

the line in vhich the body is projected, 
which will manifestly be a tangent to the 
curve described. ^ 

. Let V be the velocity of projection, / 
and N the point at which thfe body would ^ 
arrive -with this velocity in the time U so 
that PN^ Vt. 

gi^ 

From N draw NQ vertical, and make NQ = — ; then, 

^ 2 

since the space which the body would describe in the time 
t under the action of gravity only is NQ, and if gravity 
had not acted the body would have been at N, therefore 
.when the body is simultaneously aniqiated by its original 
velocity V, and that generated by gravity, it will be at Q. 

Complete the parallelogram PVQN, then 


PV^N<i==- 


QV^PN^ Vt; 

— .PV. 

S 

But in the parabola Q F® •» 4iSP . P V. (See Conic Sec- 
tions, Prop. IX, page 153 .) Hence Q lies in a parabola, of 
which the axis is vertical, and the distance of P from the 
F* 

directrix or focus is — . 

Cor. From the point P draw PM 
perpendicular to the directrix ; then 
TP = ^g.SP = Zg.PM. 

Htnce, the velocity at any point of 
the paraliola is that which would he 
acquired in falling from the directrix. 
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39. To determine the position of the focus of the parabola. 


Let P be the point of projection, 
PQ the direction of projection, A SB 
the axis of the parabola, PM verti- 
cal, PB horizontal ; and let QPB 
(which is called the angle of projec- 
tion) = a. 


AC 



From P draw PS, making the same angle with PQ as 
PQ makes with PM\ then,- by a property of the parabola, the 
point S, in which PS meets the axis, is the focus. 


Now SPB = QPP - QPS « QPB - MPQ 


= a -. 90 * + a - ; 

.•. PB = SP sin 2a, SB = - SP cos 2a, 


P 

but iSP — ; .'. ’PB = sin 2a, SB cos2o*. 

2g 2g 2g 

The lines PB, SB, determine the position of S ; for we 
have only to measure the distance PB horizontally, and BS 
vertically, and we shall determine 5 ; or we may determine 
the position of the line PS as above, and take in it a point 

F* 

the distance of which from P is — ; tliis will be the focus. 

Cor. If a =« 45®, the focus of the parabola is in the 
horizontal plane passing through the point of projection. 


40. To determine the greatest height to which the projectile 
will rise. 

The velocity of projection may be supposed to be re- 
solved into two velocities, one horizontal = P cos a, the other 
vertical =, V sin a. The vertical motion of the body will be the 
same as if it were projected vertically with this latter velocity; 
hence, if h be the height required, w-e have 

^ F^^sin^a 
»=• . 

2g 

y» 

* The quantity cos 2 a will be positive^ because in the figure' 2 a has been 

supposed to be greater than 90". 
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41*. To find the latua rectum of the parabola. 

Draw the perpendicular SY on the tangent 
PY, which is the line of projection ; let A be 
the vertex, then AY is a. tangent at the vertex, 
and therefore horizontal. (See Conics, Propw vi, 
page 150.) p 

Then SYA = 90® - a, and .yPF = MPY<= 90® - a ; 
the latus rectum * 4iAS = iSY cosa= 4iiS'Pcos®a 
2_p 
S 



cos* a. 


42. To find the range of the projectile, that is, the distance 
from the point of projection at which the body meets the hori- 
xontal plane through the point of projection, and the time of 
flight. 


The range will evidently be twice the distaime of the point 
of projection from the axis of the parabola. But this distance 

r® . 

was shewn in Art. 39 to be — sin 2a ; 

Zg 

yi 

the range = — sin 2 a. 

S 

To find the time of flight we have only to observe that 
the horizontal velocity of the body is uniform and equal to 
V cos a, and therefore that the time which elapses between 
the moment of projection aud the moment of the body 
striking the ground is that occupied by a body moving 

through the space — sin 2 a with the velocity V cos a ; 

ra- M ^sin2a 2 V . 

the time of flight = — — = — sin a. 

g V cos a g 


The same result may be arrived at from the consideration 
of the vertical motion of the body. For since the vertical 
velocity of projection is F sin a, the time of flight will be 
that which elapses before a body projected vertically with a 
velocity V sin a falls and strikes the ground ; and tUs time 
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is manifestly expressed by ~ “ -since the time of ascent 

sin CL 

will be and the time of falling the same. 


Cor. The greatest yalue which sin 2 a can have is 1, 
which corresponds to o — 4f5^; hence, the range of a projectile, 
will be greatest when the angle of projection is 4 . 5 ®. 


43. The preceding are the principal propositions re- 
specting projectiles. We shall now give a few examples, 
which may be multiplied to any extent. 

Ex. 1. A body is projected horizontally with a velocity 
of 4 feet per second, to find the latus rectum of the parabola 
described. 

The general expression for the latus rectum is cos® a; 

and in this case a = 0, and F = 4 ; 

the latus rectum = —— « 1 foot, nearly. 

l6.i •' 

When the body is projected horizontally, it is manifest 
that the point of projection is the vertex of the parabola, and 
the general investigation of the path becomes much simpli- 
fied. 

Let be the direction of projection, 
and let Q be the point at which the body 
would arrive from A in the time t with a 
velocity V; .•. AQ<= Vt. 

.2 

Again, take QP = so that QP is 

the distance through which the body would I 

fall in time t under the action of gravity only : then P is the 

actual place of the body at the time t. 

Complete the rectangle JWPQ; then 
PN= Vt, 
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PN ^ « F* ^ 


2P 

g 


.AN; 


but in the parabola PN^ ^4iAS .AN (See Conics, Prop. v. 
page 150); 

A^AS « . 

g 

Ex. 2. A body is projected at an angle of 30®, with the 
velocity which it would acquire in falling through 5 feet ; find 
the range. 

P'S 

In general, the range *= — sin 2 a, 

g 

and in this case F® = 2^ x 5 ; 

yz 

— = 10 , 

g * 

and the range ==■ 10 sin do® * 5 ^/3 feet. 

Ex. 3. To find the relation between the velocity and 
angle of projection, in order that the projectile may strike a 
given point. 

Let O be the point of pro- 
jection, OM horizontal, and 
MP vertical; let P be the 
given point, then it will be 
given provided we know OM 
and MP: let OM « h, MPj^ k. 

Draw AB the axis of the pa- ^ 
rabola, and PN perpendicular to AB. 

Then we have proved, (Arts, 39, 40) that OB = 

F* sin® a 



r* sin 2a 


AN: 


and AB 
F® sin* a 


Qg 


^g 


F® sin 2 a 

2g. » 


but the latus rectum 


2lP 

g 


cos^ a ; 


18 
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or 


PN^ = cos^ a . AN ; 

g 

Psin2a\^ 2P 


/ P sin 2 a\ ^ 2 P , / P sin^ a 

A = cos"a 

V ^g ) g \ ^g 



P’2 P’2 

or - 2 /i — sin a COS a-\' 2k — cos" a = 0 , 
g g 


which is the relation between a and V required. 

Suppose, for instanee, that a = 45^ h = 90, k = 9, then, to 
find Vf we have 

Yi P'2 

- h — + k — = 0, 

g g 

P ftr 90" 

- = « — = 100, 

g h ^ k 81 

•\ F = 10\/ g 

= 57 feet per second, nearly. 


MOTION OF A PARTICLE ON A CURVE. 

44. When a heavy particle moves on a }»laije curve, the 
plane being supposed to be vertical, a portion of the weight 
of the body will be employed in producing pressure on the 
curve, and the other portion in producing motion. Hence, 
in considering the motion of a body on a curve, we suppose 
the force of gravity at any point to be resolved into two 
parts, one acting along the tangent of the curve, the other 
along the normal; the former is the part which produces 
motion, and is the only part with which we shall generally be 
concerned. We have already considered a particular case of 
motion* on a curve, when w^e treated of a body falling down 
an inclined plane ; but in that case the inclination of the plane 
being always constant, the force producing motion was uni- 
form, whereas in the more general problem of motion on any 
curve the intensity of the force varies from point to point. 
Consequently the formulae which we have hitherto used arc 
inapplicable, and we shall be obliged to content ourselves, in 
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this place, with one general proposition, which we can demon- 
strate by general reasoning. We shall recur to the subject 
hereafter. 

45. When a lisavy body falls down the surface of a smooth 
curve, the velocity at any point is that due to the vertical height 
through tvhich the body has fallen. 

In the first place we observe, that the pressure of the 
curve is always perpendicular to the direction of the motion, 
and therefore destroys no velocity. 

In the next place, the proposition is true for an inclined 
plane, as has been shewn. (See Ex. 1, page 263 .) 

And, lastly, we may consider the curve to be a succession 
of inclined jjlancs, the planes being indefinitely short in length 
and great in number, and the proposition being true for each 
will be true for all, and therefore for the curve. For though 
it may be argued, that there is always a loss of velocity in 
passing from one plane to another, yet we know that, when 
the planes are so far increased in number and diminished in 
magnitude as to be considered coincident with the curve, 
this will not be the case, since by our first observation no 
velocity is lost. 

46. There is one point connected with the motion of a 
body on a curve, of which we can give a general expla- 
nation, and on which it is desirable to have distinct notions ; 
and that is, the existence of what is called centrifugal force. 
The explanation is applicable, not only to the motion of a 
body constrained to move upon a curve line or curve surface, 
but also to that of a body describing any path not rectilinear 
under the action of any forces. 

When a body, acted upon by any force, moves in the 
direction in which that force acts, it has a tendency at each 
moment to proceed only with the velocity which it has at 
that moment; this follows from the first law of motion, or 
is the consequence of the inertia of the body. But when 
a body, acted upon by any force, moves transversely to the 
direction -of the force, it has a tendency at each moment, 
not only to proceed with the velocity with which it is then 
animated, but also to continue to move in the direetion in 

18—2 
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which it is moving at the instant in question; this also is 
a consequence of the first law of motion. The motion there- 
fore may be conceived of as though the body were under 
the action of a force, always tending to make the body 
leave the path which it actually describes ; the force which 
measures this tendency, is called the centrifugal force, a name 
liable to much objection, because there is in fact no force 
acting on the body to draw it out of its path, the tendency 
to leave that path being the result of its own motion only. 

Hence if we conceive the forces, acting on a body which 
describes a plane curve, to be resolved into two, one in the 
direction of the tangent, the other in the direction of the 
normal, we may say that the former portion is expended in 
accelerating or retarding the body’s motion, the latter in 
changing its direction, or (in other words) in counteracting 
the centrifugal force. And if the body be constrained to 
move on a curve, the normal portion will be employed in 
counteracting the centrifugal force, and also in producing 
pressure on the curve. Therefore, when a heavy particle 
moves upon a curve in a vertical plane, the pressure on the 
curve is not the resolved part of the weight in the direction 
of the normal, as would be the case if the particle were at 
rest, but is greater or less than that resolved part according 
as the centrifugal force tends to increase or diuiinish the 
pressure. 


ON THE COLLISION OR IMPACT OF BODIES. 

47. In investigating the circumstances of motion which 
attend the collision of bodies, there are two cases for us to 
consider; (l) that of inelastic bodies, (2) that of elastic. 
We must define the meaning of these terms. 

We have already, when speaking of impulsive force, de- 
scribed the nature of the action which takes place when two 
elastic bodies impinge upon each other; now if when two 
bodies impinge upon each other, after the compression of 
their figures due to the impact has ceased, a force of resti- 
tution of figure comes into operation, the bodies are called 
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elastic^ but if there is no such force, then they are called 
inelastic. To take examples, ivory and glass are highly 
elastic substances, a lump of putty or clay is perhaps as free 
from elasticity as any substance. 

Let us consider the impact of inelastic bodies. 


48. Two inelastic balls^ moving in the same direction but 
with different velocities^ impinge upon each other ; to determine 
the motion after impact. 

Let AT ' be the masses of ^ 

the two balls, V F' their velo- 
cities before impact. 

When the bodies impinge, 
there will be an impulsive 
pressure between them, which 
we will call R, and the value 
of which it must be our busi- 
ness to find. This pressure 
will of course be equal in magnitude and opposite in its direc- 
tion upon the two balls, i. e. accelerating one and retarding 
the other. 

The momentum of the ball M before impact is MV, 
therefore its momentum after impact is MV ^ B, and there- 
fore its velocity F - — • 

M 

Similarly, the velocity of the ball M' after impact is 



r + 


R 

M'- 


But since, by the hypothesis of inelasticity, there is no 
force after impact to separate the balls, they will proceed 
with a common velocity; 


M ^ M'* 


MM 

M^M' 


{V-V), 
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and the common velocity 


= V- 


3r 


M+3I‘ 


7(v- n 


MV + M'r' 


If the balls are moving in opposite directions, we have 
only to write - V* instead of V. 

Cob. If we call v the velocity after impact, we have 

• Mv + M'v^ MV-i- M'V'; . 

that is to say, the sum of the momenta of the balls is the 
t same after impact as before it. 

This result might have been concluded at once from 
general reasoning. For when one body impinges upon 
another, it can only lose momentum by generating momen- 
tum equal to that which it loses ; this follows from the third 
Law of Motion ; and hence it is evident that Jio momentum 
can be lost by the impact. And this reasoning applies not 
only to inelastic bodies, but to elastic, because whatever be 
the nature of the dynamical action no momentum can be lost 
by one body without generating an equal amount in the 
other. 

The same thing will hold of any number of balls, moving 
in any directions : that is, if M, M*,.. be the masses of any 
number of balls, V, V... their velocities before impact, 
V, V, ... after impact, we must have, 

Mv + M'v + ... = MV + M'V + ... 


49. "VVe can now proceed to ttie problem of Elastic 
bodies. We may consider the impact as consisting of 
two parts, viz. during the compression of the bodies, and 
during the restitution of their forms: as long as compres- 
sion continues, the problem is precisely the same as if the 
bodies were inelastic, and if we call the impulsive pressure 
between them during compression R, the value of R will 
be that already found on the supposition of the bodies being 
inelastic ; for, though the bodies do not, for any sensible 
time after impaet, move with the same velocity, yet during 
that very short time in which the compression takes place 
they do so; hence the force of cornpressimi is already de- 
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termined. When the restitution of form takes place, a new 
force is brought into tiction, which we shall distinguish as 
the force of restitution, and shall call JB'; to determine R* 
we must have recourse to experiment, and it is found that the 
ratio of J?' to R is independent of the velocity of the bodies, 
and dependent only on the nature of the substances of which 
they are composed. So that, if we make R' ^ eR, we may 
consider 6 to be a known quantity, since in any given exam- 
ple, if the substance of the bodies is given, the* value of e may 
be found from experiment, or by reference to tables of elas- 
ticity. The quantity e is called the modulus of elasticity ; it is ^ 
always some quantity less than 1 ; the limiting case of e 
being actually = 1 is that of perfect elasticity, but there is no 
such case in nature. 


50. Two elastic balls moving in the same direction, but 
with different velocities, impinge upon one another ; to find the 
velocities after impact 

Let MM* be the masses of the bodies. 

VV^ their velocities before impact. 

vv after 


RR! the forces of compression and restitution respec- 
tively, so that the whole impulsive force between the balls 
= J? + ^ (1 + e), where e is the modulus of elasticity. 


We may find R on the supposition of the bodies being 
inelastic ; hence by our previous investigation, (Art. 48 ) 


'M+3I' 




If the balls are moving in opposite directions we must change 
the sign of V', as in Art. 48 . ^ 
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Cor. We have, by subtraction, 

v-v^V- V'-(l + e)(V- T), 

« _ e(V-V'). 

If we suppose V to be greater than V*, and that after the 
impact the ball ilT is driven on by M in the direction in 
which it was moving before impact, y will be greater than v, 
and we may write the preceding equation thus, 

V — V 


Now V—V is the relative velocity of the balls before 
impact, that is, the rate at which they approach each other, 
and v'-v is the relative velocity after impact, or the rate at 
which they separate ; hence the preceding formula may be 
expressed by saying, that the ratio of the relative velocities 
before and after impact is a quantity depending only on the 
nature of the substances of which the balls arc composed. 
This is a law which may be easily made the subject of direct 
observation, and from it conversely may be deduced the law 
'which has been enunciated in Art. 49, and which has been 
made the basis of our investigations. 

For we have 


V 


V- 


H +JI’ 

M ■’ 


F'- 


R+l^ 


but by experiment. 


v-v'=-e(V- V'), 

... -e(r-V') = (V-V')-(R + jr) 


M+M' 
MAT ' 


MM 

or 7? + i?'=(,+e)-^^,(F-F'), 
, , _ MAI' , „ 

^ MM* , „ 
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51. * An elastic ball impinges directly upon a fixed plane ; to 
find the velocity after impact. 

Let V be ball’s velocity before impact, 

V after 

R B! the forces of compression and restitution, 
e the modulus of elasticity. 

Then, to find R, we suppose the body inelastic ; but in this 
case there would be no velocity after impact, since the plane 
is fixed; 

.*. r-^ = o, or R = MV-, 

M 

R + R:^{l + e)MV, 
andw = r-(l+e) V^-eV. 

Hence the ball’s velocity will be diminished in the ratio 
of 1 : e. The negative sign indicates that the motion after 
impact must be in the opposite direction to that before impact, . 
which must manifestly be the case. 

• 

52. By oblique impact we intend to express those cases 
of impact, in which the direction of the velocity does not 
coincide .with the direction of the mutual impulsive pressure. 

53. A body impinges upon a fixed plane^ in the direction of 
a line making a given angle with the normal to the plane ; to de- 
termine the motion after impact. 

Let V be the velocity before impact, a the angle which 
its direction makes with the normal to the plane : v, 9 simi- 
lar quantities after impact. The rest of the notation as 
before. 

We may suppose the velocity V to be resolved into two 
velocities, one parallel to the plane (Fsina), the other per- 
pendicular to it ( F cos a) ; the former will not be altered by 
the impact, the latter may be treated as in the case of direct 
impact, and will therefore be diminished in the ratio of 1 : e. 
The resolved parts of the velocity after imgact, parallel and 
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perpendicular to tlie plane, are wsin0, and vcoa0 respec- 
tively; hence we shall have, 

«; sin 0 = F sin a, 

V cos 9= - eV cos a ; 

cot 0 = - e cot a, 
and i;®= F®(sin*o + ^cos*o), 
which equations determine 9 and v. 

It may be observed that this investigation is applicable to 
the case of impact on any surface, by substituting for the 
plane on which the impact has been supposed to take place 
the plane which touches the surface at the point of impact. 

Cor. If the elasticity be perfect, or e = 1, we shall have 
cot 9 = - cot a, 
or 0 = - o, 
and V® « r®, 

% 

or V -V. 

The interpretation of these results is, that the ball will 
rebound from the plane with a velocity equal to that of 
incidence, and in a direction making an angle with the normal 
equal to the angle of incidence, but on the opposite side of 
the normal. 

54, The more general case of the oblique impact of two 
balls may be solved in like manner by resolving the velocity 
of each ball into two, namely, one in the direction of the 
mutual impulsive pressure, and the other in the direction at 
right angles to it ; then the latter portions of the velocities 
will not be affected by the impact, and the former will be 
modified exactly in the same way as if the impact had been 
direct. 

We shall subjoin a few examples of impact. 

Ex. 1. A perfectly elastic hall impinges directly upon 
another^ and this upon a third ; compare the velocity communi- 
cated to the third, ivith that which would have been communi- 
cated if the first had impinged upon it. 
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♦ Let M M' M" be the masses of the balls, V the velocity 
of M before impact. 

Let R be the force of compression, then we should, find, 
by an investigation such as that in Art. 48, that^ 

MM' 

R s> V- 

" M + M' ’ 

.*. the velocity of M' after impact 

zR zM ,, 

In like manner, the velocity communicated to M" 

ZM' ZM 

“ M' -ir M"‘ M+ M'^' 

, But the velocity, which would have been communicated, if 
M had impinged upon M", 


ZM 


. M + M" 


the ratio required is 


iV-, 


zM^M+M") 


{M + M") {M+ M') ' 


Ex. 2. In the direct impact of perfectly elastic bodies, the 
sum of the masses of the bodies multiplied each by the square Xf 
its velocity is the same before and after impact. 

Let MM be the masses of the bodies, V V their respective 
velocities before, and'‘v v after, impact. 


Then, we have seen (Art. 50), that 


V 



zM' 
11+ M' 


(F- n 


r+ 


zM 


M+M' 


(V- n 


since c = l : 
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v-v = v- r-2(F- r) 

--(v-n 

or v+ V^v'+V' (1). 

Again, 

Mv + ATv' = MV + M' V, 
or M(v - F) = - M'ii/ - V') (2). 

Multiplying together (1) and (2), we have 
M(v^ - F*) = _ M' {v* - V% 
or, Mv^ + Mv* - MV* + M F'*. 

The mass of a body multiplied by the square of its velocity 
is called its Vis Viva ; hence it appears, that when the elas- 
ticity is perfect, the sum of the Vis Viva of tw’o impinging 
bodies is not altered by impact. 


Ex. 3 . In the collision of imperfectly elastic bodies, 
Viva is lost by the impact. 

In this case we have 


V = F — (l + (?) 
®'= F'+(l +e) 


AI^M 
M 


,{V- 


M+M 


.i.V- 


v'y. 


.-. Mv + M'v=MV^-Mr\ 


Vis 


also v-v^ V- r- (1 +c)(F- r) = -e(F- F'); 

{Mv + MV)* = (MF + M ry, 

and MM' {v - vj = MM'^{ V - VJ 

= MM' ( F - F')* - (1 - c*) MM' ( F - F')*; 
.-. by addition, (A/+M') {M^ + M'v'*) * (M+M') (MF*+M' F'*) 

-0 -e*)MM'(F- F')*, 
MM 

or Mt;* + M'v'* = MF* + M'F*-(l-e*)— -j^,(F- Vfi 
which proves the proposition, since e is less than 1. 
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Ex. 4, An elastic ball falls from a given height upon a 
given inclined plane ; to find the latus rectum of the parabola 
described after the rebound. 

Let /3 be the angle 
of the plane : A the 
point from which the 
body falls; P the point 
of impact, AP—h. Let 
PN be normal to the 
plane, PB horizontal, 
and PM the direction 
in which the ball goes 
off after impact, 

BPM=d. 

Then the velocity with which the body reaches P = \/ 2^ A, 
and the angle APN = /3, hence if V be the velocity with which 
the ball leaves the plane, 

^9, gh (sin® /3 + 6® cos® /3). (Art. 53.) 

Again, NPM- 9QP- (i + 6, hence we have, (by the same 
article,) 

tan ()3 - 6) ■= e cot jS. 



The latus rectum of the parabola described 


2 r® 


cos® 9. 


ff 


And we have 

tan /3 - tan 9 
1 + tan /3 tan 9 


(Art. 41.) 

e 

tanj3 ' 


tan® /3 - tan 9 tan = <» + e tan tan 9 ; 


tan0 = 


tan®/3 -js 
tan /8 (1 + e) ’ 


A ^ tan»^(l+e)* 

an cos ^ ^ ^ ^ ^ j + e)® + (tan® /3 - c)® 

_ tan®/3(i + e)® ^ ^ (i + ef , 

” see® /3 (tan* /3 + e*) " tan* + e® ’ 
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COS® 0 - 4/i (sin^ /3 + e® cos® 3) sin® 3 
g '^tan^p + e® 

= 4 A sin® /3 cos® /3 (1 + e)® 

= h sin® 2/3 (l + c)®. 


Ex. 5. To determine the motimi of the centre of gravity 
of two elastic halls after direct impact. 

At the time t^ let x, x^, be the distances of the two balls 
and of their centre of gravity respectively from any fixed point 
in the direction of m6tion. The rest of the notation as before. 
Then, by Art. 43, page 226, 

^ ^ Mx + il/V Mv + ATv ^ 

" ~M+W~ ” ~M+ 

MV + MV 

Hence the centre of gravity will move with the uniform 
MV+M'V' 

velocity — — ^ — , or with the velocity which it had be- 
fore impact. If the motion be such that the centre of 
gravity is at rest before impact, then it will be at rest after 
impact. 

The same method of demonstration may be applied to the 
collision of any number of balls. 


Ex. 6. A perfectly elastic ball M impinges directly upon 
another M! and this upon a third M", to find the relation between 
the masses of the halls in order that the velocity communicated to 
the last may he the greatest possible. 


In Ex. 1, we have already found the expression for the 
velocity communicated to M". namely V, 

where V is the velocity of M. It will be necessary there- 
fore to make ^ ^ possible, or 
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{M'+ M") (M+ M') 
Min' 


as small as possible. This we shall do 


by the method given in the note on page 46. 


Let 


X = 


(M ' + M") (M + M’) 


MM’ 

.-. M'^ + iM + M") M' + MM" = xMM', 

M’'- (M* —J'. 






The smallest value that x can have is that which makes 
(Mx -M- M"f = 4>MM", 
or M'^s/mM’', 

that is, the mass of the middle ball must be a mean pro- 
portional between the masses of the first and third. 
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INTRODUCTORY REMARKS. 

1. It may perhaps assist the student towards the right 
understanding of those extracts from Newton’s Principia 
which follow, if we preface them with a few remarks respect- 
ing their general purpose. 

2. The ordinary processes of geometry and trigonometry 
are sufficient for the mensuration, and for the discussion of 
the properties, of straight lines and figures bounded by 
straight lines ; but these methods fail when we come to 
the. consideration of curve lines and figures bounded by 
curves. We require then some method, which shall enable 
us to extend our calculations to this more difficult case, and 
such a method is propounded and developed by Newton : he 
considers that although a figure inclosed by a curve line is 
not a polygon, yet a polygon may be made to approach as 
ne.ar as we please to such a figure by increasing the number 
and diminishing the length of its sides; according to a common 
phraseology, a figure inclosed by a curve line may be re- 
garded as the limit of a polygon, and thus we are enabled 
to extend to the former propositions proved concerning 
the latter. 

We have already, in fact, anticipated this view in one 
simple case, namely, in determining the area and circum- 
ference of a circle, (Trig. Art. 51 , page 135 ) ; for we deduced 
those expressions by observing the values to which the area 
and circumference of a regular polygon continually approx- 
mated, when the number of the sides was increased and their 
length diminished indefinitely. 

We also anticipated the principle, when we regarded the 
tangent of a curve as the line drawn through two points in 
the curve, when one of those points is made to move up 
indefinitely near to the other ; in other words, we regarded 

19—2 
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the tangent as the limiting position df the secant, when 
the points through which the secant is drawn coalesce. 
(Conics, page 145 ). 

3. Having used the term limits let us endeavour to define 
it strictly. 

Def. The limit of the value of a quantity is the vfflue to 
which the quantity continually approaches, (though it never 
reaches it,) when any element on which the quantity depends 
is indefinitely increased or diminished. 

The limiting position of a line would be similarly defined. 
Hence it appears, that we do not assert that a quantity ever 
is equal to its limit, but only that it continually approximates 
to it. Thus we do not say that a circle is a polygon, or a 
tangent a secant, but only that a polygon continually approx- 
imates to a circle as the number of its sides is increased 
and their length diminished, and that a secant continually 
approaches to a tangent as the points of section approach 
each other. 

4. The difficulty, which we have pointed out as existing 
in the application of mathematics to Geometry, exists also 
in the application of them to Mechanics. Thus we have 
seen, that in our treatise on Dynamics we. were restricted 
to the consideration of uniform force, because we had no 
calculus which enabled us to treat of force varying from one 
moment to another. We may however consider, that if we 
suppose the case of a number of impulses, and suppose these 
impulses to be indefinite in number but also indefinitely 
small in intensity, we shall have a hypothetical system of 
impulses approximating as near as we please to the character 
of continuous varying force; in other words, a continuous 
varying force may be regarded as the limit of a system of 
impulses. 

5. The method of calculation, which Newton has founded 
on this idea of a limit, and which he has developed in the 
first section of his Principia, he calls ‘‘ The method of prime 
and ultimate ratios.” The propriety of the name will be seen 
by considering an example. 
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Le*t us suppose PQ to be a portion of a 
curve, PTthe tangent to it at P, TQ per- 
pendicular tQ PT: then we may consider the 
curve PQ to be traced out by a point, moving 
according to some given law, andPTto be traced out by 
a point, which moves in the direction in which the former 
point "was- moving at JP. Now it will be proved, that the 
limit of the ratio of the lines PT and PQ, when TQ is 
drawn indefinitely near to JP, is one of equality ; hence, if we 
regard PQ and PT as described by two points beginning 
to move from P, we may speak of their nascent state, and 
say that their prime ratio (that is, the ratio which they 
have at first,) is one of equality ; or, on the other hand, we 
may suppose PQ and PT to be continually diminished by 
the approach of TQ to P, and then we may speak of their 
vanishing state and say, that their ultimate ratio is one of 
equality. Prime and ultimate therefore are, in general, ex- 
pressions for the same thing, contemplated from two different 
points of view. 

6. It may be well to observe, that when Newton speaks 
of two quantities being ultimately equal, he does not mean 
that they ever are really equal, but that they are tending to 
the same limit; thus, to take an algebraical illustration, 
according to Newton’s phrase, a + and a + are ultimately 
equal when .r is indefinitely diminished, because both tend to 
the same limit, viz. the quantity a. 

And, in like manner, in, the example adduced in the 
preceding article, Newton would speak of PT and PQ being 
ultimately equal ; not ’asserting thereby that those lines are 
ever really equaij^but only that they constantly tend to 
equality, and that the difference between their ratio and 
unity diminishes indefinitely as the line TQ approaches P. 

In the Scholium at the conclusion of the first section 
Newton himself considers some of the objections which may 
be raised against his method. 

Note. In the following version of the three sections, 
some demonstrations and propositions have been introduced 
which are not found in the Principia : all such interpolations 
are marked by being inclosed in parentheses. 




SECTION I. 

ON THE METHOD OP PRIME AND ULTIMATE RATIOS. 


Lemma L 

Quantities and the ratios of quantities which tend constantly 
to equality^ and may be made to approximate to each other by 
less than any assignable difference^ become ultimately equal. 

For if not, let them become ultimately unequal, and their 
difference be ultimately D. Therefore they cannot approxi- 
mate to each other by less than the difference jD, and this is 
contrary to the hypothesis, which is, that they may approxi- 
mate by less than any assignable difference. Wherefore they 
do not become ultimately unequal, that is, they become ulti- 
mately equal, q.e.d. 


Lemma II. 

If in any figure AaE, bounded by the straight lines A a, 
AE and the curve acE, there be inscribed any number of paral- 
lelograms Ab, 13c, Cd on equal bases A 15, BC, CD 

and sides Bb, Cc parallel to the side of the figure A a, and 

the parallelograms aKbl, bLcra, cMdn be completed: 

theUy if the breadth of these parallelograms be diminished and 
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their number increased indefinitely^ the ultimate ratios of the 

inscribed figure AKbLcM the circumscribed figure 

AalbmcndoE, and the curvilinear figure AabcdE, will be 
ratios of equality. 

For the difference of the inscribed and circumscribed 

figures is the sum of the parallelograms KU Lm^ Mn, Do 

that is, (since the bases are all equal) the parallelogram JalB. 
But this parallelogram, by diminishing its breadth indefi- 
nitely, may be made less than any assignable quantity. 
Therefore, by Lemma I., the inscribed and circumscribed 
figures, and a fortiori the curvilinear figure which is inter- 
mediate to the two, become ultimately equal. q.e.d. 

Lemma III. 

The same ultimate ratios are also ratios of equality y when 

the breadths of the parallelograms AB, BC, CD, are 

unequal, and all are diminished indefinitely. 



For let AF be equal to the greatest breadth, and complete 
the parallelogram AafF, Then this parallelogram will be 
greater than the difference between the inscribed and cir- 
cumscribed figures; but, when its breadth is diminished 
indefinitely, it will become less than any assignable quantity, 
and therefore a fortiori the difference between the inscribed 
and circumscribed figures will be less than any assignable 
quantity. Hence, as in the preceding Lemma, the ultimate 
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ratios of the inscribed, the circumscribed, and the curviKnear 
figure, will be ratios of equality. o.e.d. 

Cor. 1. Hence the ultimate sum of the evanescent paral- 
lelograms coincides with the curvilinear figure. 

Cor. 2. And a fortiori the rectilinear figure, which is 
included by the chords of the evanescent arcs ab, be, cd, &c. 
coincides ultimately with the curvilinear figure. 

CoR. 3. As in like manner does the circumscribed figure 
which is included by the tangents of the same arcs. 

Cqr. 4. And the perimeters of these ultimate figures 
are not rectilinear, but the curvilinear limits of rectilinear 
perimeters. 


Lemma IV. 

If in two fgures AacE, PprT, are inscribed two series 
of parallelograms, (as in the preceding Lemmas,) the number in 
the two series being the same, and if when the breadths of the 
parallelograms are diminished and their number increased indefi^ 
nitely, the ultimate ratios of the parallelograms in one figure to 
those in the other each to each are all the same ; then are the 
figures AacE, PprT in that same ratio. 


a 




For as the parallelograms are each to each, so (compo^ 
nendo) is the sum of all in one figure to the sum of all in the 
other, and therefore the figure AacE to the figure PprT\ 
for by the preceding Lemma, the ultimate ratio of these 
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figures to the series of inscribed parallelograms is a ratio of 
equality.* q.e.d. 

Cor. Hence if two quantities of any kind be divided 
into the same number of parts ; and those parts, when the 
number of them is increased and their magnitude diminished 
indefinitely, have a given ratio, namely, the first to the first, 
the second to the second, and so on, the whole quantities will 
be to each other in that same given ratio. For if in the 
iigures of this Lemma the parallelograms be taken having the 
same ratio to each other as the parts, the sums of the parts 
will always be as the sums of the parallelograms ; and there- 
fore, when the number of the parts and parallelograms are 
increased and their magnitude diminished indefinitely, they 
will be in the ultimate ratio of parallelogram to parallel- 
ogram, that is, (by hypothesis) in the ultimate ratio of part 
to part. 

[Def. One curvilinear figure is said to be similar to 
another, when any rectilinear figure being inscribed in the 
first, a similar rectilinear figure may be inscribed in the other. 

In other words, similar curvilinear figures are the limits 
of similar rectilinear figures, the sides of which have been 
indefinitely increased in number and diminished in length.] 

* [By means of this Lemma we may find the area of an ellipse. 


1 > 



Por if ABa be the ellipse, AD a the auxiliary circle, anil we describe in these a series 
of parallelograms on equal bases, such as PP'N'Ny QQ'iV'JV, these parallelograms 
are to each other as PN : or as BC : AC, (Conics, Prop, vi, p, 161.) 

Therefore 

area of ellipse : area of circle :: BC : AC^ 


BC 

or, area of ellipse = .nr AC^ 
A C 


= irAC.BC,] 



298 


NEWTON. 


Lemma V. 

The lumologms sides of similar curvilinear figures are pro- 
portional, and their areas are in the duplicate ratio of the 
sides’'^. 


A 



[Let AED, aed be two similar curvilinear figures, of which 
the sides AE, ED, AD are homologous to ae, ed, ad, respec- 
tively ; then, by definition, if ABODE be a polygon inscribed 
in one, a similar polygon abode maybe inscribed in the other. 

Join EB, EC.... eh, ec...., dividing the polygons into the 
same number of similar triangles ; 

AB : ab AE : ae, 

similarly BC : be :: BE : be :: AE : ae, 

CD : cd :: AE : ae, 

.*. componendo, 

AB + BC + CD + ... ; ah -^-bc + ed... :: AE : ae. 

Now this, being always true, will be true when the number 
of sides is increased and their lengths diminished indefinitely ; 
but, in this case, the rectilinear figure ABCD ... becomes ulti- 
mately equal to the curve line AD, and abed ... to od ; 

AD i ad :: AE : ae :: ED : ed. 

* [Newton gives this Lemma without any demonstration ; that given in the text is in 
fact mei-ely an expansion of the assertion that similar curvilinear polygons are the limits 
of similar rectilinear polygons, and the mind which has grasped the principle that what is 
tine of two polygons is necessarily true of the limits of those polygons, will at once receive 
the Lemma, as Newton has given it, without formal demonstration.] 
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Again, 

polygon EABCD : polygon eahod :: AE* : ae*, 

and this being always true will be true in the limit as before ; 
therefore, (Lemma HI. Cor. 2.) 

curvil'. figure AED : curvil'. figure aed :: AE"- ; a e* 

:: AZ)* : ad* 
:: ED^ : ed* 


Q.B.D. 

CoR. If AED, aed, are similar figures, and EC, ee equally 
inclined to ED, ed, then EC : ee :: ED : ed.] 

[A curve may be conceived as being traced by a moving 
point, the direction of the motion of which is continually 
changing. 

The tangent at any point of a curve, thus considered, is 
the straight line, in which th6 generating point would move, 
if instead of changing the direction of its motion it moved on 
in the direction which it had at the given point. 

A curve is said to be one of continued curvature, when the 
change of direction is not abrupt, but gradual; that is, if 
ACB (fig. Lemma VI.) be an arc of continued curvature, AD 
a tangent at A, and BT a. tangent at B, then as the point B 
moves to A the angle BTD which determines the direction 
of its motion diminishes, not abruptly, but gradually, and 
ultimately vanishes.] 


Lemma VI. 

any are of continued curvature ACB he subtended by the 
chord AB, and have the tangent ATD at A ; then if the point B 
move up to A, the angle BAD wiU diminish indefinitely and 
ultimately vanish*. 

[Draw the tangent BT at B’, then, since the curvature is 
continued, the angle BTD continually diminishes as B ap- 

• [It will be easily seen, that the mode of viewing the tangent to a curve, which has 
been here adopted, coincides with that according to which the tangent is considered as the 
limiting position of the secant, (see page 145); for, since the angle BAD ultimately 
vanishes, the secant AB ultimately coincides with the tangent AD,'\ 
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proaches A, and ultimately vanishes ; therefore a fortiori the 
angle BAT, which is less than BTD, continually diminishes 
and ultimately vanishes^. q.e.d. 

Cor. Similar conterminous arcs, ivhich have their chords 
coincident, have a common tangent. 


Let the similar conterminous arcs APB, Apb, have their 
chords AB, Ab coincident, and let APp, AQq he any other 
coincident chords ; then since the curves are similar, 

AQ : Aq :: AB : Ab :: AP : Ap. 

Hence the arcs AQP, Aqp are similar, and therefore, if P 
move up to A, the arcs AP, Ap being always similar will 
vanish together, and the chord APp in its ultimate position 
will be a tangent to both. 

* [Newton's demonstration of this lienima is as follows : 

Nam si angulus ille non evanescit, continebit arcus ACB cum tangcntc AD angu- 
lum rectilineo cqualem, et propterea curvatura ad punctum A non erit continua ; contra 
hypothcsin. 

The demonstration given in the text differs from the above chiefly in exhibiting more 
simply and clearly the idea of continuity/: if the curvature of a curve at any point is 
continued, then the angle between the tangents at two points indefinitely near together is 
itself indeffnitcly small ; but if in its ultimate position the line AB, which will then be 
coincident in direction with AD, makes with the arc ACB a ffnite angle, then it must 
follow that there is a finite angle between the tangents at two points indefinitely near to- 
gether, that is, there is a discontinuity of the curvature.] 
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Def. The subtense of an arc is a straight line, drawn 
from one extremity of the arc to meet, at a finite angle, the 
tangent to the arc at its other extremity. 

• 

Obs. The following three Lemmas involve a common 
principle, which it may be well to endeavour to explain. The 
purpose of each Lemma is to discover the ultimate value of 
a ratio, both terms of which become in the limit evanescent, 
and the difficulty consists in determining this value geometri- 
cally. The artifice made use of by Newton, is this ; he 
substitutes for the ratio, the ultimate value of which is to be 
determined, another ratio, which is such, that it is always 
equal to the given ratio, but yet that its terras become 
finite and not evanescent in the limit ; the difficulty therefore, 
just now alluded to, do( nof enter into the determination of 
the ultimate value of this ^.ubsidiary ratio, which being found, 
the ultimate value of the given ratio is also known, being 
equal to it.] 


Lemma VII. 

If BD he a subtense of the arc ACB of continued cur- 
vature, and B move up to A, then will the idtimate ratio of 
the arc ACB, the chord AB, and the tangent AD be a ratio of 
equality. 



Let AD be produced to some fixed* point d, and as B 
moves up to A, suppose db always drawn through d parallel 
to DB to meet AB produced in b. Also on A b suppose an 
arc A cb to be described always similar to the arc ACB, and 
having therefore ADd for its tangent. 

* [For simplicity's sake the point d is spoken of as a fixed point, but this condition is 
not necessary to the proof : the only necessary condition is, that Ad should always be 
finite. A similar observation applies to the next two Lemmas.] 
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Then, by similar figures, we shall always have, 

AB : ACB : AD :: Ah : Ach : Ad\ 

and* since this proportion is always true, it is true in the 
limit when B has moved up to A. 

But, in this case, the angle hAd vanishes, and therefore 
the point 6 coincides with d, and the lines Ah, Ad, and there- 
fore Ach which lies between them, are equal. 

Hence also the arc ACB, the chord AB, and the tangent 
AD, whieh are always in the same proportion as Ach, Ah, and 
Ad, are idtimately equal q.£.d. 


Cor. 1. Whence if through 
B, BF be drawn parallel to the 
tangent, cutting any straight 
line always passing through 
A, this line BF will ultimately have a ratio of equality to the 
evanescent arc ACB, because if we complete the parallelogram 
AFBD it has always a ratio of equality to AD, 



CoR, 2. And if through B and A any number of straight 
lines BF, BD, AF, AG, be drawn, cutting the tangent AD 
and the line BF which is parallel to it; the ultimate ratio of 
the lines AD, AE, BF, BG, and the chord and arc AB will be 
a ratio of equality. 


Cor. 3. Hence in all reasonings concerning ultimate 
ratios, the arc, chord, and tangent may be used indifferently 
one for another. 

• [Hence it maybe concluded, that if we use the drcular measure (see Trigonometry, 
page 140, Art. 64) of an angle 0, then the numerical values of 0, sin 0, tan 0, and chd 0 
are ultimately the same. 

For, if we consider ACB to be an arc of a circle, we have at once, from the Lemma, 
chd 0 = 0 ultimately ; 

0 0 

.*. sin ^ or sin 0=0, 

and tan 0 = = 0, since cos 0 = 1 ultimately. 

Hence, when 0 is very smaU, 0, sin 0, tan 0, and chd 0 may, for all practical purposes, 
be used indiscriminately. ] 
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Lemma VIII. . 

If two straight lines AH, BR, make with the arc ACB the 
chord AB, and the tamgent AD, the three triangles BAB, BACB, 
RAD ; then when the point B moves up to A, the three triangles 
will he ultimately similar and equal. 





Let AD be produced to some fixed point d, and as B 
moves up to suppose dbr always drawn through d parallel 
to DBR to meet AB produced in h, and AR produced in r. 
Also, on Ah suppose an arc Acb to be described always 
similar to the arc ACB, and having therefore ADd for its 
tangent. 

Then, by similar figures, we shall always have, 

RAB : RACB : RAD :: rAb : rAcb : rAd. 

And since this proportion is always true, it is true in the limit 
when B has moved up to A. 

But, in this 'case, the angle bAd vanishes, and therefore 
the point b coincides with d, and Ab with Ad; and the tri- 
angles rAb, rAd, and therefore rAcb which is intermediate to 
them, are similar and equal. 

Hence also, the triangles RAB, RACB, RAD which are 
always similar to, and in the same proportion as rAb, rAcb,' 
rAd, are ultimately similar and equal. q.e.d. 

Cor. Hence in all reasonings concerning ultimate ratios, 
the three triangles aforesaid may be used indifierently for one 
another. 
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Lemma IX. 

If the straight line AE and curve ABC, given in position,, 
cut each other in a finite angle at A, and the lines BD, CE be 
drawm, meeting the line AE in any other finite angle, and the 
curve in B and C ; then, if the points B and C move up to A, 
the curvilinear triangles ABD, ACE will be ultimately in the 
duplicate ratio of their sides. 

Let AE be produced to some fixed point and take Ad 
such that ' 

Ad : Ae :: AD : AE. 

Draw db, ec parallel to DB, EC, to meet AB, AC pro- 
duced in b and c. On A c describe an arc of a curve similar 
to ABC, which will pass through b, because by similar figures 

Ab : Ac :: AB : AC. 



As the points B, C move up to A, suppose the curve Abe to 
change its form so as to be always similar to the curve ABC’, 
then the area ABD will always be similar to Abd, and ACE 
to Ace; hence 

area. ABD : area Abd :: AD^ : Ad^, 
and area ACE : area Ace :: AE ? : A^; 
but AD? : AE? Ad? : Ad; 

.’. area ABD : area ACE :: area Abd : area Ace, 

and this, being true always, will be true ultimately when B 
and C have moved up to A. 

But, in this case, if AFGfg be the common tangent to the 


METHOD OF PRIME AND ULTIMATE RATIOS. 


305 


two afcs at the angles bAf^ cAg will vanish, and the 
areas Abd^ Ace will be ultimately the areas Afd, Age; 
but 

area Afd : area Age :: Ad^ : A^, 

:: AD^ : AE^ ; 


also, ultimately, 


area ABD : area ACE :: AD^ : AE?. 


Q.E. D. 


Lemma X. 

The spaces, described from rest by a body under the action 
of any finite force, are in the beginning of the motion as the 
squares of the times in which they are described. 



Let time be represented by spaces set off along the line 
AK, and velocity generated by lines perpendicular to AK, 
And let the time be divided into a number of equal intervals 

AB, BC, CD, ; let Bb, Cc, Dd, be the velocities 

acquired in the times AB, AC, AD ; and complete the 

parallelograms ^ 6 , Be, Cd,..,,. 

Suppose the force to act by impulses, which would cause 
the body to move during the times AB^ BC, CD, uni- 
formly, with the velocities Bb, Cc, Dd, respectively ; 

then the spaces described during the 1st, 2nd, 3rd inter- 
vals will be represented by the parallelograms Ah, Be, Cd, 

and the space described in any given time {AK) by the sum 
of such parallelograms. But, if we suppose the intervals of 
time indefinitely decreased in magnitude and increased in 
number, the series of impulses will constitute a continuous 
. 20 
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force, and the sum of the parallelograms will (by Lemma IL) 
be equal to the area AKh 

Hence, if a finite force act during any times AD and AK^ 
yve shall have, 

space in time AD : space in time AK :: area ADd : area AKk. 

Also the angle at which the curve A or the tangent A T, 
meets the line AK is finite, for since the force is finite the 
ratio Kk : AK is always finite, and therefore the ratio 
KT : AK (to which the ratio Kk : AK is ultimately equal) 
is finite. 

Hence, (by Lemma IX.) ultimately, 

area ADd : area AKk :: AJff : AK^\ 

that, is, in the beginning of the motion, the spaces described 
are proportional to the squares of the times of describing 
them* Q.E.D. 

[CoR. 1. Hence it is easily concluded that the errors of 
bodies describing similar parts of similar figures ingpropor- 
tionatc times, which are generated by forces applied in a 
similar manner to the various bodies, and which are measured 
by the distances of the bodies from those places in the simi- 
lar figures to which the same bodies would come in the same 
proportionate times without the action of those forces, are 
approximately as the squares of the times in which they are 
generated. ’ 


• [ The same mode of demonstration is applicable to the proposition already proved, 
(page 257, Art. 22), namely, that in the case of uniform finite force 


For, let time be represented by spaces 
Bet off along the line AK^ and velocity 
generated by lines perpendicular to it, as 
before. Then, since the velocity is pro- 
portional to the time in which it is gene. 

rated, the points 5, c, d will be in a 

straight line ; and the space described in 
the time AK will be represented by the 
triangle A Kky or by half the rectangle 
under and Kk; 
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Cor. 2. Also the errors which are generated by propor- 
tionate forces, similarly applied to similar parts of similar 
figures, are as the forces and the squares of the times con- 
jointly. 

Cor. 3. The same thing is true of the spaces which 
bodies describe under the action of different forces. These 
are in the beginning of the motion conjointly as the forces 
and the squares of the times. 

Cor. 4. And therefore in the beginning of the motion 
the forces are as the spaces described directly, and the 
squares of the times inversely. 

Cor. 5. And the squares of the times are as the spaces 
described directly, and the forces inversely. 

[If jF represent the force, S' the space, and Tthe time, we 
may deduce the three preceding corollaries as follows. 

Accelerating force is measured by the velocity which 
would be generated in a given time divided by the time, the 
force being supposed uniform throughout the time. (See 
Dynamics, page 249, Art. 14.) Now, if the force were to be 
uniform and of the same intensity as at J, the curve Jk would 
coincide with the tangent ^ T ; 

KT K1\AK triangle AKT 

• F ^ = 2 

• . AK AK^ 

. area AKk 

g 

= 2 limit — . 

And the effect produced by F upon the body is inde- 
pendent of any motion Avhich it may have when F begins to 
act upon it. Hence, if S be the space through which a force 
F draws a body, in the time T, from the position which it 

g 

would have occupied if F had not acted, F =2 limit ~ .] 


20—2 
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SCHOLIUM. 

If quantities of different kinds be compared one with 
another, and any one of them be said to be directly or in- 
versely as another; the meaning is, that the former is in- 
creased or diminished in the same ratio as the latter or as its 
reciprocal. And if any one of them be said to be as any other 
two or more directly or inversely ; the meaning is, that the 
first is increased or diminished in the ratio which is com- 
pounded of the ratios in which the others or their reciprocals 
are increased or diminished. As for instance, if A should be 
said to be as £ directly and C directly and D inversely ; the 
meaning is, that ^ is increased or diminished in the same ratio as 
1 BC 

By. ^ is, that A and are to each other in the 

given ratio. 


CDIGRESSION CONCERNING THE CURVATURE OP 
CURVE LINEa 

1. On measure of the curvature of a curve at any 
point. 



Let PQ, Pq be two curves having the same tangent at P, 
then the curvatures of these two curves at the point P will be 
compared, by comparing the rate at which their deflection 
from the common tangent begins to take place. Draw the 
subtense TQq, and join PQ, Pq ; then if TQq were to move 
parallel to itself up to P, PQ, Pq would ultimately become 
tangents to the curves PQ, Pq respectively, and the ultimate 
value of the ratio of the angles TPQ, TPq will therefore 
measure the ratio of the curvatures of the curves at P. 
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curvature of PQ at P 
curvature of Pq at P 


' qPT sm qPT 


limit 


QT 

PQ 


sin PTQ 


Pq 


limit 


qT' 


2. Another, and perhaps a simpler, way of viewing this 
proposition is to consider, that if from any point T in the 
tangent we draw a perpendicular to meet the two curves in Q 
and q respectively, the deflections from the tangent will be 
measured by the distances of Q and. q front the tangent, that 
is, by Qr and q T, Hence the ratio of the deflections of the 
two curves from the tangent, in the immediate neighbourhood 
of P, will be measured by the ultimate value of the ratio 
QT 

— . We have supposed here that QT and qT are drawn 

perpendicular to the tangent, but the ratio will be the same 
in the limit at whatever angle they are drawn. 


3. The curvature of a circle is the same throughout and 
depends only on the radius, as we shall shew immediately; 
hence it is convenient to speak of th^ curvature of a curve 
at a proposed point, as being the same as that of a circle of 
given radius. 

( 

4. The curvatures of two circles are to each other in the 
inverse ratio of timr diamet&rs. 


P T 



Let PQV, Pqv be two circles having diajneters PV, Pv, 



310 


NEWTON, 


\ 


and a common tangent PT\ from any point T in the tangent 
draw TQq parallel to PF, and draw the ordinates QN^ qn. 


• curvature of PQF QP .^PN 

Then « limit— -= limit — 

curvature of Pqv qT Pn 


NQ^ 
iVF 

- ILL 


Pv 

PV^ 


6. Hence, if at any point of a curve we Jraw |i circle, 
having the same tangent and curvature as the curve has at 
that point, w^e may take the reciprocal of its diameter as the 
measure of the curvature of the curve at that point, and the 
curvature is said to be finite when the diameter of the circle 
is finite. 

This circle is called the circle of curvature* ^ and the radius, 


• A convenient mode of viewing the circle of curvature is to consider it as a circle 
drawn through three points in the curve which are indefinitely near together. 

Suppose PQR to be three points in a curve indefinitely near together, 
then we know, by Euclid, iv. 5, how to describe a circle about the triangle p 
PQU. Bisect PQ, QR in o, h; draw aO^ bO perpendicular to PQ \ 

and QR, to intersect in O, then will O be the centre of the circle of cur- \ / 

vature. , V 

It is easy to prove, if necessary, that the circle here defined is really identical O 

with the circle of curvature as defined in the text; for since the circle is 
described through the three points P, Q, R of the curve, the angle contained between the 
lines PQ, QR may be considered to be the angle between the arc and the tangent either 
in the circle or the curve, that is, the angle between the arc and the tangent is the same 
for the circle and the curve, in other words the curvature is the same. 

Also it is easy from this definition of the circle of curvature to deduce the expression 
for its radius. 

It may be observed concerning the circle of curvature, that it generally passes through 
the curve at the point of contact. For it is manifest that in leaving the point of contact 
the curve will pass within the circle or without it, according as its curvature becomes 
greater or less than that of the circle ; now in general the curvature of a curve is con- 
tinuously increasing or decreasing in passing from point to point, hence since at the point 
of contact the curvature of the curve is the same as that of the circle, it will be less in 
passing to a point on one side of the point of contact and greater on the other, that is, the 
curve will lie without the circle on one side, and within on the other. At points of a 
curve at which the curvature after increasing begins to decrease, or the reverse, the circle 
will be wholly within or wholly without the curve. For example, at the extremity of the 
major axis of an ellipse, the circle of curvature lies within the ellipse, at the extremity of 
the minor axis it lies without, and at other points it crosses the curve, and lies partly 
within and partly without* 
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diameter, and chord of the circle, are called respectively the 
radius, diameter, and chord of curvature. 

We shall now shew how to calculate the chord and radius 
of curvature of a curve, and apply the method to the Conic 
Sections. 

6. If PqV he the circle of curvature at any point P of 
a curve PQ, and PV a chord of the circle drawn in any given 
direction, then 



Let RQq be the subtense; join Pq, qV. Then the tri- 
angles PVq, PRq are evidently similar; 

... 

, , fRQ 

since, by hypothesis, limit — » 1. 

CoR. Hence, 


diameter of curvature = limit 


subtense perpendicular to tangent’ 


7. To find the chord of curvature through the focus, and 
the diameter of curvature, at any point of a parabola. 

Draw the tangent PT, QJl parallel to SP, QFQ parallel 
to PT, and PF parallel to the axis. And let SP, QQ' inter- 
sect in n, then Pn^PV. (Conics, Prop. ii. page 147.) 
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(Conics, Prop. ix. page 153.) 

To find the diameter of curvature, draw QR', SY, per- 
pendicular to the tangent : then. 


diameter of curvature 


limit 


R'Q 


limit 


PQ® 1 
RQ mi SPY 


4>SP SP> 
Bin SPY^ * SY 


8. To find the chord of curvature tlirmgh the centre^ the 
diameter of curvature, and the chord of curvature through the 
focus, at any point of an ellipse. 



Let C be the centre ; draw QR parallel to CP, QV to the 
tangent PT: then, chord through the centre 


. limit ^ = limit ^ = limit 


RQ 


PV 


CP^’ 


VQ 


(Conics, Prop, vm, page 16S.) 

Ciy 

= 2 — — , since VG =» 2 CP ultimately. 
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Draw PF perpendicular to CD, and QS^ to PT\ then, 

P<¥ . . -Pft® 1 

diameter of curvature = limit »• limit — 7 r i,„, 

R Q RQ sm QRR’ 


CIP 


CIP 


~ CP wa. PCD PF' 

Again, join SP cutting the coiyugate in Fj, and draw QR" 
parallel to it ; then, 

chord of curvature through the focus 
pep P0» 

= limit = limit ^ sin QW' 

CDP . CDP CDP 

(Conics, Prop. in. Cor. page 158.) 
9. The same for the hyperbola^ 



The investigations are the same as for the ellipse ; we shall 
however subjoin a figure. 

Obs. The three preceding propositions belong properly 
to the treatise on Conic Sections, but could not be introduced 
until the student was familiar with the principles of limits. 

10. The following proposition will be required in the 
succeeding Lemma. 
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If in the curve AB, AG, BG be drawn 
perpendicular to the tangent- AD and 
chord AB respectively; then, when B 
moves up to A, AG wiU be ultimately the 
diameter of curvature at A. 

Draw BD parallel ijo AG, then the 
triangles GAB, ABD are similar ; 


limit AG >= limit 




limit 


(arc ABf 


BD BD 

diam. of curvature.] 



Lemma XL 

In curves of finite curvature, the subtenses are ultimately in 
the ratio of the squares of the contermimus ares. 

Let AbB be the curve, having the cur- 
vature at A finite. 

Case 1. Let the subtenses bd, BD, be 
perpendicular to the tangent. Draw bg, 

BG perpendicular to the chords A b AB, and 
let them meet the normal at in g and G 
respectively. 

Then, when b and B move up to A, g 
and G will ultimately coincide with I the 
extremity of the diameter of curvature. 

By similar triangles, BAD, AGB, and 
bAd, Agb, 

AB» .. Ab^ 

BD^-jpf, bd = —^', 

AG Ag 

X. Ab 

BD bd :: — — : - . 

AG Ag 

AB* Ab* 

And, ultimately, BD : bd :: -jj- ; -jj, 



arc .if 5 1* arc jf6j’. 
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Case 2, Let the subtenses be inclined at. any given angle 
to the tangent. Draw bd\ BD\ perpendicular to the tangent ; 



then, by similar triangles, BDIJf ^ bdd\ 

BD : bd :: jBD' ; bd!\ 

but, ultimately, BD* : Id! :: arc : arc A 6]^ by Case 1 ; 

/. ultimately, BD : bd :: arc AB^ ; arc Ab^\ 

Case 3. Suppose the angle D not to be given, but let 

the lines BD, bd pass through a fixed point, or let B and b 
approach A according to any other fixed law. 

Then, since the angles D and d are formed according to a 
common law, they will continually approximate to each other 
as B and b approach A, and will be ultimately equal. Hence 
this case is reduced to the prece.ding, and the Lemma is there- 
fore still true. 

Con. 1. Hence when the tangents AD, Ad, the arcs 
AB, Ab,^xidi the sines BC, be become ultimately equal to 
the chords AB, Ab ; their squares will also ultimately be as 
the subtenses BD, bd. 

Cor. 2. The squares of the same lines are also ultimately^ 
as the squares of the sagittae^ of the arcs, which bisect the 
chords and converge to a given point. For those sagittse are 
as the subtenses BD, bd. 

Coil. 3. And therefore the sagitta is in the duplicate 
ratio of the time in which a body describes the arc with a 
given velocity. 

Cor. 4. The rectilinear triangles ADB, Adb are ulti- 
mately in the triplicate ratio of the sides AD, Ad, or as 
AD^ : Ad?, and in the sesquiplicate ratio of the sides DB, 

* [The sagitta of an arc is a line drawn from a point in the chord to a point in 
the arc.J • 
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dd, or as I?Bt : ddi; they being in the ratio compounded of 
the ratio of JJ) to Jd, and DB to db. So also the triangles 
ABC, Abe ore ultimately in the triplicate ratio of the sides 
BC, be. 

Cor. 5. And since DB, db, are ultimately parallel and in 
the duplicate ratio of AD to Ad; the curvilinear areas ADB, 
Adb will be ultimately (by the nature of the parabola'’^) equal ^ 
to two thirds of the rectilinear areas ADB, Adb', and the 
segments AB, A b wdl be the third parts of the same triangles. 
And hence these areas and these segments will be in the 
triplicate ratio of the tangents AD, Ad, or of the chords or 
arcs AB, Ab. 

SCHOLIUM. 

In all these propositions we suppose the angle of con- 
tact to be neither infinitely greater nor infinitely less than 
the angles of contact which circles have with their tangents ; 
that is, we suppose the curvature at A to be neither infinitely 
small nor infinitely great, or AI to be finite. For DB might be 
taken proportion^ to AH'', in which case no circle could be 
drawn through A between the tangent AD and the curve AB, 
and the angle of contact will therefore be infinitely less than 

• [The arc AB in all curves of finite curvature may ultimately be taken as the arc of 
a parabola, having A for its vertex and AI for its axis. For it appears from Cor. 1, that 
ultimatdy BC^ cc AC, which is the property of the parabola. Conics, Prop. V, 
page 150. 

And the property of the area of the parabola which Newton here assumes may be thus 
proved. 

Let A be the vertex of the parabola, MB the directrix. P, Q 
two contiguous points. Draw PJIf, QiNT perpendicular to the di- 
rectrix and join QM, SP, SQ, 

Then since the tangent at P bisects the angle MPS, and 
MP = SP, MPQ, SPQ will be ultimately equal triangles; and 
MPQ ultimately = JlfQiV; .% SPQ ultimately = J JWA^QP ; 
and supposing the whole arc AP.be cut up into portions such as 
PQ we have, componendo, 

area AP^=i area APilfP 
= J area MRSP, 

This being premised, draw AD a tangent at A, then 
area AP + APS = HMBAD + APS Ar ADP) 

r^i(3APS + ADP) Euclid, 1. 41 & 36. 
area AP = } ADP, 

which is the proposition assumed by Newton.] 





METHOD OE FRiMS AND ULTIMATE RATIOS. 31T 

in the'circle. And, in like manner, if D£ be taken succe^ 
sively as AD^ AD*, AD®, AD'^, &c., a series of angles of con- 
tact will be formed which may be continued indefinitely, and 
of which each will be indefinitely less than the preceding. 

And if DB be taken successively as AD*, AD*, Alf, Alf, &c., 
another infinite series of angles of contact will be formed, of 
which the first will be of the same kind as in the circle, the 
second infinitely greater, and eaeh suceessive angle infinitely - 
greater than the preceding. Also between any two of these 
angles an infinite series of other angles of eontact may be 
inserted, of which each is either infinitely less or infinitely 
greater than the next to it in order. As for instance, if 
between the terms A2>* and AD* should be inserted, 

JZ)l AI)\ Alf, Alf, AdI aM AdI AD^, AD^ &c. 
And again, between any two angles of this series may be 
inserted a new series of intermediate angles differing infi- 
nitely eaeh from another. Ncir is there any limit to this 
process. 

The propositions which have been demonstrated eon- 
eerning curved lines and the included areas, may easily 
be applied to the curve surfaces and contents of solids. 
These lemmas have been premised for the sake of avoiding 
the tedious methods of the old geometers by the redwtio ad 
absurdum. The demonstrations are rendered more brief by 
the method of indivisibles; but since there is some difficulty 
about the hypothesis of indivisibles, and an apparent want 
of mathematical exactness, it seemed better to reduce the 
demonstration of the propositions which follow to the ultimate 
sums and ratios of evanescent quantities, that is, to the 
limits of sums and ratios ; and to give the demonstrations of 
those limits as briefly as possible. For the method of limits 
gives the same results as that of indivisibles*, and the prin- 

* [The method of Indivisibles was introduced by Gavaleri, in 1635, in his Geometria 
Indivisibilium, According to this method a line is considered to be made up of indivi- 
sible elements or points, so that two lines may be compared by comparing the number of 
points which they respectively contain ; a plane figure is considered to be made up of 
parallel lines and a solid of surfaces. This hypothesis, though deficient in philosophical 
strictness, is nevertheless convenient as a basis for calculations, and will manifestly lead 
to the same results as Newton's more rigid method of limits.] 
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ciples having been clearly proved we shall be able to use 
them with the greater confidence. Wherefore, in what follows, 
if quantities should ever be spoken of as consisting of 
particles, or small portions of curves be taken as straight 
lines, the idea to be entertained is not that of indivisibles, but 
of evanescent divisible quantities, not that of sums and ratios 
of determinate parts, but the limits of sums and ratios ; and 
the force of the demonstrations will depend upon their being 
deducible from the preceding Lemmas. 

The objection may be made, that evanescent quantities 
have in reality no ultimate proportion ; forasmuch as before 
they vanish the proportion cannot be said to be ultimate, 
and after they have vanished there is no proportion at all. 
But the same argument would prove that a body in arriving 
at a certain place had no ultimate velocity ; because before the 
body arrives the velocity cannot be said to be ultimate, and 
after it has arrived there is no velocity at all. And the 
answer to the objection is simple ; namely, that by the ulti- 
mate velocity is intended that velocity with which the body 
moves, neither before the body reaches its ultimate position, 
nor after it has reached it, but at the moment when it reaches 
it; that is, the velocity with which the body reaches its 
ultimate position, and with which the motion ceases. And 
in like manner by the ultimate ratio of evanescent quantities 
is to be understood the ratio of the quantities, not before they 
vanish, nor after they have vanished, but when they vanish. So 
also the prime ratio of nascent quantities is the ratio which 
they have at their first origin. And the prime and ultimate 
values of quantities are the values which the quantities have 
at the commencement or termination of their increase or 
decrease, as the case may be. There is a limit which the 
velocity can attain at the end of the motion, but cannot 
exceed. This is the ultimate velocity. And a like descrip- 
tion may be given of the limit of all qiiantities or proportions 
whether nascent or ultimately evanescent. And since this 
limit is something certain and definite, the determination of 
it is a strictly mathematical problem. And in new mathe- 
matical investigations all previously established mathematical 
methods and results may be lawfully used. 
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It may also be contended^ that if the ultimate ratios of 
evanescent quantities be given, the ultimate magnitudes of 
the quantities will be given; and so every quantity will 
consist of indivisible elements, contrary to that which Eu- 
clid has proved concerning ineommensurables in the tenth 
book of his elements. But this objection is based on a false 
hypothesis. Those ultimate ratios -with which the quantities 
vanish are notin reality the ratio of the ultimate quantities, 
but the limits to which the ratios of the quantities continually 
approximate when the quantities ar6 indefinitely diminished, 
and to which they may be made to approach more nearly 
than by any assignable diflference, but which they never pass, 
nor reach until the quantities are indefinitely diminished. 
The thing will be seen more clearly by reference to quantities 
indefinitely great. If two quantities of which the difference 
is given be increased indefinitely, their ultimate ratio will 
be given, namely a ratio of equality; yet the ultimate or 
greatest quantities of which that is the ratio are not given. 
In what follows therefore, if at any time for simplicity of con- 
ception the phrases indefinitely smally or evanescmt, or ultimate 
quantities, should be used, let it be carefully borne in mind 
that it is not intended to express quantities of determinate 
magnitude, but quantities to be diminished without limit. 



SECTION II. 


ON THE METHOD OF FINDING CENTRIPETAL 
FORCES. 


Prop. I. Theor. I. 

The areas described by lines drawn from a moving body to 
a fixed centre of force about which it revolves^ are all in one 
plane, and are proportional to the time of describing them. 



Let the time be divided into equal parts, and in the first 
period let the body describe with an uniform velocity the 
straight line AB. In the second period of time, it would, if 
acted upon by no force, move in AB produced to c. Be being 
equal to AB ; and the areas described about the centre S in 
these two periods, namely, ASB^ BSc would be equal, being 
triangles on equal bases and of equal altitude. 

But when the body arrives at B, suppose it to receive 
an impulse towards S, in consequence of which it moves in 
the 'direction BC instead of Be; then, if we draw cC parallel 
to BS, the point C will be the actual place of the body at the 
end of the second period ; and the area described will be BSC, 
which is in the same plane with ASB, because Be and BS are 
both in that plane. 
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Sitfcc BSC, BSc are triangles the same base and 
between the same parallels, BSC = nSc = ASB, 

In like manner if impulses tending towards the centre S 
act at C, D, jF... causing the body to describe in the suc- 
cessive periods of time the straight lines CD, DE, these 
will all lie in the same plane, and the triangle SCD Avill be 
equal to SBC, SDE to SCD, and SEE to SDE. 

Therefore equal areas are described in the same plane in 
equal times; and componendo the sums of any number of 
areas SADS, SAFS, are to each other as the times of de- 
scribing them. 

Now let the number of the triangles be indefinitely 
increased and their breadth indefinitely diminished ; the peri- 
meter ADF will be ultimately a curve line, and the impulses 
will become a continuous central force ; and thfe areas SADS, 
SAFS being always proportional to the times of describing 
them will be so in this case. Hence the areas described, 
&c. Q. K. D. 

CoR. 1. The velocity of a body in a central orbit varies 
inversely as the perpendicular from the centre on the tangent. 

For AB, BC, C/>,-..are ultimately in the direction of the 
tangents, and proportional to the velocities at the points 
5, C,., respectively : hence, velocity at A cc AB. But, if 
we draw a perpendicular^ upon AB from S, we have 

— = area ASB, which is constant ; 

2 

AB oc — ; 

P 

or, velocity at ^ oc - , 

P 

[We may express this otherwise ; let It = twice the area 
described in a unit of time, and let AB he described in the 
time t; 

area ASB = , and AB ^ vt; 

2 
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Cor. 2. If on the chords of two arcs described 

in equal times, we ^iRrfict the parallelogram ABCV, the 
diagonal BV will, when the arcs are indefinitely diminished, 
ultimately, if produced, pass throjigh the centre of force. 

Cor. 3. The intensity of the central force at B is pro- 
portional to the line BV; that is, if B'V be the line corre- 
sponding to jBF at some other point B^ of the orbit, then, 
ultimately, 

force at B : force at B' :: BV : B*V\ 

Cor. 4. Tfhe forces by which bodies are drawm from 
their rectilinear motion in curved paths, arc proportional to 
those sagittae of arcs described in equal times, the directions 
of which pass . through the centre of force and bisect the 
chords when those arcs are indefinitely diminished. 

For if we join AC, cutting SB in n, Bn will be ultimately 
one of the sagitta?, but Bn = ^ BV, and hence, by the pre- 
ceding coroltery, in the same orbit the force ultimately oz Bn. 
Also, in different orbits, if we take arcs described in equal 
times, the sagittae will measure the effects of the central 
forces in equal times, i.e. the forces will be proportional to 
the sagittae. 

» 

Cor. 5. And therefore these same forces are to the force 
of gravity, as these sagittae are to the vertical sagitt® of the 
parabolic arcs, w^hich a projectile describes in the same time. 

Cor. .6. It follows from the second Law of Motion that 
the preceding conclusions are still valid, when the plane in 
which a body moves, together with the centre of force which 
is situated in it, instead of being at rest, has a uniform recti- 
linear motion. 


Prop. II. Theor. II. 

A body, which moves in a plane curve, in such a manner 
that the areas described by lines drawn from it to a pbint, which 
either is fixed or moves uniformly in a straight line, are propor-- 
tional to the time of describing them, is acted upon by a central 
force tending to that points 
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CajIb 1. With the same figure as in last proposition, let S 
be the point ; and suppose that a body unattracted by any 
force would describe the space A B in sl given interval of time. 

Produce AB to c, and make Be = AB ; then, if suffered 
to proceed, the body would, in a second equal interval, arrive 
at c; but at B suppose a sudden impulse communicated, 
which causes it to move to C, C bping such that the triangles 
SBC, SAB are equal. 

Join Cc, Sc; then the triangle SBC ^ SAB ss SBc; 
therefore Cc is parallel to SB, and therefore the impulse at 
B was in the direction of SB, or tended to 8, Similarly, if 
the body receives ^t equal intervals of time impulses which 
make it describe equal triangles in equal times, or a polygonal 
area proportional to the time, the impulses all tend to 8. 

The same will be true if we suppose the number of the 
intervals indefinitely increased and their length diminished, 
in which case the system of impulses becomes a continuous 
force, and the polygonal area curvilinear. Hence the propo- 
sition is true in the case of a fixed centre, s 

Case 2. The proposition will also be true in the case of 
the centre being a point which moves uniformly in a straight 
line ; for it is manifest from the second Law of Motion, that 
the result will be the same whether we suppose the plane in 
which the areas are described to be fixed, or whether ue 
suppose that plane together with the revolving body and the 
centre 8 to have a uniform rectilinear motion. 

Hence a body, &c. q.e,d. 

Cou. 1. In free space, or in non-resisting media, if the 
areas described abo\it a certain point are not proportional to 
the times, the force does not act along the line joining the 
body with that point ; but it deviates from that line towards 
the direction in which the motion takes place, if the descrip- 
tion of areas is accelerated ; and towards the opposite direc- 
tion, if the description is retarded. 

Cor. 2. Also in the case of resisting media, if the de- 
scription of areas is accelerated, the force deviates from the 
line joining the body with the centre towards the direction in 
which the motion takes place. 
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SCHOLIUM. 

A body may be acted upon by a centripetal force com- 
posed of several forces. In this case the meaning of the 
preceding proposition is that the resultant of all the forces 
tends to the centre. Also if any force act continually in a 
direction perpendicular to the area described, the effect of it 
will be to change the plane of the body’s motion, but the 
amount of area described will not be increased or diminished; 
and therefore such a force may be neglected in the compo- 
sition of the forces acting on the body. 

Prop. III. Tiieou. III. 

A body ivhich describes areas proportimal to the times of 
describing them about another body which is in motion, is acted 
upon by a force compounded of a centHpetal force tending to that 
other body, and of the accelerating force which acts upon that 
other body. 

Call the first body L and the second T\ and suppose each 
of the bodies to be acted upon by a new force, which shall be 
equal in magnitude’ and opposite in direction to that which 
acts upon T, L will continue to describe aboi’d T the same 
areas as before ; but the force which acted on T will now be 
destroyed by an equal and opposite force, and therefore that 
body will now either be at rest or will move uniformly in a 
straight line; and the body L, under the influence of the 
resultant of the two forces which act upon it, will describe 
about T areas proportional to the times. Therefore, by the 
preceding proposition, the resultant of these forces tends to 
T as a centre, q.e.d. 

Cor. 1 . Hence if a body L describes about T areas pro- 
portional -to the times, and from the whole force which acts 
upon L we take away the whole accelerating force which acts 
upon T, the whole remaining force acting upon L tends to T 
as a centre. 

CoR. 2. And if the areas are very nearly proportional to 
the times, the said force tends very nearly to T. 
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Cor. 3, And vice versa, if the force tends very nearly to 
T, the areas arc very nearly proportional to the times. 

Cor. 4. If the body L describes areas about T, which 
arc very far from being proportional to the times ; and if T 
is either at rest or moving uniformly in a straight line ; then, 
cither there is no force upon L tending to T, or it is com- 
pounded with other much more powerful forces, and the whole 
resultant force is directed towards some other centre. The 
same thing holds when the body T moves in any manner 
whatever, if by the centripetal force upon L tending towards 
T we understand that which remains after subtracting from 
it the force acting on T, 


SCHOLIUM. 

Since the equable description of areas points out the 
centre, towards which that force tends by which a l?ody is 
principally affected, and by which it is retained in its orbit, 
tlie equability of description of areas forms a convenient 
method of detecting the centre about which all curvilinear 
motion in free space takes jdace. 


Prop. IV. Tiieor. IV. 

The centripetal forces of bodies, which describe different circles 
with uniform velocity, tend to the centres of the circles, and are 
to each other as the squares of arcs, described in the same time, 
divided by the radii. 

Sectors of circles are j^roportional to the arcs on which 
they stand, and therefore the sectors described by the bodies 
arc proportional to the times of describing them, since the 
bodies move uniformly. Hence the forces tend to the centres 
of the circles. 

Again, let BAB\ 6 a 6' be indefinitely small arcs described 
in equal times; join BB\ bU, and draw the diameters GSCA, 
gsca, which bisect BB\ 66' in C and c respectively. Then, 
(by Prop. I. Cor. 4) ultimately. 
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force at A : force at a :: AC : ac, 

BC^ ^ 

'' GC ' gc' 

'' GC ' 'go' 

^B^ ba!j\ 

AG * ag 

but if APi ap be any two arcs described in equal times, since 
the bodies move uniformly, we have 

AP : ap = ultimate value of the ratio BAB' ; bab' ; 

force at A : force at a :: . 

AS as 

Hence the centripetal forces, &c. q.e.d. 


Cor. 1. Since the arcs are proportional to the velocities, 

the forces are proportional to ; or if F be the 

radius 

velocity, R the radius, F the central force, then F oc 

R 

Cob. 2. Let P be the periodic time, then ZitR - VP, 
(Dynamics, Art. 4 , page 245 ); 

„ R 
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Cor. 3. Hence if in two circular orbits the •periodic 
times are equal, the velocities are proportional to the radii, 
and the central forces are also proportional to the radii ; or 
F oc V oz R\ and vice versa. 

Cor. 4. If P® oc iZ, then F* also oc iZ, and the central 
forces in the two orbits are equal ; and vice versa. 

Cor. 5. If P oc -iZ, the velocities in the two orbits are 

equal, and P « ^ ; and vice versa. 

R 

CoR. 6 . If jP oc jR^, ^ versa. 

R Rr 

Cor. 7. And generally, if P oz R\ V oc , and 

. ; and vice versa. 
jZa«-l 

Cor. 8 . All these propositions arc true concerning the 
periodic times, velocities, and forces, with which bodies de- 
scribe similar portions of similar figures having centres of 
force similarly situated in them. But in applying the same 
method of demonstration it is necessary to substitute uniform 
description of areas for uniform motion, and the distances of 
the bodies from the centres for the rc^ii of the circles. 

Cor. 9. It follows also from this proposition, that the 
arc, which a body moving uniformly in a circle under the 
action of a given central force describes in a given time, is 
a mean proportional between the diameter of the circle and 
the space through which the body would fall under the 
action of the same force and in the same time. 

[For, let T be the time, S the space through which the 
body would fall, A the arc described in time T\ 

then 9, .8 F. T® (Art. 29 , page 257), 
and A V . T\ 

V\ 

^F.R.T^, by Cor. I. 

^9R.S, 

which proves what was required.] 
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Prop. V. Prob. I. 

Gwen the velocity at any three’^ points of an orbit described 
by a body under the action of a central force, to find the centre. 



Let the three straight lines PT, TQV, VR touch the 
orbit in the points P, Q, R, respectively. 

Draw the lines PA; QB, RC perpendicular to thcgc 
tangents, and make them inversely proportional to the ve- 
locities at P, Q, R ; i. e. if K are the velocities at the 

three points, make 


PA : QB mRC 


1 1 £ 
V, ‘ Fa- 


Through A, B, C draw the lines AD, DBE, CE perpen- 
dicular to PA, QB, RC. Join TD, VE : these lines pro- 
duced will intersect in the centre S. 

For the perjjendiculars from S on the tangents PT, QT 
are inversely proportional to the velocities at P and Q, 
(Prop. L Cor. l.), and therefore, by construction, directly 
proportional to PA and QB, i. e. to the perpendiculars from 
D on the tangents; hence S, D, and T are in the same 
straight line 

Similarly, it may be shewn, that S, E, and V are in the 
same straight line, and therefore S is the point of inter- 
section of TD and VE produced. 

* [Newton’s words are, datti inquihuscunque in locis velodtate ; the velocity at any 
three points is suiHcient for the solution of the problem.] 
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Prop. VI. Theor. V. 

If a body revolves about a fixed centre of force, and a sagitta 
is drawn to any very small arc, bisecting the chord of the arc 
and passing through the centre of force, then the force at the 
middle point of the arc ultimately varies directly as the sagitta 
and inversely as the square of the time of describing the arc. 



Let QPQ' be the small arc, S the centre of force, mP 
the sagitta. Draw PK a tangent to the curve at P, and RQ, 
parallel to Pm. 

When the body leaves the point P, it would if not acted 
upon by the central force {F) move in the direction PR ; 
and if T be the time in which the body moves from P to 
Q, then the space through which it has been drawn by F is 
Q,R ; hence, by Lemma X, Cor. 5, 

if = 2 limit ^ = 2 limit— oc limit — * 


* [This proposition enables us to obtain a measure of the centrifugal force, the nature 
of which was explained generally in the treatise on Dynamics, Art, 4f), page 27.'>. 

For the measure of the centrifugal force is the force necessary at each moment to draw 
the body from the tangent into the curve, and therefore if we take QR perpendicular to 
the tangent, we shall have 

centrifugal force estimated in the direction of the normal 


= 2 limit 


'P'i 


= 2 limit 


qpi 

Ti 


gpa 

Qii 


— 2 velocity 1- -r- diameter of curvature. 


“ 1 


(by Art. 6. Cor. page 311.) 

• where 
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Cor. 1. Draw QT perpendicular to SP, then will 

qY^’ ultimately. 

SP OP 

For the triangle QSP = , ultimately, 

2 

SP. QT = hT, by Prop. 1. Cor. 1 ; . 

„ 2/i* QR ^ , 

qY’ 

Cor. 2. If iSPbe drawn pcrpendicidar to the tangent at 
P. then 

_ 2A' QR 

^ ^ pY‘ 

For, in the limit, 

QT 
PQ “ 

5P=.Qjr= SY^.PCt, 

2A* QT? 


and F ■■ 


ultimately. 


SF* PQ“ 

Cor. 3. If PFbe the chord of curvature at P through S, 

PQ^ 


PF= limit 


QR' 


2/t* 

• , 

SY\PV 

Cor. 4. If F be the velocity at P, then by Prop. I. 
Cor. 1. 

h 


F = 

P = 


-ST’ 

2F* 

PF’ 


where V is the velocity, and p the radius of curvature at the given point of the body’s 
path. 

Or the same thing would follow from Prop. IV. Cor. 1. by supposing the body to be 
moving at any moment in the circle of curvature. J 
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Cor. 5. Hence, if the form of the orbit in which a body 
moves be given, we shall be able to calculate the law of the 
central force. Examples of this process will be found in the 
following problems. 


Prop. VII. Prob. IL 

A body revolves in the circumference of a circle; to find ^ 
the law of force tending to any given point. 


z 



Let VQPA be the circle, S the given point, P the position 
of the body at any given time, Q a point in the orbit very 
near to P. 

Through S draw the chord PSV^ and through F the 
diameter VA ; join PA ; through Q draw ZQT perpendicular 
to PF, and meeting PZ the tangent at P in Z\ through Q 
draw LQR parallel to PF, and meeting PZ in B\ and 
lastly draw Bn parallel to QT. 

Then -P" “ . ultimately ; 

but, (Euclid, HI. 36) 

QR.RL^RI^X 

2ri‘ Rr\ 

" ~ rl. sF- 


and 


RP^ 

Q'/i 


RF^ 

'Ri? 


by similar triangles. 
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also RL ultimately = PV, 
2^ VA* 1 


Cor. 1. 



If the centre of force is in the circumference. 


Cor. 2. The force, under the action 
of which the body P revolves in the 
circle APTV round the centre of force 
S, is to the force under the action of 
which the same body P revolves iq 
the same circle and in the same periodic 
time round any other centre of force R, 
as SP.RP- to wher^ SG is a line drawn from S to the 
tangent PG and parallel to RP. 

For by the construction in the preceding proposition, 
force tending to S : force tending to R 

:: RP’ .PT^ : SF- . PV\ 



SP.RF 


SP'. PV 

~pfr 


:: SP.RF : SCT, 
by similar triangles PSG, TPY. 


Cor. 3. The force under the action of which the body P 
revolves in any orbit round a centre of force S, is to the force, 
under the action of which the same body P revolves in the 
same orbit and in the same periodic time round any other 
centre of force R, as SP . RF to SG ^ ; where SG is the line 
drawn from- 8 to the tangent of the orbit, and parallel to RP 
the distance of P from the other centre R, 

This follows immediately from the preceding corollary; 
because we may suppose the body, at any point of its motion, 
to be moving in the circle of cuiyature to the orbit at that 
point. 
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Prop. VlII. Prob. III. 


A body describes a semicircle^ under the action of a force 
tending to a centre so distant that the force may be supposed to 
act in parallel lines ; to find the law of force. 



Let P be the position of the body at a given time, Q a 
contiguous position, PMSj QNSy the directions of the force 
at those points; draw the semi-diameter AC cutting those 
lines at right angles in M and N\ let PRZ be the tangent at 
P\ through Q draw ZQT perpendicular to iWand meeting 
PRZ in Z, and produce NQ to meet PRZ in R ; join CP, 
and draw Rn perpendicular to PM, * 

QR QR 

Then odimit since SP may be 

considered constant. 


But, by Euclid, iii. SG, 

QR {QN+RN)^RP\ 
or, in the limit, 2Qi? . PM « RP^, 

RP^ 


but 


RP^ 

-QT^ 


RP 

Rn^ 


CP' 

PM^ by similar triangles ; 




CJ^ 

ipW 


1 


SCHOLIUM. 

By somewhat similar reasoning it may be shewn that a 
body may move in an ellipse, or . a parabola or hyperbola, 
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under the action of a force tenditig to a centre infinitely 
distant and varying inversely as the cube of the ordinate 
drawn towards the centre of force. 

[That is, in the figure of the proposition, if AP he any 
conic section, A its vertex, AC its axis, then a body may 
move in the curve •under the action of a force always per- 
pendicular to AC and varying as P]\PJ\ 

Prop. IX. Prob. IV. 

A body revolves in an equiangular spiral ; to find the law of 
force tending to the centre of the spiral. 

[Def. An equiangular spiral is a curve, in which the 
tangent at every point makes the same angle with the line 
joining the point of contact with a certain lixed point called 
the centre or pole of the spiral: in the figure of this 

proposition, SPR is a constant angle.] 

Let S be the centre of force, P the position of the body 
at a given time, Q a point in the curve very near to P ; PR 


s 




\ 

\ 


T P 


the tangent at P, QR parallel to SP, and QT perpendicular 
to SP. 


Then F « limit 


QR 

~SP^. QT^' 


Now, since the angle SPR is given, if we take PSQ any- 
given small angle, we shall have all the angles in the figure 
SPR^ given; and therefore, at whatever point of’ the orbit 
wc take P, the figure SPRQ will be similar, and the lines in 
it will be proportional to any one of the homologous lines ; 
hence QR and QT will each be proportional to SP, and 


QT‘ 


to SP. 
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Nbw let the angle PS(^ be indefinitely diminished, then 
in the limit QJl will oc PQ* « QT‘, by Lemma XI. Therefore 

or* 

— — will in the limit, as before, be proportional to <SP ; 

QS 


1 


Prop. X. Prob. V. 

A body describes an ellipse ; to find the law of force tending 
to the centre. 

Let P be the position of the body at any given time, Q a 
point contiguous to P, Pi? the tangent at P, QP perpandi- 



cular to the diameter PCG, DCK the diameter conjugate to 
PCG, PF perpendicular to DCK, Qv an ordinate to PCG. 


Tbfen F = 


2A* QR 
CP^'Q'P 


ultimately. 


By similar triangles QTv, PFC, 


QT _ PF 
Qv~CP'’ 


CP. QT^ ^ Qv\ PF^; 


P=2A* limit 


QR 

Qv*. PP-' 
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But Qt^ = 


Clf 

cr- 

CD- 

CP‘ 


Pv. vG (Conics, Prop. page 163) 


QR.vG; 


F = 2 /r limit 


• CP® 
CDKPF^.vG 


= 2 A® limit T- 7, (Conics, Prop. X, page 165) 

— -7X7 n?v. since vG = QCP ultimately, 
aC“ . JjC" 

or cc CI\ 

Cor. 1. Therefore the force is proportional to the dis- 
tance of the body from the centre of tlie ellipse : and 
conversely, if the force vary as the distance, the body will 
move in an ellipse having its centre in the c*entrc of force, 
or it may be in a circle, which is a particular case of the 
ellipse. 

Cor. 2. And the periodic times in all ellipses described 
round the same centre of force will be the same. For the 
times wdll be equal in similar ellipses by l^rop, IV. Cors. 3 
and 8, and in ellipses having a common major axis they 
are proportional to the areas of the ellii^ses directly, and 
the areas described in equal times inversely ; that is, as the 
minor axes directly, and the velocities of the bodies at the 
extremity of the major axes inversely ; that is, as the minor 
axes directly, and as ordinates drawn to the same point of 
the common axis inversely ; that is, since these ordinates are 
proportional to the minor axes, in a ratio of equality.. 

[This result will appear more simply thus : 

Sui)pose jp = /A CPy where m is a constant quantity de- 
pending upon the intensity of the force residing in the centre, 
and usually called the absolute force of the centre : "then, by 
the preceding proposition, AO . BO. 

Let P be the periodic time, that is, the time employed in 
describing the complete ellipse ; then since the area described 
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in a unit of time is and the whole area of the ellipse is 

TT AC . BC, we shall have 

27r AC. BC Stt 

h /y/ 

Hence the periodic time depends solely upon the intensity 
of the force in the centre.] 

[Coil. 3, Since P is independent of both axes of the 
ellipse, its value will be the same if we suppose the minor 
axis to be indefinitely diminished, in which case the motion 
w'ill €approximate to that of a body oscillating in a straight line 
under tlic action of an attractive force varying directly as the 
distance : hence the time of a complete oscillation of a body 

. . 2 TT 

moving in the manner described will be — ] 

V fJi 


SCHOLIUM. 

If the centre of the ellipse move to an infinite distance, 
the ellipse will become a parabola and the body will move in 
this parabola; and the force now tending to a centre infi- 
nitely distant will become constant. This is a theorem due 
to Galileo. And if the parabola be changed into an hyper- 
bola, the body will move in this hyperbola, theTorcc becoming 
repulsive instead of attractive. 


22 



SECTION III. 


ON THE MOTION OP A BODY IN A CONIC SECTION, 
ABOUT A CENTRE OF FORCE IN THE FOCUS. 


Prop. XI. Prob. VI. 

A body revolves in an ellipse; to find the law of fiyrce tend- 
ing to one of the fod. 

Let S be the focus of the ellipse, P the position of the 
body at any given time, Q a contiguous point in the orbit, 



PCG, KCD conjugate diameters, PR the tangent at P, QR 
parallel to SP, Qwv to PR, QT perpendicular to SP, PF to 
CK, and E the point of intersection of SP and CD. 

Then, ultimately. 

By similar triangles QTa, PEF, 

Qjn ppi pp, 

and, by similar triangles, Pxv, PEC, 

Px PE AC 
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and 


QE AC A(? 
QT^- ”cPQm\PF^ 


Pv AC? 

Qv^ CP.PF*' 


ultimately, 


1 CP* A(? 
Vg CD^ CP.PF^ 


(Conics, Prop. VIIL page l6s.) 


A(? 


cWTp^' ultimately, 


AC^ 

"JAe.BC? 


(Conics, Prop. X. page 165 .) 


_ 

“ 2 PC* ’ 


-i_ _i_ 

SP^ “ 


[Cou. If fx be the absolute force of the centre, 

h^.AC 2A® 

“ "PC* “ X ’ 

where L is the latus rectum of the ellipse. (Conics, Prop. 
VI. Cor. 1, page 162.)] 

This proposition might be at once extended as in the 
case of the fifth Problem to the hyperbola and parabola ; but 
on account of the importance of the problem it will be worth 
while to give the demonstrations in fuU. 


Prop. XIL Prob. VII. 

A body moves in an hyperbola ; to find the law of force tend- 
ing to one of the foci. 

Let S be the focus of the hyperbola, P the position of the 
body at^ny given time, Q a contiguous point in the orbit, 
PCG, DCK conjugate diameters, PR the tangent at P, QJS 

22—2 



340 


NEWTON. 


parallel to SP, Qa>v to PR, QT perpendicular to SP, PF to 





CD produced, and E the point of intersection of SP and CD 
produced. 

Then, = ultimately. 

By similar triangles, Q.Tat, PEF, 

PF^ PF^ 

^ “ PE* ■ 

And by similar triangles Pxvi, PEC, 

Px PE AC 
Pv~ CP~ 'CP' 


QR «■ P.V m Pv 


AC 

CP' 


and 


dT* 




AC* 


AC* 


Pv 

Qv* CP.PF* 

1 CP* AC* 
vG 'CD* CP^PF* 


CP Qx*.PF*' 
, ultimately. 


(Conics, Prop. X. page 179.) 
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AC^ 

“ (Conics, Prop. XI. Cor. page 180.) 

~ iBC? ' 

h^AC 1 1 

* • ^ SP^’ 

In the same manner it appears, that if the force be repul- 
sive instead of attractive the body may describe the opposite 
branch of the hyperbola. 

[Cor. As in the case of the ellipse, 
fi = — (Conics. Prop. VI. Cor. page 174*)] 


Prop. XIII. Prob. VIII. 

A body moves in a parabola ; to find the law of force tendiny 
to the focm. 

Let S be the focus of the parabola, P the position of the 
body at any given time, Q a contiguous point in the orbit, 
PKV the tangent at P, QR parallel to SP, Qxv i/o PR, QT 
perpendicular to SP, and SF to PRY. 

Then F = ultimately. 

But QR = Px = Pv (Conics, Prop. II. 
page 147.) 

Qy* 

= (Conics, Prop. IX. page 153.) 

= ultimately; 

QR 1 Q®* 1 .yp* . . . 

" Q'P “ ISP QT^ “ 45P]^’ ^ 
lar triangles, 
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SP 

^S.SP 


(Conics, Prop. VI. Cor. page 150.) 


1 

Us' 


U 1 1 


Cor. 1. It follows from the last three propositions, that 
if a body P be projected from any point P with a given 
velocity in a given direction PB, and be acted upon by a 
centripetal force varying inversely as the square of the dis- 
tance from the centre, the body will move in a conic section 
having the centre of force in its focus ; and conversely. For 
the focus, the point of contact, and the position of the tan- 
gent being given, a conic section can be described, which 
shall have a given curvature at that point. But the curva- 
ture is given because the force and the velocity of the body 
are given; and two orbits touching each other cannot be 
described with the same centripetal force and the same 
velocity. 

CoR. 2. If the velocity, with which the body leaves P, 
be that with which the small line PR can be described in a 
certain very short space of time ; and if the force be able 
during the same time to move the body through the space 
Qil; then the body will move in a conic section, of which 

QP® 

the latus rectum will be the ultimate value of the ratio . 

Q,K 

In these corollaries the circle may be included as a par- 
ticular case of the ellipse, and the case in which the body 
falls directly to the centre is excluded. 


[CoR. 3. As in the preceding cases, 






L 


(Conics, Prop. I. page 147.)] 


Prop. XIV. Theor. VI. 

If any number of bodies revolve about a common centre, and 
the force vary inversely as ths square of the distance, the latera 
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recta of the orbits described will be as the squares of the areas 
described in equal times. 


For we have seen in each of the three preceding propo- 
sitions, that 



where fi depends upon the absolute intensity of the central 
force ; if therefore this be given, 

L oc h\ 

and since h is twice the area described in a unit of time, 
which may be any given time, the proposition is true. 
Hence if any number of bodies, &c, q.e.d. 

Cor. Hence the whole area of the ellipse, or the rect- 
angle under the axes which is proportional to it (page 297 , 
note), varies in a ratio compounded of the subduplicate ratio 
of the latus rectum^ and the ratio of the periodic time. 

That is, if P be the periodic time, the area « L^P\ for 
h oc i*, and since the areas described arc proportional to the 

time, the area of the ellipse - -P, and .-. oc L^P. 


Prop. XV. Theor. VII. 

On the same hypothesis, the squares of the periodic times in 
ellipses are proportional to the cubes of the major axes. 

Let P be the periodic time in one of the ellipses, then 
^ 2 area of the ellipse 

I 

^irAC.BC 




nBa 


AC (Prop. XL Cor.) 
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Cor. Hence the periodic time in an ellipse is the same 
as in a circle, the diameter of which is the major axis of the 
ellipse. 


Prop.* XVI. Theor. VIII. 


0)1 the same hypothesis^ the velocity in any of the orbits 
varies inversely as the perpendicular from the focus on the 
tangent and directly as the square root of the lotus rectum. 

For if V be the velocity, andp the perpendicular from the 
focus on the tangent, we have seen (Prop. I. Cor. l) that 

vp =s A, 
but h oc v/X; 

^/Z 

.% V oc . Q.E.D. 

P 

Cor. 1. The latera recta of the orbits are in the ratio 
compounded of the duplicate ratio of the perpendiculars and 
the duplicate ratio of the velocities. 

[In other words L « v^p^.~\ 

Cor. 2. The velocities of the bodies, at the greatest and 
least distances from the common focus, arc in the ratio com- 
pounded of the ratio of the distances inversely, and the 
subduplicate ratio of the latera recta directly. For these 
distances are the perpendiculars on the tangents. 


Cor. 3. And therefore the velocity in a conic section, 
at the greatest or least distance from the focus, is to the 
velocity in a circle at the same distance in the subduplicatc 
ratio of the lotus rectum to twice that distance. 

[For let V be the velocity in the circle, and let SA be 

the distance, then v « and V oc , since for the 

oA ISA 

circle L = 2SA ; 

V : V :: IJ : (2SA)i.'] 


Cor. 4*. The velocities of bodies revolving in ell^ses are 
at their mean distances from the focus the same as those of 
bodies revolving in circles at the same distances, that is, by 
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Prop. IV. Cor. 6, in the inverse subduplicate ratio of the dis- 
tances. For in this case the perpendicular is the semi-axis 
minor ; 




oc 


z 


(Conics, Prop. VI. Cor. 1, page 162). 


.. 2JC 2 

AJ,o, 


v= K 


[JC is the mean distance, being half the sum of the greatest 
and least distances.] 

CoR. 5. In the same orbit, or in different orbits having 
their latera recta equal, the velocity varies inversely as the 
perpendicular from the focus on the tangent. 

CoR. 6. In the parabola, the velocity varies in the in- 
verse subduplicate ratio of the distance of the body from 
the focus; in the ellipse it varies more than in this ratio; 
and in the hyperbola less. For, in the parabola, 

SV^ oc SP. (Conics, Prop. VI. Cor. page I5l). 

In the ellipse, 

SP 

S¥^ oc — — — — . (Conics, Prop. IV. Cor. page 159) ; 

A O J if \ 


and in the hyperbola, 


6T* 


8 ^ 

“ 2 JC + SP' 


(Conics, Prop. IV. Cor. page 172). 


Now in this expression, as the numerator increases the 
denominator also increases, therefore SF* varies less than 
SF ; and in like manner in the ellipse it varies more. 


[This result may be conveniently expressed thus : 

<1 

in the parabola, , 

in the ellipse, v* = ^ (2 _ , 

in the hyperbola, v* = ~ (2 + ~ j .] 
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Cor. 7. In the parabola, the velocity of the body at 
any distance from the focus, is io the velocity of a body 
revolving in a ‘circle at the same distance as the sqnarc root 
of 2 to 1 ; in the ellipse it is less, and in the hyperbola it is 
greater than in this ratio. For, by Cor. 2, the velocity at 
the vertex of a parabola is in this proportion, and by Cor. 6, 
and Prop. IV. Cor. 6, the same proportion is preserved for all 
distances. Hence also in the parabola, the velocity is every 
where equal to that in a circle at half the distance, in the 
ellipse less, and in the hyperbola greater. 

[This will perhaps appear more clearly thus. In the 
expresMon for the velocity in the ellipse put AC=SP, the 
velocity then becomes that in a circle, which call V as 
before ; 



.*. in the parabola v = Vy/s, 
in the ellipse v< F-s/2, 
in the hyperbola v> V y/z. 


Also if R be the radius of a circle in which the ve- 
locity would be the same as at the point P of the parabola, 
we must have 


SP 

or R = 


y- 

~R* 



Cor. 8. The velocity of a body revolving in any conic 
section is to the velocity in a circle at the distance of half 
the lotus rectum, as that distance is to the perpendicular 
from the focus on the tangent. 

[For xs- and if F be the velocity in the circle 

2p* 


V* = 


L ’ 
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or V : V :: 


L 

2 


: p.'] 


Cor. J). And hence, since (by Prop. IV. Cor. .6) the 
velocities of bodies revolving in circles are in the inverse 
subduplicate ratio of their distances, the velocity of a body 
in a conic section will be to the velocity in a circle at the 
same distance, as a mean proportional between that common 
distance and the semi-latus rectum to the perpendicular on 
the tangent. 


[For 


/uiZ 

= — = , 


F* = 


u 


SP’ 


v‘ : :: ^.SP : 


Prop. XVII. Pros. IX. 

Given that the centripetal force is inversely proportional to 
the square of the distance from the centre, and that the absolute 
force of the centre is known; it is required to find the curve, 
which will be described by a body which is projected from a 
given point with a given velocity in a given direction. 

Let the force ^ 
tending to S be that 
under the action of ^ 
which a body p 
would describe any 
given orbit pq, and 
let the velocity of 
this body at the 
point p be known. 

Let the body P 
start from the point P with the given velocity in the direc- 
tion PR, and let it be made by the action Qf the centripetal 
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force to move in the conic section PQ. Therefore PJt will 
be a tangent to the curve at P. Let pr in like manner 
touch the orbit pg in p, and if from S perpendiculars be 
supposed to be drawn to these tangents, the latus rectum of 
the conic section (PQ) will be to the latus rectum of the orbit 
Jig in the ratio compounded of the duplicate ratio of the 
perpendiculars and the duplicate ratio of the velocities, 
(Prop. XVI. Cor. l), and therefore is given. Let L be the 
latus rectum of the conic section. 

Moreover the focus S of the conic section is given. 
Take RPH equal to the supplement of RPS\ and the other 
focus H manifestly lies on the line PH thus determined in 
position. On PH let fall the perpendicular SK^ and suppose 
the semiaxis minor BC to be drawn, then wc shall have 

SP^ - 2 JTP . PH + PW = SIP = 4 cm 
= - 45C7* 

^(SP^PHJ-L(SP^PH) 

(since StBH = 2 AC = SP + PH, andL . AC ^ 2BC^) 
^SP^ + 2SP.PH + pm --L(SP + PH) ; 

/. L (SP + PH) = 2SF.PH^2KP.PH 
= {2SP + 2KP) PH 

or SP + PH : PH :: 2SP + 2KF : L. 

Here L, SP, and KP are known, therefore PH is known. 

Also, if the velocity of the body at P be such that L is 
less than 2 SP + 2 KP, PH will lie on the same side of the 
tangent PR as the line SP ; and therefore the figure will be 
an ellipse, and the foci S, H having been found, and also the 
major axis SP + PH, the ellipse will be entirely determined. 

If the velocity be such that L = 2SP + 2 PK, PH will be 
infinite ; and the figure will be a parabola having its axis SH 
parallel to PK, and therefore will be determined. 

Lastly, if the velocity be still greater than in the pre- 
ceding case, PH must be taken on the opposite side of the 
tangent ; and the tangent thus passing between the foci, the 
figure will be an hyperbola having its major axis equal to 
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SP ~ PH, and therefore will be determined. For if the body 
in these several cases were to revolve in the conie section 
so found, it has been shewn in Props. XI. XII. and XIIL that 
the centripetal force would be inversely proportional to the 
square of the di{||ince from S; and therefore the line PQ is 
rightly determined, which the body under the action of such 
a force would describe if projected from the given point P, 
with a given velocity, and in a given direction. 

Cor. 1. Hence in every conie section, if the vertex D, 
the latus rectum L, and the focus S be given, the other focus 
H is given by taking 

DH : DS :: L : 4DS - L. 

For the proportion 

SP+PH : PH :: SSP + ZKP : L 
becomes, in the case of this corollary, 

DS + DH : DH :: 4>DS : L, 
and DS : DH :: 4iDS - L •. L, 

Cor. 2. Wlierefore if the velocity at the vertex D be 
given, the orbit may be immediately found by taking the 
latus rectum L, such thdt 

L : 2DS :: square of given velocity : square of velocity 
in circle of radius DS, (Prop. XVI. Cor. 3) 
and then taking 

DH : DS i: L : *DS - L. 

CoR. 3. Hence also if the body move in any conic 
section, and be disturbed from its orbit by any extraneous 
impulse, the subsequent orbit may be determined. For by 
compounding the motion of the body with that motion which 
the impulse above would generate, we shall know the mag- 
nitude and direction of the motion with which the body will 
leave the point at which the impulse takes place. 

Cor. 4. And if the body be disturbed by any conti- 
nuous extraneous force, we can determine its course approx- 
imately by calculating the changes which the force produces 
at certain points, and concluding from analogy the change 
which takes place in the intermediate parts of the orbit. 
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1. The investigations of this section will enable us to 
solve the problem of finding the time of oscillation of a heavy 
particle, when constrained to move upon the arc of a cycloid. 
But before giving the solution, it will be necessary to define 
the cycloid, and to investigate some of its properties. 

2. Def, a cycloid is the curve traced out hy a point in 
the circumfereuce of a circle^ which rolls upon a given straight 
line. 



Thus, if a circle, of which the radius is OQ, roll on the 
straight line ABA j a given point P in its circumference will 
trace out the cycloid ACA\ It is manifest that the curve 
will have such a form as that exhibited in the figure ; the line 
AA will be equal to the circumference of the generating 
circle, and the curve will be symmetrical about the line i?C, 
which bisects A A at right angles, and which is called the 
axis of the cycloid. 

3. To draw a tangent to a cycloid. 

Join PQ, Q being the point of the generating circle in 
contact with AA any given moment; then the generating 
circle moves into its next position by turning about' Q, and 
therefore the motion of P will be for a very short space of 
time the same as if it were describing a circle about Q, that 
is, its motion will be perpendicular to PQ. 
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Heftcc the tangent at P will be perpendicular to PQ, and 
will therefore pass through R the other extremity of the 
diameter Q,OR. 

4. To find tha length of the are of a eycUnd. 



Let P, P' be two eontiguous points in a cycloid ; on the 
axis BC describe a semicircle, and through P, P' draw the 
lines Pn, P’m perpendicular io BC and cutting the semicircle 
in Q and Q' respectively. Join CQ, CQ', PQ', Q'Q, and pro- 
duce the last to meet AB in S ; also let R, p be the inter- 
sections of CQ, P'm, and CQ, Q'^respectively. 

Then, when P' approaches indefinitely near to P, CQ 
will become parallel to the tangent at P, and QR will be 
ultimately equal to PP'. Also Q'B will be ultimately per- 
pendicular to CQ, and therefore Qp will be ultimately 

= CQ - CQ'. 

Now SQ’ ultimately = SB ; 

.*. angle SQ'B *= SBQ' * m Q'B ; 

.•. in the triangles QQ’p, RQ^p, we have 

angle QQ’p - RQ'p, and Q'pQ = Q'pR, (each being a right 
angle,) and the side Q p common ; 

Qp = Rp, 

and.*. QB-&Qp, 
or PP' ultimately = 2 (CQ - CQfJt 

But PP is the increment of the are of the cycloid in 
passing* from the point P to the contiguous point P, and 
CQ — CQ' is the corresponding increment of the chord CQ', 
which is equal to the chord of the generating circle touching 
the cycloid at P ; hence the arc of the cycloid measured from 
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the vertex to any point equals twice the chord of the generating 
circle which touches the curve at that point. In the figure of 
Art. 2, CP - ZPR. 

5. To make a pendulum oscillate in a given cycloid. 



Let APC be a given semicycloid, having base AB and 
axis BC ; produce CB to A\ making BA' = BC, and complete 
the rectangle A'BAB'i with A'B as base, and AB' as axis, 
describe the semicycloid AP'A'. 

Take any line BQ,R equal and parallel to A'BC, and on 
RQ,R'Q describe the two generating semicircles QPR, QP'R'; 
join QP, PR. QP', P'R’. 

Then the circular arc QP = AQ, aa ia manifest from the 
mode in which the cycloid is generated ; and in like manner, 
arc QPR =■ AB ; 

.-. arc PR^BQ^ A'R' = arc PB ; 

PR^PR\ 
also, QR = QP, 

and angle QPR = angle QPP, each being a right angle ; 
the triangles QPR, QPR' are equal in all respects. 

Hence angle PQR = PQR ! ; .*. PQP is a straight line. 

Also PP (which is a tangent to A' PA at P.) 

« iPQ = arc PA. 
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Hence if a string of length AP^A^ fixed at A, and wrapped 
upon the* semicycloid A PA, be unwrapped, beginning at A, 
a particle attached to its extremity will trace out the semi- 
cycloid APC. And by means of another semicycloid A a, the 
particle may be made to describe the other half of the cycloid 
AC a. 


6. To find the time of oscillation of a heavy particle moving 
on the surface of a cycloid. 



Let P be the position of the particle at any time, QP72 
the corresponding position of the generating circle, PR the 
tangent at P, C the lowest point of the cycloid. Then the 
force, which accelerates or retards the motion of the particle, 
is the resolved part of the force of gravity in the direction of 
the tangent, that is, in the direction of PR. But gravity acts 
parallel to QP, therefore the resolved part of gravity in the 
direction of PR 




(by the property of the cycloid), 


if we call the radius of the generating circle a. 

Hence the particle is always acted upon by a force tend- 
ing to draw it towards C and proportional to PC, and will 
therefore oscillate in the same manner as a particle under the 
action of a central force varying directly as the distance: 
therefore by Newton*, (Prop. X. Cor. 3 ), 

* This result may be obtained without reference to the proposition cited in the text. 

Let AC A* be the cycloid having its axis BC vertical, N a point from which a heavy 
particle is allowed to descend; then if we draw NDN* horizontal, N* will be the point 
to which the particle will ascend. On BC describe the semicircle BQC, and on DC the 
acmicircle Z>nC having O for its centre. . Let 

23 
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time of oscillation 

« 



l.e( P he the pUec of the particlf at any giten time, ita place an Indefinitely short 



time after it has passed P; through P, draw the horizontal lines PQnm, P'Q’ji\ 
catting the circles above described in Q, Q' and n, n' respectively. A.nd join Ort, On\ 
Denote the angle COn' by a, and n On' by 0, the radius OC by r, and the radius of 
the generating circle by a. 

Then the velocity of the panicle at P = “s/Sg .Dm(Art. 45, page 27o). 


PP' 

time of describing PP' = -_=-zr=: » 

\'2q,Dm 

But PP^2(CQ-CQ'), Art. 4, 

and if we suppose BQ, CQ to be joined, we have from similar triangles BCQ, QCm, 
BC : CQ :: CQ : Cm; 

.% CQ^^BC. Cm, 


in like manner Cn^=:DC . C«i; 

. a 

**’ Cn^" DC ^ 

and CQ = ^/- Cw=V^chd(a + 0)=:2\/ar ! 




sim ilarly C Q' = 2 sin - , 

also Z)wi = r + rcos(a + 0)=2r COB* 


a + 6 


4Vtfr (sin sin -) 

time of describing PP'= ^ 

a + 0 * 

V 4^r cos —A 


=4\/“.! 


la e\ . e 

“(M) ■ 


.vl X 0, since 0 is indefinitely small. 

It will be seen that all the small angles such as 0, corresponding to the small arcs 
PP' between N and AT', will together make up four right angles, hence the time of 
describing the arc NCN' 

= 2xV/“. 

V 
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Cor. If wc have a particle suspended by a string of 
length I, and made to oscillate in a cycloid by the artifice ex- 
plained in a preceding proposition, then 2 es 4 a, and the time 
of oscillation 

g 

It is to be observed, that by the time of oscillation is meant 
the time which elapses between the departure of the particle 
from the highest point and its return to the same. 

7. Wlien the oscillations of a pendulum are very small, 
we may consider the time of oscillation to be the same as if 
the extremity described a cycloidal arc ; hence if I be the 
length of a pendulum wc may say in general, that, provided 
the oscillation be small, the time* 

A A 

= 27r \/ -. 

g 

The time of oscillation of a pendulum is an element which can 
be observed witli very great accuracy ; hence the observation 
of a pendulum affords the best means of determining the 
value of the quantity g. Suppose wc find by experiment the 
length of a pendulum which will make a semioscillation in l ', 
and let L be its length, then we have 

g 

g = iTT*. 

Such a pendulum is called a seconds pendulum. By this 
means it is ascertained that the accelerating force of gravity, 
though nearly the same over the earth’s surface, is not accu- 
rately 30 , The length of the seconds pendulum, speaking 
without extreme accuracy, may be said to vary from the poles 
to the fequator between the limits 39-t- and 39 inches. In the 
latitude of London the length is about 39^ inches. 

• The time of a very small oscillation on any curve may be found, by takinfif for I 
the value df the radius of curvature of the curve at the point on which the oscillations 
take place. • 

23—2 
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8. A pendulum consisting of a particle suspended by an 
indefinitely fine string, such as that which we have been con- 
sidering, is called a simple pendulum. But in practice, no 
pendulum can be made so nearly to fulfil these conditions as 
to be regarded as a simple pendulum ; to deduce the length of 
the theoretical simple pendulum from a seconds pendulum of 
complicated construction, requires mucl^ ingenuity, as well as 
the application of more complicated mathematical processes 
than any introduced into this work. It must suffice here to 
state, that the problem admits of solution to the utmost degree 
of accuracy. 


9. To find the number of seconds which a pendulum will 
lose in a day, when lengthened by a given small quantity, sup- 
posing the pendulum to be previously a seconds pendulum. 

Let a be the additional length, and T the time of a semi- 
oscillation, X the number of seconds lost in hours. 


Then T = w \/ - ’’’ g 


= 1 + — , since TT 
9.L 


\/ — = 1 by hypothesis. 
8 


a = 24 X 60 X 60 - 


24 X 60 X 60 


« 24 X 60 X 6o X ^ , nearly. 

Suppose for instance that ^ , then the number of 

^ ^ X 100 

, , , 24 X 60 X 60 

seconds lost = = 432. 

200 

10. Observation of the number of beats lost by a seconds 
pendulum at the summit of a mountain enables us to determine 
the height of the mountain. For let x be the height of the 
mountain in feet, n the number of beats lost in 24 hours by a 
pendulum which vibrates seconds on the earth’s surface, g' the 
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value of the accelerating force of the earth’s attraction at the 
summit^ then, taking the earth’s radiiu as 4000 miles. 


g^g 


( 


4000 X 1760 X 3 
4000 X 1760 X 3 + a; 



(since the force of gravity varies inversely as the square of 
the distance from the earth’s centre,) 


g 


(- 


Zx 


4000 X 1760 


— )ne«lyi 


the time of oscillation at the summit 




X 


= 1 + 


4000 X 1750 X 3 


, since TT 


4000 X 1760 X 3 

VI-.. 


nearly. 


But since the pendulum loses n beats in 24 hours, the time of 
oscillation 


24 X Go X 60 n - 

^ ^ - 1 + ;r nearly ; 

24 X Go X Go — n 24 X Go X Go 


4000 X I 7 G 0 X 3 
* ’ ^ ^ 24 X Go x*G0 * 

= n X 245 nearly. 

Suppose for example n « 10 , then the height of the mountain 
would be 2450 feet. 

The same method is applicable to the determination of 
the depth of a mine, but in this case we must consider that 
the force of gravity is directly proportional to the distance 
from the centre, a proposition not here proved. 
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1. A FLUID is a collection of material particles, which can 
be moved among each other by an indefinitely small force. 

There is no fluid in nature which strictly fulfils the defi- 
nition we have given ; nevertheless those substances which we 
shall consider as fluid, fulfil it sufficiently nearly to make the 
conclusions founded on the definition practically correct. 

2. Fluids are distinguished into elastic and non-elastic. 
The former class consists of those, the volume of which can 
be diminished by pressure, and which have an internal expan- 
sive force, in virtue of which their volume increases when not 
constrained by external pressure. Of this kind is air, and 
generally all gaseous fluids. The latter class consists of those 
which have not this property, and the volume of which remains 
the same whatever pressure they may be subjected to. Of this 
kind is water, and generally all those fluids which we term 
liquid. 

These two classes of fluids are also spoken of as compres^ 
sible and incompressible. Strictly speaking no known fluid is 
incompressible, but all ordinary liquids are sufficiently nearly 
so to enable us to regard them as such without sensible error. 

3. As the science of Force, considered as acting on a 
material particle, or a system of material particles rigidly 
connected, divided itself into the two sciences of Statics and 
Dynamics, so in considering the action of force on a fluid the 
science will be that of Hydrostatics or Hydrodynamics, accord- 
ing as motion is or is not produced. The mathematical 
difficultj^f the latter science, however, will confine us strictly 
to the case of a fluid at rest. 


4. The characteristic property of fluids is that of trans- 
Hng equally in all directions pressures applied at their sur- 
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I faces. Thus, suppose the figure to 
) represent a horizontal section of a 
. vessel containing fluid, and suppose 
a pressure exerted on the fluid at 
some part of the side AE by a pis- 
ton a; then this pressure will be 
transmitted through tlie fluid, not 
only in one direction, as would be the case with a rigid body, 
but in all directions around the piston. To test the truth of 
this, suppose a piston 6, of the same size as a, to be inserted 
in the side BC, then it will be found that the same force will 
have to be applied to the piston 6, to prevent its being thrust 
outward, as has been applied to the piston a in order to pro- 
duce the pressure on the surface of the fluid. 

The same property may be proved by other experiments, 
so far as the nature of the case allows of experimental proof, 
and will be assumed as true in all that follows. 

5. The pressure which a fluid exerts upon a smooth plane 
is necessarily perpendicular to the plane, because the pressure 
must be mutual, and a smooth plane is incapable of exerting 
any pressure parallel to its surface, 

6. Having spoken of the pressure oji a plane, we must 
explain how such pressure is measured. The pressure may be 
either uniform or variable, that is, it may be the same at one 
point as at another, or it may vary from point to point : in 
the former case, the pressure is measured by the pressure pro- 
duced on a unit of area ; in the latter, the pressure at any 
point is measured by the pressure which would be produced 
on a unit of area, if the pressure at every point of it were the 
same as at the proposed point. The unit of area may be any 
whatever, as, for instance, l square inch. The pressure thus 
measured is called the pressure referred to a unit of surface^ 
and is usually denoted by the letter p. Suppose, for instance, 
the pressure on each square inch of the bottom of « pail of 
water were the same as would be produced by putting upon it 
a weight of 3 lbs., then p-Z. Also A be the whole area 
pressed, and the pressure be uniform, the whole pressure will 
be measured hy^ j) A: thus, in the example just now taken, if 




EQUAL transmission OF PRESSURE. 


363 


the bottom of the pail contain 40 square inches, 7 ?^ = 3 x 40 
j = I 20 lbs., which is the whole pressure exerted by the water. 

Conversely, if the whole pressure on an area be given, 
and the pressure be uniform, then the pressure referred to a 
unit of surface will be found by dividing the whole pressure 
by the quantity expressing the area. 

When we speak of the pressure at any internal point of a 
mass of fluid, we mean the pressure which would be exerted 
supposing a rigid plane were made to pass through the point 
in question. Or, supposing a very small portion of fluid at 
the given point to become rigid, then we shall have the case 
of a small rigid body kept in equilibrium by equal pressures 
on all sides of it, and the intensity of these pressures measures 
the pressure of the fluid at the proposed point. 

7. Some very remarkable results follow from the law of 
equal transmission of fluid pressure, which at first, perhaps, 
appear somewhat paradoxical. For since, when we exert a 
pressure on the surface of a fluid, that pressure is transmitted 
equjilly in all directions, it is evident 
that the whole pressure produced on 
any surface will be proportional to 
the extent of the surface, and there- 
fore ]nay be increased indefinitely by 
increasing that surface. The follow- 
ing experiment exhibits this result 
from a very striking point of view. 
vSuppose A/J, CD to be two boards 
forming the ends of an air-tight 
leather bag, and through the lower 
board CD let a small tube, EF, be 
introduced; then it will be found, 
that, by making the board AB sufficiently large, a person stand- 
ing upon it and blowing into the tube will be able to lift his 
own weight with ease. 

8. It may be observed that the principle of Virtual 
Velocities is applicable to the case of equilibrium of an in- 
compressible fluid under the action of no forces. 
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For let V be the volume of a vessel containing incom- 
pressible fluid, and let aj 0,03... be the transverse sections of 
cylindrical pipes opening into the vessel : also let p be the 
pressure referred to a unit of surface, which will be the same 
throughout the fluid. Suppose pistons to be fitted into the 
pipes, and let ^]a2/V3...be the distances of these respectively 
from the points in which the pipes meet the vessel. 

Then the volume of the fluid 

= V + + a.^a>i + 0^X3 + ... 

Now suppose the pistons to be slightly displaced, some being 
moved towards the vessel, others drawn from it, and let 
be the displacements, those being reckoned positive which 
take place from the vessel and those negative which take 
place towards it ; then after the displacement, the volume of 
the fluid will be 

F + fl] (.r, + /I'l) + (*^8 + + 03 (flfs + fts) + . . . 

and therefore, by the condition of incompressibility, we must 
have 

®8^3 • • • — 0 ! 

.’. pajii +^0.2^2 +^03^3 + ... = 0. 

Butpoi, pot, p<Jt3,...axe the pressures on the pistons, which if 
we denote by PiP8P3...the equation becomes 

+ P tlh + Pi^h + ••« = 0 , 

which expresses the condition given by the principle of Vir- 
tual Velocities. (See page 235 ). 


ON THE EQUILIBRIUM OF NON-ELASTIC FLUIDS UNDER 
THE ACTION OF GRAVITY. 

9 . In the treatise on Dynamics (Art. 21, pagCxiSS), we 
explained what is meant by the mass of a body, and we esta- 
blished the formula 


W=Mg, 
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where W is the weight of a body, M its mass, and g the acce- 
lerating force of gravity (Art 24, page 255). 

By the density of a body we mean the quantity of matter 
contained in, i. e. the mass of, a unit of its volume ; so that if 
V be the volume of a body of uniform density p, and M its 
mass, then 

M = pV, 

and .•. ir s= p Vg. 

It will be observed that here, as in the case of mass, (see 
Dynamics, Art. 21, page 253) we are obliged to refer to the 
effect of gravity upon matter, and we consider two bodies of 
equal volume to be equally dense when their weights are 
equal, that is, when the effect of gravity upon them is the 
same. 

The specific gravity of a body is the weight of a unit of 
its volume ; so that if 5' be the specific gravity of a body, the 
volume of which is V and the weight W, then will 

VS. 

Comparing this with the formula last obtained, we sec that 

S = pg. 

The specific gravities of different substances may be con- 
veniently estimated with reference to some standard sub- 
stance ; for instance, distilled water at a given temperature ; 
if wo call the specific gravity of this standard substance l, 
then those of other substances will be expressed by numbers, 
which give the ratios of the specific gravities of those sub- 
stances to that of the standard. Thus, if the specific gravity 
of water is l, that of lead is 11.35, of copper 8.9, and so of 
other substances. 

10. To find, the pressure referred to a unit of surface at 
any depth below the surface of a fluid at rest. 

Lefr-iJ be a point at a depth s below 
the surface ; suppose AB to be a prism of 
fluid of very small transverse section a, and 
suppose, this prism to become solid, which 
may evidently be done without disturbing . 




3G6 


HYDROSTATICS. 


the equilibrium ; then the pressure on the base of the prism 
will be its weight = pgaz, if p be the density of the fluid. 
Again, let p be the pressure at B referred to a unit of sur- 
face, then the whole pressure on the base of the prism = pa; 
hence we have 

pa = pgaz, 
or p = pg%. 

Hence the pressure at any point in the interior of a fluid 
at rest, is proportional to the depth below the surface. 

If we supjDOse the surface of the fluid to be exposed to 
some pressure, as the pressure of the air, and we call this 
pressure 11, we shall have 

p = pg^ + n. 

11. The pressure which we have here determined is not 
in {iny definite direction, but exists in all directions around B 
in virtue of the fundamental property of fluids. For instance, 
if we have a vessel with vertical sides containing fluid, then 
the pressure at a given depth on the sides of the vessel Avill 
be that which we have determined, but its direction will be 
horizontal. 


12. The surface of a fluid at rest is a hori:ontal 



^ V B 





fluid, CD a horizontal plane below 
the surface, E, F any two points 
in the surface, EC, FD perpendicu- 
lar to CD, p the density of the fluid. C J) 

Now, suppose a small canal of fluid joining C and D, any tw^o 
points in the given horizontal plane, to become a solid prism ; 
then since this prism is in equilibrium, the horizontal pressures 
upon its two ends must be equal; but these are the fluid pres- 
sures at C and D ; hence 


fluid pressure at C = fluid pressure at D, 
that is, pgEC = pgFD ; 

EC^FD, 

and therefore the surface of the fluid is parallel to the hori- 
zontal plane CD, or is horizontal. 
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13. To find the pressure on a plane horizontal area at any ^ 
depth below the surface of a fluid at rest. 

Suppose vertical lines be drawn from all points of the 
circumference of the plane area to the surface of the fluid, 
and suppose the prism of fluid thus formed, , having the given 
area for its base, to become solid ; then the pressure on the 
plane area will be the same as before. But in this hypotheti- 
cal case, the pressure manifestly equals the weight of the solid 
prism. Hence the pressure on the plane area is the weight 
of a column of fluid, the base of which is the area pressed, and 
height the depth of the area below the surface. 

The proposition will be true, even J;! y. 

when there is no such column of fluid 
actually superincumbent upon the plane. 

For, suppose we have a vessel of the 
shape ACDB, full of fluid; produce 
‘AB and draw CZJ, DF perpendicular 
to it, and suppose the part EC A to be 
filled with fluid; now let the side AC 
of the vessel be removed, then equilibrium will still subsist 
and the pressure on the base CD will be the same as before. 

But in this case the pressure is the weight of the column 
ECDF; therefore the proposition is still true. 



14. Hence it appears that the pressure on any plane 
horizontal area depends on its depth below the highest point 
|of‘ the fluid, and not upon the magnitude of the actual super- 



[ incumbent mass. For instance, if we have three vessels, such 
as in tU<f» figure, having their bases and altitudes equal, the 
, pressure on the bases when they are filled with fluid will be 
i the same. 

A remarkable illustration of the proposition is supplied 
also by ‘this experiment ; a barrel filled with water, and 
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having a long vertical pipe of small transverse section intro- 
duced into it also filled with water, will be burst by the fluid 
pressure, if the pipe be of considerable length. 

15. The common surface of tivo fluids which do not mix is 
a horizontal plane. 

Let A BCD be a vessel containing the 
fluids, and AD the horizontal surface of 
the upper fluid. If possible, let EHF be 
the common surface; draw the horizontal 
plane EF. Consider the equilibrium of a 
vertical column GHK, composed partly of 
one fluid and partly of the other ; the 
pressure at K = the weight of the column GHK, but the pres- 
sure at K also equals the pressure at E which iS in the same 
horizontal plane with it, and therefore equals the weight of 
a column of fluid reaching from E to the surfixcc. 

Hence the weight of a column composed of the two fluids 
equals that of a column of the same height composed of only 
one of them ; which is absurd, since the fluids are supposed 
to be of different densities. Therefore the common surface 
cannot be as we have supposed, and must be horizontal. 

16. Hence, theoretically, two fluids resting the one on 
the other wdll be in equilibrium,* provided their common sur- 
face is horizontal ; but practically equilibrium will not subsist, 
unless the lower fluid be that of greater density ; for if the 
contrary were the case, the smallest disturbance of the fluids 
would cause the denser fluid to descend, and the equilibrium 
would be destroyed: in the former case the equilibrium is 
said to be stable, in the latter unstable. Thus oil can rest 
permanently on water, but not vice versa. 

17. When two fluids meet in a bent tube, the altitudes of 
their surfaces above the horizontal plane in which the^ meet are 
inversely as their densities. 

For let pp be the densities, and nx the altitudes of the 
fluids above the common surface ; then the pressure referred 
to a unit of surface of the two fluids at the common surface 
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■must be equal and opposite, because there is equilibrium ; 
call it p ; then, considering the first fluid, we have (Art. lo) 

P = ps^- 

Considering the second, we have 
p = pgss-. 



18. The whole fluid pressure on a surface immersed in a 
fluid is equal to the weight of a column of fluid, having for its 
base the area of the surface immersed, and for its height the 
depth of the centre of gravity of the surface below the surface of 
the fluid. 

Suppose the surface divided into a number of very small 
portions, each of which we may consider to be ultimately 
plane, and to have all its points at the same distance below 

the surface of the fluid. Let oi, 02, as be the areas of 

the small portions, and %i, Z3 their respective depths 

below the surface, then the pressure on ai is pgaiZi, on az the 
pressure is pga^Zz, and so on ; hence the whole pressure on 
the surface 

= pg + )• 

Let S be the area of the surface, and % the depth of its 
centre of gravity, then by a property of the centre of gravity*, 
(see Statics, Art. 44, page 227,) we have, 

_ ai%i + a2%2 + + 

«i + ^2 + Uj + 

O] 1 *1’ a^Zn 4 .••••. 

= g ; 

the whole pressure on the surface = pgSz, 

= th^ lyeight of a column of fluid of base S and height z. 

* The property referred to was proved for a number of heavy particles ; when we 
apply the same to the centre of gravity of a surface, we must suppose it to be a 
physical surface of an indefinitely small thickness and having weight; it may then 
be considesed to be made up of the component particles, the weights of which are 
proportional to Oj , 

24 
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Ex. 1. An isosceles triangle is immersed in fluid, hav- 
ing its vertex in the surface of the fluid, and its base hori- 
zontal ; find the whole pressure on the plane of the triangle. 
Let the base of the triangle = o, 

the perpendicular from the vertex on the base = 6, 


the angle at which the plane of the triangle is inclined to the 
horizon = Q \ 


the depth of the centre of gravity 


— sin 0. 
3 


(Statics, Art. 46, page 228.) 


ab 

Also the area of the triangle = — ; 


.•. the whole pressure = -pgah'^mO. 

*j 

Ex. 2. A cylindrical vessel, having its axis vertical, is 
full of fluid ; find the whole pressure on the sides. 

Let h be the height of the vessel, r the radius of the base; 
then the surface pressed ^ 2 irrh, and the depth of the centre 

of gravity = .*. the whole pressure = irpgh^r. 


19. The pressure on a surface, which we have been con- 
sidering, is not a single pressure in a certain direction, nor 
docs it admit, in general, of a single resultant, because the 
direction of the pressure on any one of the small areas into 
which wc have supposed the surface^ to be divided is perpen- 
dicular to that small area, and therefore varies from point to 
point of the surface, except in the case of a plane area. If, 
however, we consider only that portion of the fluid pressure 
which acts in any given, direction, we may determine the 
single force in that direction, to which all the fluid pressures 
at different points of the surface are equivalent. 

20. When a body is immersed in a heavy fluids result- 
ant of the horizontal pressures at all points of the surface of the 
body is zero. 

The pressure on the surface of the body will be the same 
in every respect as on a similar and equal portion of the fluid, 
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supposed to be substituted for the body, and then made solid. 
And this hypothetical solid will be in equilibrium under the 
action of its own weight, and the pressure of the fluid ; but 
no part of its own weight acts horizontally, therefore the 
horizontal part of the fluid pressure must be zero. 

Under the same circumstances ^ the resultant of the vertical 
pressure on the body is equal to the weighty and acts through the 
centre of gravity y of the fluid displaced. 

Making use of the same artifice as before^* the portion of 
fluid supposed to become solid is kept in equilibrium by its 
own weight and the vertical pressure of the fluid, and these 
must be equal and opposite forces ; but the former ifaay be 
supposed to act at the centre of gravity of the solidified 
portion, i. e. of the fluid displaced ; therefore also the vertical 
pressure of the fluid is equal to the weight of that solidified 
portion, and acts through its centre of gravity. 

21. To determine the conditions of equilibrium of a floating 
body. 

The floating body is kept in equilibrium by its own weight 
acting downwards through its centre of gravity, and the pres- 
sure of the fluid acting upwards, which, as we have shewn, is 
equal to the weight, and acts through the centre of gravity, of 
the fluid displaced. Hence, when a body floats in equilibrium, 
the weight of the body is equal to that of the fluid displaced, 
and the centres of gravity of the body and of the fluid dis- 
placed are in the same vertical line*. 

Cou. If a body is wholly immersed in a fluid of greater 
specific gravity than itself, and is prevented from rising by a 
string or otherwise, then the force tending to raise the body 
is the difference between its own weight and that of the fluid 
displaced. 

Let V be the volume of the body, S its specific gravity, 
S' that>)f the fluid; 

* To find the positions in which a given solid will float in a fluid is very difiicult 
as a matter of mathematical calculation, even in cases apparently simple. The problem 
is evidently merely geometrical, and may be enunciated thus, To divide a solid by 
a plane into two parts, such that their volumes shall be in a given ratio and the line 
joining their centres of gravity perpendicular to the cutting plane. • 


24—2 
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then the pressure of the fluid upwards = VS', 
weight of the body acting downwards = FS; 
force tending upwards = F(aS' - S). 

Hence we see the reason of the ascent of a balloon, when 
inflated with a gas specifically lighter than common air. 

22. To determine whether the equilibrium of a floatinff 
body is stable or unstable. 

Suppose the floating body to be slightly displaced from 
its position of equilibrium by being made to revolve through 
a very small angle in a vertical plane, then a new fluid 
pressure will be called into action, which will in general not 
act through the centre of gravity of the solid; if the tendency 
of the fluid pressure be to bring the body back again to its 
equilibrium position the equilibrium is stable, if otherwise, 
unstable. It is evidently necessary for the absolute stability 
of the equilibrium that the equilibrium should be stable for 
a displacement in any vertical plane ; or if we can ascertain 
from general considerations, in any particular case, the plane 
for which the tendency after displacement to return to the 
position of equilibrium is least, and <?an r..ssure ourselves 
that the equilibrium is stable for that, phme, then we may 
conclude that the equilibrium is absolutely stable. For ex- 
ample, if the equilibrium of a ship be stable for disturbances 
in the plane perpendicular to its length the equilibrium will 
be altogether stable. 

The determination of the mathematical condition of 
stability requires a higher calculus than is introduced into 
this work, but the nature of the process may be easily 
explained. For simplicity's sake we shall suppose the boc^ 
to be symmetrical about the plane in which the disjdacement 
takes place, which we shall suppose to be the plane of the 
paper ; also we shall suppose the displacement to take place 
subject to the condition, that the quantity of fluid tilsplaced 
before and after the disturbance is the same. 

Let CD be the surface of the fluid, AB the section of the 
body which in the position of equilibrium coincided with the 
surface of the fluid, that is, the plane of floatation, EGF the 
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line wKicli WcTS vertical and which eon- ^ 

tained the centres of gravity of the l 

body (G) and that of the fluid dis- I ^ 

placed. Then after the disturbance / 
the body will be acted upon by two / (j/^ / 

forces, namely, its own weight ver- v / ' / 

tically downwards through G, and an 
equal force acting vertically upwards 

through the centre of gravity of the fluid displaced ; and on 
ifccount of the supposed symmetry of the body about the 
plane of disturbance the direction of this latter force will 
lie in that plane and will therefore intersect EGF in some 
point, as M. M is called the Metacentre of the body, and 
its position may be calculated mathematically ; if ilf be above 
G as in the figure, it is evident that the forces tend to bring 
back the body to its position of equilibrium ; if, on the other 
hand, M be lower than G, the reverse is the case ; conse- 
quently we may say, that the equilibrium is stable or unstable 
according as the centre of gravity of the body is lower or 
higher than the metacentre. 


23. It may be observed that if the body be made to 
revolve, subject to the condition of the quantity of fluid 
displaced being always the same, it will assume successively 
positions of stable and unstable equilibrium. 


For let CP be a fixed line in the 
Body, and suppose that when CP coin- 
cides with the fixed line CA the body 
is in a position of stable equilibrium, 
and that when the same line CP coin- 
cides with another fixed line CB the 
body is also in a position of stable 
equilibrium ; and suppose that there 
is no position of stable equilibrium 
corresponding to any position of CP 
between CA and CB» Then if CP 



be brought near to CA it tends to coincide with CA, by the 
nature of stable equilibrium ; and if it be brought near CB it 
tends to coincide with CB ; consequently there must be a 
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position for CP between CA and CB, for which it will tend 
to move neither towards CA nor CS, that is, there must be 
a position of equilibrium. And we have supposed that there 
is no position of 8tahU equilibrium, consequently between each 
two positions of stable equilibrium there is one of unstable. 
And there cannot be more than one, because similar reason- 
ing would shew that between each two positions of unstable 
equilibrium there is one of stable. Hence the proposition 
enunciated is true. 


ON FINDING THE SPECIFIC GRAVITY OF A 
SUBSTANCE. 

24. We have before remarked (Art. 9) that it is con- 
venient to compare the specific gravities of substances with 
that of some standard substance, such as distilled water at a 
given temperature ; we shall now explain the mode of making 
the comparison. 

We will first consider the case of a solid body. 

(1) Let the body be of greater specific gravity than the 
fluid. 

Weigh the body first in vacuum, and then in the fluid, 
and let the weight in the first case be W, and in the second 

then the weight of the fluid displaced = IV - W'\ 

specific gravity of solid _ W 
fluid W^W ’ 

(2) Let the body be of less specific gravity than the 
fluid. 

Then it must be attached to a piece of some heavy sub- 
stance, the weight of which we will suppose to be w in vacuum, 
and w in the fluid; and let TV/ be the weights of the 
two bodies attached together, in vacuum and in the fluid re- 
spectively; then 

the weight of fluid displaced by the two bodies = TVj - TVj', 

heavier ^ w ^ w\ 

.• lighter = TVj - TV/ 

- w v/ \ 
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. specific gravity of solid W 

fluid " + 

If the body be composed of a substance soluble in the fluid, 
we must inclose it in wax and proceed as before. 

In rough experiments, founded on the preceding investi- 
gation, it will be sufficient to weigh the bodies in air instead 
of in vacuum ; but in all delicate experiments, the weight of 
the air displaced by the body must be added to its apparent 
weight in air. 

25. To determine the specific gravity of air. 

Let a large flask be filled with air, and weighed, and let 
the weight be W ; again, let the air be exhausted, and the 
flask weighed, and its weight be W ; lastly, let the flask be 
filled with water, and weighed, and its weight be Then 

the weight of air contained is TT - W\ and of water con- 
tained F"- W\ 

specific gravity of air TT - F' 
water F'- F’ 

26. The apparent weight of a body, resulting from an 
experiment made in common air, is always deceitful, except in 
the case of the substance weighed being of the same material 
as the weights used in the opposite scale of the balance. 

Let 

V be the volume of a body weighed, S its specific gravity, 

V the weight, *S" 

cr the specific gravity of air. 

Then wc must have, 

V(8^g)^ r(S'-c7); 

1 

.-. VS = F'S'- 
1 
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Hence the apparent weight of a body must be multiplied by 

O’ 

the factor in order to get the true weight. 


27. Given volumes of substances of known specific gravities 
are compounded ; to find the specific gravity of the compound. 

Let V V be the volumes, 

S S' the specific gravities, 

(T the specific gravity of the compound. 

Then, since the weight of the compound equals the sum of 
the weights of the constituents, we have 

(F+ F')tr= F5+ rS; 

F5 4 F'*S" 

•'•O’* r + V~' 

Obs. It is here assumed that the volume of the com- 
pound is equal to the sum of the volumes of the constituent 
fluids ; an assumption not always strictly true. 


28. To compare the specific gravities of two fluids by weigh- 
ing the same solid in each. 

Let 

W be the weight of the solid in the vacuum, 

TFi its apparent weight when suspended in the first fluid, 
TFa second ... 


Then, 

weight of the quantity of the first fluid displaced 
second 

.'. the ratio of the specific gravities 


TF- TF,, 
TF- TF,; 
TFtl TF, 
IF- Wf 


29. The specific gravities of two fluids may be conv^iently 
compared by means of the common hydrometer. 
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This instrument consists of two hollow spheres, B and C, 
having their centres in the axis of the graduated stem AB ; 
the sphere C is loaded with lead, so that the instrument will 
float in a fluid with the stem vertical. 


Let S S' be the specific gravities of two 
fluids which are to be compared. 

V the volume of the instrument, 

W its weight, 

k the area of the transverse section of the 
stem ; 

and suppose that when the instrument is made . 
to float in the two fluids, the level of the 
fluid in the first case is P, and in the second 
Q; then 

S(V^k.AP), 

also W^S'(V^k.AQ); 

S V^h.AQ 
S" V^k'.AP' 



S 


Hence by measuring AP^ AQ, the ratio — , is known, 


30. Nicholson's Hydrometer, 

This is a convenient instrument for comparing either the 
specific gravities of a solid and a fluid, or the specific gravi- 
ties of two fluids. 

AB is a hollow cylinder; C a dish supported by a wire 
AC coinciding with the axis oi AB\ D another dish suspend- 
ed from the lower extremity of AB. 

(l) To compare the specific gravities of a solid and 
a fluNL. 

Let Wi be the weight, which placed in C causes the 
instrument to sink in the fluid till the surface of the fluid 
meets AC in a given point E* Place the solid in C and let 
W 2 be the weight which must be added to make the instru- 
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incnt sink as deep as before. Place the solid in 
D, and let W 3 be the weight which must then 
be placed in C in order to sink the instrument 
to the same depth. 

Then the weight of the solid = TTj - W». 

Again, the apparent weight of the solid when 
weighed in the fluid = TT, - ITg ; 

.’. the weight of thb fluid displaced 
= (TFi - Fg) - (F, - Fg) = Fs - F; 

, specific gravity of solid F, - Fg 
fluid “ Fr^ 2 ' 



(2) To compare the specific gravities of two fluids. 

Let F be the weight of the hydrometer ; and let F, Fg 
be the weights which must be placed in C in order to sink 
the instrument down to the point E, when floating in the 
two fluids respectively. 

The weight of the fluid displaced in the two cases will be 
F + Fj and F + Fg ; but the volume displaced is the 
same; 

F + F 

the ratio of the specific gravities = — 

IV + Wo 


ON THE PRESSURE OF AIR AND OTHER ELASTIC 
FLUJDS. 

31. The atmosphere or air, which surrounds the earth, 
produces a pressure upon all bodies immersed in it. This 
pressure, though very great, is not in general felt by us, be- 
cause by the nature of fluid pressure it acts equally on all 
sides of a body submitted to it ; for instance, when a man 
raises his hand, the downward pressure of the air abdvc his 
hand is equal to the upward pressure below it, ^d the two 
therefore neutralize each other. 

32. To measure the pressure of the air. (The Barometer.) 
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Let a bent glass tube JBC be closed at the end 
A, and let AB he filled with mercury. Then if the 
tube be placed so that AB is vertical, the mercury 
will descend in AB and rise in BC, leaving a vacuum 
above the level of the mercury in AB. . Let, D, E 
be the levels of the mercury in the two branches, 
and draw FE horizontal through E. Then the 
column of mercury FD is supported by the pres- 
sure of the air on the surface at Ey and therefore 
if n be the atmospheric pressure referred to a unit 
of surface, o- the specific gravity of mercury, and 
FD = A, we shall have 

n = ha. 



33. The barometer in common use differs slightly from 
the instrument just described. 

The common barometer consists of a vertical 
closed tube AB opening into a vessel BC\ a scale 
of inches is attached to AB. The height of the 
mercurial column, as shewn by such an instrument 
as this, is the height above a fixed horizontal plane, 
not above the level of the mercury in BC which is 
variable; hence the height will be in error, but 
since the area of the vessel BC is much greater 
than that of the tube AB the error will not be 
very great. 

The actual error may easjly be calculated, thus: 
let O be the zero point of graduation, and when 
the mercury in BC stands at that level, let N be 
the level of the mercury in AB ; and when the mercury in 
AB has risen to jP, let that in BC have fallen to M, then 
OM is the error required. Let k K he the areas of the 
transverse sections oi A B and BC respectively; 

; k.PN ^ K.OM\ 

' • 

OM=^.PN=^{OP-ON)\ 

JL K 



and th6 true height of the barometer = OP 
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The height of the barometer varies from about 28 to 31 
inches. 


34. We remarked in the commencement of this treatise, 
that some fluids were elastie and some non-elastic; in the 
latter, of which we have hitherto principally treated, the den- 
sity is the same to whatever pressure the fluid may be sub- 
jected; but in elastic fluids the volume is diminished by 
pressure, and consequently the density increased. There will 
be, therefore, some relation between the volume occupied by 
an elastic fluid, and the pressure exerted by it in consequence 
of its elasticity. 

The 2^ressnre of ah' at a given temperature varies inversely 
as the space it occupies. 

We shall shew how this is proved experimentally, (l) 
when the air is compressed for the experiment, (2) when it is 
rarefied. 


(1) Let ABCi a bent glass tube closed at A, and having 
its branches parallel, be placed so that the axes of the tube 
are vertical. 

Pour mercury into the tube and by withdrawing some of 
the air in Ali, or by other means, make it stand at the same 
height in the two branches, at the level DE suppose. 


Now pour in more mercury, until the level in 
the two branches is F and G respectively. 

Then if the ratio of the spaces AE, AG, occu- 
pied by the air in the two cases, be ascertained by 
weighing the mercury they will contain, and if h be 
the height of the barometer at the time of the 
experiment, it will be found that 

h + FG volume AE 
h volume AG' 

But if n, n' be the pressure of the air when 
occupying the spaces AE, AG respectively, and a 
the specific- gravity of mercury, 

then n = ah, 



iV^aih + FG); 
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n' volume AE 
II volume -4 G* 


( 2 ) Let a glass tube ABC^ closed at A, and 
having the branches AB, BC parallel and nearly 
equal, be placed so that the axes of the branches 
are vertical. 

Pour mercury into the tube, and make the sur- 
faces in the two branches stand at the same height 
DE, as before. 

Withdraw a portion of the mercury, and let 
the surface in the two branches then stand at F 
and G in the branches BC, AB respectively. 

Then it is found, as in the former case, that 

h - FG volume AFj 

h vuluine AG ’ 

But if IT, rr be the pressure of the air when 
occupying the spaces AE, AG respectively, we shall 
have 

n = (j/i. 


E 


Cr 


IT 




n'=: aih^FG); 
n' volume AE 
IT volume -4 G’ 


Cor. Tf p be the pressure of air referred to a unit of 
surface, when the density is p, we have 

1 

volume ’ 


but p oc - y — ; 

* volume 

jp oc p = kp, suppose, 

where k is some constant. ^ 

Ttfe best observations give 

\/k = 916.2724 feet. 

The same law is found to hold good in the case of all 
elastic fluids. 
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^ 35. If the atmosphere be mpposed to be divided into indefi^ 
nitely thin strata of equal thickness, the densities, of the air in 
those strata will be in geometrical progression. 

Suppose the strata to be so thin that the density may be 
supposed the same throughout each; and let p^ be the 
density and pressure in the stratum measured from the 
earth’s surface ; r the thickness of the strata. 

Then the difference of pressure in passing from the 
to the n + stratum is the weight of a column of air of 
height T ; 

••• Pn - Pnl^ = pngT (Art. lO) ; 
but = kp^ (Art. 34), 
and = ^pn+i > 

, pn - pf.+\ ^ 

Pn h 

111 like manner, * ; 

Pn^x h 

^ Pn “■ /On 4-1 pn— 1 Pn 

Pn Pn:~l 

or p„.,p„+i = pi. 

Hence the densities pi, /Og, p.„ ..., and therefore also the pres- 
sures, Pl 9 Pz 9 Pz>>*y form a geometrical progression. 

Obs.. The preceding proposition is not experimentally 
true, for two reasons ; first, we have considered the tempera- 
ture to be the same at all heights above the earth’s surface, 
which is not the case ; and, secondly, we have neglected to 
take account of the diminution of the force of gravity as we 
recede from the centre of the earth. For small heights, how- 
ever, the proposition may be taken as approximately true. 

36. To eocplain the metl&d of finding the dijferev^ce of 
altitude of two stations above the earths surface by means of the 
barometer. 

Let OB be height in feet of one station above the earth’s surface, 

OB the other 
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We ix^y suppose the atmosphere to consist of strata of one 
foot thick, throughout each of which the pressure is the same, 
but that in passing from one to another of them the pressure 
diminishes in a geometrical progression. Let r be the ratio 
of this progression then (making r » 1 in the last article), 

1 — r = - ; 
k 

k 

Again, let the height of the barometer at the two stations 
be h h\ which will be proportional to the atmospheric pres- 
sures at the two stations ; 

^ ' ' A' r*” A Af) ’ 

taking logarithms, log ^ = (r - m) log ~ » 

I * 


or ^ - a? = • 


which formula, by the aid of a table of logarithms, will give 
us the difference of height of the two stations, measured in 
feet* 

* The student who is acquainted with the exponential theorem may solve this 
problem more completely, as follows. 

Let the thickness of the strata be and let mr, nr be the heights of the two 
stations, and z the difference of their heights, so that 

z = {m 

then 

= 1 - ^ T + binomial theorem,' 

+ j 

1.2 V*/ 

Now make t = 0, i. e. suppose the strata to be indefinitely thin ; 
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Obs. The preceding investigation exjjlains the principle 
of finding heights by barometrical observations, but requires 
many corrections in practice to enable us to obtain accurate 
results. The decrease of the earth’s attraction, and the 
change of temperature, in ascending above the earth’s surface, 
give rise to the two most important corrections. It will also 
be necessary to have regard to the pressure of the vapour 
which is held in solution by the air, and which will cause the 
observed height of the barometer to be an erroneous indica- 
tion of the pressure of the atmosphere. 

THE AIR-PUMP. 

In many scientific experiments it is necessary to exhaust 
the air from vessels made use of. This is done by means of 
the air-pump ; there are several varieties, some of which effect 
a more complete exhaustion than others, but none are capable 
of producing a perfect vacuum. We shall describe two con- 
structipns. 

37. HawJcsbee^s, or the common Air-pump. 

AB, AB' are two hollow cylinders, 
communicating at their low'er extremities by 
a pipe with a strong vessel or receiver, from 
w^hich it is required to exhaust the air ; 

/?, B* are valves opening upwards; C, C 
pistons fitted to rods which are worked by 
means of a toothed wheel and contain- 
ing valves also opening upwards. 

Suppose the piston C to be in its highest position, and 
therefore C in its lowest, and suppose the density of the air 
in the receiver to be that of atmospheric air ; then when C 
descends and C rises, the valve B closes, and C opens because 
the pressure below becomes greater than that of atmospheric 

= 6? * (where e = 2*7182818 ) by the exponential theorem; 

taking logarithms, 
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air ; also JB' opens and C' is closed, and the air which before 
occupied the receiver now oceupies the receiver and the in- 
terior of the cylinder A' B\ and is therefore rarefied. At 
each stroke a similar rarefication takes place ; and thus the 
air in the receiver is graduaUy exhausted, ' 

38. To find tlie density of the air in the receiver after n 
turns of the wheeL 

Let B be the capacities of the receiver and of each 
of the cylinders respectively, the density of the air after 
n turns, p the density, of atmospheric air. Then after one 
turn the air which occupied previously the space A occupies 
the space A + B\ 

Pi (A + B) = pj, or pi = 

similarly, p.^ (A + B) = p, A, or p.^^ p ~ : 

A^ 

and so generaUy, p„ = p . 

39. In air-pumps, which, as in the above construction, 
have the pistons open to the atmbsphere, it is quite necessary 
to have two pistons ; for if there were only one, the pressure 
of the air upon it would make it almost impossible to work 
the pump : by having two, as described, the pressure of the 
air on the pistons is in equilibrium, and the only resistance 
to be overcome is that arising from friction. 

40. Smeaton's Air-pump. 

AZ? is a hollow cylinder communicating with 
the receiver by a pipe BC ; B is a, valve opening 
upwards ; a piston works in AB, having the valve 
B opening upwards ; and the cylinder is closed by 
a plate, having a valve A also opening upwards. 

Suppose the piston in its lowest position ; 
when it rises the valve B opens, D shuts, and the 
air which occupied the cylinder is expelled through 
A ; when the piston descends, A closes, D opens, 

B closes, and by raising it again the air occupying 
the cylinder is again expelled, and so on. 

25 
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41. To find tlie^ density of the air in the receiver after n 
ascents of the piston. 

Let A, B be the capacities of the receiver and cylinder 
respectively ; p the density of atmospheric air, p^ the density 
after n ascents of the piston. Then after one ascent, the 
air which occupied the space A occupies the space A + B; 

A 

pi (A + B) = pA, or pi = p ’ 

similarly, 

p, (A + B)^ piA, OTp,« p 
and so generally, 

A” 

* 

42. In this pump only one cylinder is required, the 
upper surface of the piston not being exposed to the atmo- 
spheric pressure. Also the exhaustion producible is much 
greater than by Hawksbee’s construction, because the valve 
D not being open to the air will open for a much longer 
time than the valves C, C in the former case, which are so 
exposed. 

43. The valves in these pumps are usually formed of a 
small triangular piece of oil silk, fastened by the corners over 
an aperture in a brass plate. The receivers are glass vessels 
of a bell form, which stand upon a brass plate, through which 
the pipe enters which communicates with the cylinder or cy- 
linders ; the junction of the receiver with the brass plate is 
made air-tight with some greasy substance, or sometimes a 
disk of leather is interposed. This form of the receiver is 
necessary for strength, since after a few ascents of the piston 
the ju'essiire of the atmosphere becomes very considerable. 

ON THE THERMOMETER. 

44. The thermometer is not, properly speaking, a hydro- 
statical instrument ; nevertheless, as we have had frequently 
to speak of the temperature of fluids, it will be well to describe 
the instrument by means of which temperature is measured. 
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T’lie clFect of heat is to expand bodies under its influence; 
this property of bodies is taken advantage of to measure the 
degree of heat to which they are exposed. 

45. The common thermometer consists of a glass tube, 
of small uniform bore, closed at one end and terminating in a 
bulb at the other, which together with part of the tube is 
filled with mercury ; the part of the tube not occupied by 
mercury is a vacuum. A graduated scale is attached to the 
tube ; when the thermometer is exposed to heat the mercury 
expands and rises in the tube ; the degree of its expansion is 
known by the graduated scale. 

46. The scale is graduated as follows. The thermo- 
meter being immersed in melting snow, a mark is made op- 
posite to the surface of the mercury: this is the freezing 
point. The thermometer is next exposed to the steam of 
water boiling under a given atmospheric pressure, and a mark 
is made opposite to the surface of the mercury in this case ; 
this is the boiling point. The interval between these two 
points is divided into a number of equal parts called degrees : 
in the centigrade thermometer the freezing point is called 0° 
and the boiling 100°: in Fahrenheit’s, the scale commonly 
used in this country, the former is marked as 32® and the 
latter 212®. 


47. To compare the scales of two differently graduated 
thermometers. 

Let (y and denote the number of degrees indicated 
under the same circumstances by a centigrade and a Fah- 
renheit’s scale. Then jP® — 32" is the number of degrees Fah- 
renheit above the freezing point. Now a degree centigrade 
measures one hundredth part of the distance from the freez- 
ing to the boiling point, and a degree Fahrenheit measures 
one hundred and eightieth part of the distance ; 


Cx- 

100 180 


or C = - (F - .82) ; 
f) 


25—2 
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a formula by means of which we can deduce the reading of 
one scale from that of the other. 

The same method is applicable to the comparison of any 
two scales. 

48. We can now reduce any question involving con- 
siderations of temperature to numbers; for if wc speak of 
t degrees of temperature, we mean that the mercury in a 
thermometer exposed to the degree of heat in question 
would stand at t degrees above the ^ro point. 

For instance, iii the case of elastic fluids we have found 
(Art. S4. Cor.) that p==kp, provided the temperature is con- 
stant; when the temperature varies, the following is the 
formula given by experiment, 

jP = ip(l + at), 

where t is the temperature of the fluid, and a a small quan- 
tity, the value of which is found by experiment. 


ON THE SIPHON. > 

49. The siphon is a bent tube 
ABC open at both ends. Let the 
tube be filled with fluid, and the 
shorter leg inserted into a vessel of 
fluid which it is required to empty, 
and the extremity of the other leg 
closed. Let the level of the surface 
of the fluid meet the two legs of the 
siphon in J and I> respectively, then there will be equi- 
librium, provided the height of jg_ abov e JI) is not greater 
than that of a column of water the weight of which is equal 
to the atmospheric pressure, and the pressure at J will be 
equal to that at D ; consequently the pressure on the end C, 
which we have supposed to be closed, is greater than the at- 
mospheric pressure, and therefore if the tube be opened the 
fluid will descend : the atmospheric pressure on the surface 
of the fluid will cause it to rise in the shorter leg, and thus a* 
continuous stream will be produced, which will only cease 
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when' the surface of the fluid has descended to the extremity 
of the shorter leg of the siphon. 

The limit of the height of B above the level of the sur- 
face of the fluid is about 32 feet. 


ON PUMPS. 

50. The pressure of the atmosphere on the surface of 
water is taken advantage of, for the purpose of raising it 
above its level. The machine by means of which this is 
effected, is called a pump; we shall describe two principal 
kinds. 

The Common Pump. 

51. AB is a cylinder, having ita 
lower end closed with a valve B opening 
upward, and connected by means of a 
pipe BC with the water which is to be 
raised. A piston, containing a valve D 
opening upw'^ards, is worked in the cylin- 
der by means of a vertical rod and a 
handle. 

Suppose the piston to be in its lowest 
position ; then, when it is raised, the 
valve B opens and a partial vacuum is 
produced in the cylinder and pipe, and 
the pressure of the atmosphere without 
being greater than the pressure within 
the pipe, the water rises, and it continues 
to rise until the pressure within and with- 
out become equal. When the piston 
descends, the valve D opens, and the air 
within the cylinder escapes; when it is 
raised, the former process is repeated, and 
so on until the water rises to the level of the pipe J?, from 
which it escapes. 

It is obvious that the length of BC must not be greater 
than the height of a column of water, thq weight of which 
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is equal to the atmospheric pressure, that is, than about 32 
feet. 

52. The common pump is limited in respect of the 
height to which it can raise water ; but we can raise water 
to any height by means of the forcing pump ; it is by this 
means that cisterns at the higher parts of houses are supplied. 


The Forcing Pump. 

53. AB is a cylinder, having at its * i’ 

lower end a valve B opening upwards, 
and connected by a pipe BC with the 
water to be raised. From the lower part 
of AB a pipe EF communicates with tlie 
cistern to be filled, and this pipe is fur- 
nished with a valve E opening upwards. 

D is a solid piston w'hich w'orks in the 
cylinder by means of a vertical rod and 
handle. 

Suppose the piston to be in its longest 
position ; then, when it is raised, the 
valve B opens and the valve E is closed, 
and consequently, a partial vacuum is pro- 
duced witliin the cylinder and pipe; and 
the pressure of the atmosphere without 
being tlius greater than that within the 
pipe, the water within rises, and continues 
to rise until the pressures within and with- 
out are equal. Let the piston be now 
made to descend and the process repeated, 
until the w^ater has risen above the top of 
the pipe ; then when D descends, the water in the cylinder, 
not being able to return on account of the valve B, is forced 
up the pipe EF, in wliich it is retained by the valve Ei* 

This process may be continued, and by this means water 
may lie raised to any elevation. 

As in the case of the common pump, the height of the 
valve B above the level of the water must not exceed 32 feet. 
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The Fire-Enghie. 

54. The lire - engine consists of ^ 

two forcing pumps, by means of which 
the water is forced into an air-vessel 
ABC<, from which the water can escape 
by the pipe ED. The air in the 
vessel being compressed by the water, 
which is forced in by the pumps, exerts 
a continuous pressure on the surface of 
the water BC, by which it is driven 
violently and in a continuous stream 
through the pipe ED. A flexible tube 
is attached to the mouth of the pipe EDy by means of which 
the stream of water can be made to play in any direction. 



ON THE DIVING BELL. 

55. The diving bell is a heavy chest, which is suspended 
by a rope, and which has its lower side open. If the bell be 
lowered into the water, the air within the bell will prevent the 
water from filling it, and consequently persons sitting on a 
seat inside will be enabled to breathe at considerable depths 
below the surfaee of the water. 

In practice the diving bell is furnished with a flexible pipe 
communicating through the top of the bell with the interior, 
by means of which fresh air can be pumped in, and the in- 
terior thus ke})t as free from water as we please, while at 
the same time fresh air is furnished for the respiration of 
the divers. 

Let B be the volume of air contained by the bell, /?, the 
volume it contains when at the depth z below the surface, h 
the height of a column of water the weight of which equals 
the atmospheric pressure, then (by Arts. 10 and 34 ) 

h 

B ~ /t + « ■ 
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ON BRAMAirS PRESS. 




56. The principle of the equal transmission of fluid 
pressure in all directions, and the consequent possibility of 
increasing the total pressure on a surface to any extent by 
increasing the surface, supply us with the means of obtaining 
one of the most powerful machines in use, the application 
of which to the purpose of producing enormous pressure or 
tension is extremely valuable. Its most recent and interest- 
ing application has been to the raising of the tubular bridge 
across the Menai Straits. 

A solid cylinder E works 
through a water-tight collar in the 
end of the strong hollow cylinder 
AB\ the latter is connected by 
a pipe, having a valve B open- 
ing inwards, with another strong 
cylinder CD, which with the solid 
cylinder FG acting as a piston 
forms a forcing pump. Suppose 
the machine to be used for com- 
pressing a bale of goods L ; then 
the bale is placed upon E, and 
is pressed by it against the very 
strong framework IIK, 

When the pump is worked 
the water is forced through B, 
which pressing on the lower sur- 
face of E causes it to rise, and 
pressure may be increased by continuing to work the 
pump, the force with which the piston FG descends at 
each stroke being multiplied in its effect upon L by the 
ratio of the area of the base of the piston E to that of the 
piston FG, 

The pressure may be immediately relieved, by allowing 
the water in AB to escape by a cock provided for tile pur- 
pose. 

Let r and R be the radii of the cylinders FG and E 
respectively, p the pressure referred to a unit of surface in 
the fluid within, the press, P the force applied at the ex- 
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trcmity of the pump-handle, A and a the distances of the 
fulcrum of the pump-handle from the extremity at which P 
agts and the other extremity respectively, W the pressure on 
the cylinder E ; then 

and PA 

P r^a 
‘‘ W" WA' 

This formula gives us the measure of the mechanical ad- 
vantage of the machine ; and we may observe that the result 
is in aecordance with tlie principle of Virtual Velocities. 

ON THE STEAM-ENGINE. 

57. The account which we shall here give of the steam- 
engine will be exceedingly brief ; we shall in fact consider it 
principally as a hydrostatical machine, whereas . the complete 
view of it would represent it as involving the principles of 
dynamics, and would require a description of a variety of 
ingenious contrivances which would here be out of place. 
It has only been by degrees that 
the steam-engine has attained to 
its present perfection ; we shall de- 
scribe it as it was completed by 
James Watt, to whose genius the 
most important of the contriv- 
ances are due. 

C is a piston working in a 
cylinder AB, the rod CD which 
communicates the motion of the 
piston to the machinery passing 
through a steam-tight collar at A. 

At E and F two pipes, which 
communicate with the boiler, enter 
the cylinder; suppose one of these 
to be open to the boiler and not 
the other, (in the figure the lower 
pipe is open to the boiler, the 
upper not,) then the steam rush- 


H 
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ing in through F below the piston will drive it up; when 
the piston is at the highest point of its stroke, suppose this 
an-angenient reversed, that is, E to be opened to the boiler 
and F not ; then the steam rushing in above the piston w^l 
drive it downward, and the steam which is below the piston 
will escape through F either into the outer air or into a vessel 
provided for the purpose, it being so contrived that the 
arrangement which opens E to the boiler cuts off the com- 
munication of F. If this alternate opening of the pipes be 
effected by some contrivance, it is manifest that we sh^ obtain 
a continuous oscillating motion of the piston C. 

The contrivances for the alternate opening of the pipes 
are various ; in the figure we have represented a simple and 
common one. G is a steam-tight box which is made to slide 
up and down by means of the rod GH\ the magnitude of 
this box or slide is such that when one pipe is just covered 
the other is just uncovered, and while one of the steam-pipes, 
as F in the figure, is uncovered by it, the otlier (£) communi- 
cates through it with the vent pipe K. If then the rod IIG 
has exactly the reverse motion of the rod CD, so that one 
sliall rise when the other falls, it is evident that what was 
required will be done. 

It is clear that the pressure on the piston throughout the 
stroke will not be uniform, because while one of the pipes 
E, F, is being shut and the other opened, they will both 
be partially open, and con.scquently there will be an influx 
of steam both above and below the piston ; in fact, at the 
middle of the stroke there will be as much steam pressure on 
one side of the piston as on the other. This difficulty is 
obviated by the use of a flywheel, which is a large heavy 
wheel turned by the rod CD, and which by its momentum 
carries the machine past the half stroke and also tends to 
equalize the motion throughout. 

(The manner in which CD is connected with the fly- 
wheel, and the motion of the rod HG produced by an cx- 
contric crank on the axis of the flywheel, we shall not here 
describe.) 

The steam, when allowed to escape from the cylinder, 
through the pipe K, may be permitted either to escape into 
the outer air, or else to flow into a closed vessel in which it is 
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condensed, and the water formed by it pumped up again into 
the boiler to be reconverted into steam. 

In the former case the pressure of the atmosphere is 
allowed to act on the piston, and must be overcome by the 
greater pressure of the steam on the opposite side : hence, in 
order to produce a given effect, the elastic force of the steam, 
and consequently the quantity of fuel employed, must be 
much greater in this case, than when the steam is allowed to 
escape into a condenser ; engines on the former construction 
are called Pressure, on the latter Low Pressure engines. 

The high pressure engine has also this disadvantage, that 
the interior of the cylinder is cooled by being open to the 
atmosphere, and consequently when the steam is again ad- 
mitted some portion is condensed and rendered ineffective. 

It is usual to €iiit^;bfF the steam before the piston has 
attained to the end of its stroke, and to allow the stroke to 
be completed by the elastic force of the steam already injected ; 
by this arrangement not only is less steam required, but also 
the motion is more uniform. . 

58. An earlier and imperfect form of the steam-engine 
was the atmospheric engine, in which the piston was driven up 
by steam, and«; vacuum having been produced below it by an 
injection of cold water the piston was driven down by the 
atmospheric pressure above. The capital defect of this con- 
struction is, that the cylinder must be cooled down at every 
stroke, and consequently when the steam is again admitted 
a very large quantity is condensed, and there 4s an immense 
waste of fuel. This construction has consequently almost 
entirely disappeared. 
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1. The science of which we are now about to explain 
the principles is known as that of common or geometrical 
optics, in contradistinction from physical optics ; in this latter 
science, we endeavour by means of a simple hypothesis con- 
cerning the constitution of light, to connect and account for 
the various pha3nomena presented to us ; in the former, we are 
principally employed in tracing, by mathematical calculation, 
the results of certain experimental laws. Hence, the conclu- 
sions arrived at in the following pages, will be equally sound, 
whatever physical theory be adopted, and the subject will be, 
for the most part, one of pure geometry. 

2. From a bright object light emanates in all directions 
and this light we may conceive to be made up of rays^ intend- 
ing by the term ray to express the 'smallest quantity of light 
which can proceed in any direction ; and we reason concern- 
ing rays, as though they were geometrical lines. In like 
rnanner, an object to be a source of light must be of finite, 
though it may be of very small dimensions ; but we sliall con- 
sider a briglit point which is a source of light as a geometri- 
cal point. 

3. Any substance which allows the transmission of light 
tliroiigh it is called a medium./ Light may proceed either 
through a medium or in vacuum. 

4. An assemblage of rays proceeding from a luminous 
I point is called a pencil of rays.' The pencils wdiich we shall 

consider will be conical, and the axis of the cone will be called 
the axis'of the pencil. 

A conical pencil may consist either of divergent or con- 
vergent rays : if the ray^s are proceeding from a luminous 
point, the pencil is divergent ; if the rays are proceeding from 
;Some source of light towards a point, it is convergent; if the 
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rays are parallel, the pencil is neither divergent nor con- 
vergent. 

5. When a ray of light is proceeding in a uniform me- 
dium or in vacuum, its direction is rectilinear, but when it is 
incident upon the surface of a medium, it is in general divided 
into three parts, 

(1) One portion is reflected according to a regular law, 
and forms the reflected ray ; 

(2) Another portion enters the medium according to a 
regular law, and forms the transmitted or refracted ray ; 

( 3 ) A third part is scattered, that is, reflected in all 
directions without any regular law. 

The first two portions mentioned are those with which we 
shall be hereafter concerned, the third part is that which 
renders the surfaees of bodies ordinarily visible. 

Suppose, for example, we are looking at the surface of a 
well polished mirror, then the effect of the mirror is only to 
reflect rays of light which fall upon it from various objects, 
and wc shall not be sensible of the existence of the mirror 
itself, but if there be any speck upon the surface of the mirror 
this speck will scatter the light which falls upon it, and be- 
come visible exactly as if it were itself a luminous object. 
In fact when rays of light are reflected, or refracted, their 
directions only arc changed; but when a pencil of light is 
scattered, the object which scatters it becomes virtually a new 
source of light. 

Besides the reflected, refracted, and scattered light, there 
is also a certain portion absorbed by the medium. 

In the case of polished metallic surfaces and some others, 
the reflected ray is the only one which sensibly exists ; and, 
in general, the relative intensities of the reflected and re- 
fracted rays, will vary with the circumstances of the incidence, 
and also with the nature of the medium. 

6. When a ray of light is incident upon a plane surface, 
the angle which its direction makes with the line perpendicu- 
lar to the surface, or the normal to the surface, is called the 
angle of incidence, and the angles which the reflected and 
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refracted ray respectively make with the same line arc called 
the angles of reflexion and refraction. When a ray is incident 
on a curve surface, the ray will be reflected or refracted in 
the same manner as if it fell upon the plane which touches 
the surface at the point of incidence, and the angles of in- 
cidence, reflexion, and refraction are those which the incident, 
reflected, and refracted ray respectively make with the normal 
to this plane. 

7. The laws of reflexion are the following : 

(1) The incident and reflected ray lie in the same plane 
with the normal at the point of incidence, and on opposite sides 
of it. 

* 

(2) The angles of incidence and reflexion are equal. 

And the following are the laws of refraction : 

(1) The incident and refracted ray lie in the same plane 
with the normal at the point of incidence, and on opposite sides 
of it. 

(2) The sine of the angle of incidence hears to the sine of 
the angle of refraction a ratio dependent only on the nature of the 
media between which the refraction takes place, and on the nature 
of the light. 

According to this last law, if we call the angle of incidence 
0, and that of refraction 0', we shall have sin 0 « sin 0', 

. where /ll is a quantity independent of the angle of incidence, 
and depending only upon the nature of the media and of the 
light ; it will have for instance a certain value for refraction 
from vacuum into glass, another from glass into water, and 
so on ; also it will have one value for red light, another for 
green, and so on. The quantity fx is called the refractive 
index, and is greater than l when refraction takes place from 
vacuum into a medium, and in general is greater than 1 when 
the refr&ction is from a rarer to a denser medium, and less 
than 1 when the opposite is the case. 

8. These laws may be considered as depending for their 
truth upon experiment ; in a treatise on Physical Optics they 
26 
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would be deductions from an hypothesis respecting the con- 
stitution of light, but in a treatise like the present they may 
be regarded as experimental truths. 

The following experiment will serve to deduce the laws 
from actual observation, and by proper precautions may be 
made susceptible of considerable accuracy. 



Take a rectangular card, the opposite sides of which are 
bisected by the lines JOB, COD, immerse it perpendicularly 
in w^ater as far as the line AB, and place it in such a position 
that a very small beam of sunlight, admitted tlirougli an orifice 
in a shutter of a darkened room, may be incident along the 
line QO on the surface of the water at O. 

Then a portion of this ray will l)e observed to be reflected 
in such a direction as OQ', and on measuring CQ, CQ\ they 
will be found to be equal : hence it will be s('cn that QOC 
= Q'OC; and it is manifest that QO, CO, Q'O are in the same 
plane, they being all in the plane of the card. 

Again, a ray Oq will be observed to be transmitted through 
the water ; this is the refracted ray, and is manifestly in the 
same plane with QO and OD ; also if for different angles of 
incidence the lines CQ, Dq be measured, and OQ, Oq com- 
puted from them, it will be found that the ratio : — is 

OQ Oq 


the same, whatever be the direction of the ray. The ratio 
however will not be the same if anotlfer fluid be substituted 
for water, or if the colour of the light be varied. 

The results here described are in accordance with the 
laws enunciated in the preceding article; and it is evident 
that experiments may be made, upon principles similar to 
that of the one just now described, sufficiently numerous and 
accurate to establish the laws with a very great degree of 
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certainty. But besides the evidence thus arising from direct 
observation, we can appeal to the coincidence with fact of 
the results of calculations founded upon these laws ; in the 
case of reflexion, for instance, a method of observing the 
heavenly bodies depends for its accuracy upon the law of 
reflexion which has been enunciated, and the slightest de- 
viation from the truth in this assumed law would be certain 
to be detected in a long course of observations. So that on 
the whole we are entitled to look upon the laws which we 
have enunciated as accurate physical laws. 

9. Prop. If the refractive index for a medium (A) when 
light is incident upon it from vacuum he and the index for 
another medium. (B) under the same circumstances be then 
when light proceeds from (B) into (A) the refractive index 

. M 

IS - . 

The proof of this proposition depends upon the two 
following experimental laws : 

(1) If a ray of light proceed from a point P to another 
Q suffering any reflexions or refractions in its course, then if 
it be incident in the reverse direction from Q it will follow 
the exactly reverse course to P. 

(2) If a ray pass from vacuum, through any number of 
media having their surfaces plane and parallel, when the ray 
emerges into vacuum its direction will be parallel to that 
which it had before incidence. 

Now let (p be the angle of incidence from vacuum upon 
the medium B, (pi the angle of refraction, Avhich will also be 



the angle of incidence upon the medium A, . Also let <p'^ be 

26—2 
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the angle of refraction into A, which will also be the angle of 
incidence upon the second bounding surface of A ; and by the 
second of the preceding laws the angle of emergence into 
vacuum will be 0. Hence we shall have 

sin 0 = /i' sin (p\ 

and by the first of the above laws, 

sin 0 = /uL sin 0"; 

• tf • j * 

sin 0 = sin 0 ; 

which proves the proposition. 

CoK. If the refractive index from vacuum into a me- 
dium be fi, that from the medium into vacuum will be - . 

, . • .N * ‘ 

“on TflE ClilTlCAL ANGLE. 

10. Let 0 be the angle of incidence of a ray within a 
medium, the refractive index of which is fi, and 0' the angle 
of refraction into vacuum ; then 

sin 0 = i sin 0'. 

From this formula if 0 be given 0' may bo found, and a 
real value will be given so long as sin 0 is less than - ; but 
when 0 has a value greater than that determined by the equa- 
tion sin 0 = - , the formula fails to give us a value of 0', it 
A* 

becomes in fact impossible, because the sine of an angle can- 
not be greater than unity. In consequence of this fiiilure of 
our formula we have recourse to experiment, and we find that 
in reality there is no refracted ray when the angle of incidence 
is greater than that above assigned, the ray being wholly re- 
flected within the medium. The angle of which the sine is 

“ is called the critical angle. The critical angle for glass is 

about 41" 45', for water about 48" 3o'. 
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Tliis internal reflexion ac the surfaces of media is the 
most complete kind of reflexion, that is to say, the reflected 
light is more nearly equal in intensity to the incident than in 
any other case. 

The critical angle is sometimes called the al%le of total 
reflexion. 

Refraction from vacuum into a medium, or from a rarer 
into a denser medium, is always possible. 

11. We shall now proceed to investigate the effect pro- 
duced upon the form of a small pencil of rays, when reflected 
and refracted under various conditions : the breadth of the 
pencil will, in general, be considered indefinitely small, for the 
sake of mathematical convenience, and our results must there- 
fore bo regarded as an approximation to the actual case, in 
which the breadth of pencils, though generally very small, is 
of course not indefinitely small ; for many purposes the results 
we shall obtain will be as useful as if the approximation had 
not been made. We shall first consider some cases of re- ‘ 
fiexion, and then some of refraction. 


ON REFLEXION AT A SINGLE SURFACE. 

I. A Plane Surface. 

12. A conical pencil of rays is incident upon a plane re- 
flecting surface ; to determine the form of the reflected pencil. 

Let AB be a section of the 
surface made by a plane per- 
pendicular to it, and passing 
through the luminous point Q, 
or focus of incidence. Draw 
QN perpendicular to the sur- 
face, ‘produce it, and take • 

Nq = NQ. Let QP be any in- 
cident ray, join q P and produce 
it to A ; PR will be the reflected ray. 
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Draw PM perpendicular to the surface. Then in the tri- 
angles PQN, PqN, we have NQ, = N q, PN common, and the 
angles QNP, qNP equal, being right angles; hence the angle 
QPN = qPN APR : therefore also angle QPM = RPM, 
or PR is th^ reflected ray. 

Hence the ray Q,P pro- 
ceeds after reflexion at P, as 
if it came from q\ and the 
same may be said of each 
other ray, therefore all the 
rays after reflexion proceed as 
if they came from y, and if 
the incident pencil be a cone 
having Q for its vertex, the 
reflected will also be a eone having q for its \ertex. An 
incident and reflected conical pencil arc represented in the 
accompanying figure. 

We may call the point q the focus of reflexion ; but it is 
•to be observed that it is a virtual not a real focus, that is to 
say, the reflected rays proceed not actually, but only as if 
they came, from it. So also the line qP, which is the direc- 
tion of the reflected ray PR, m«ay be called a virtual ray. 

Since the rays after reflexion proceed from q as before 
reflexion from Q, q is sometimes called the imaye of Q, 

13. Parallel rays, reflected at a plane surface, continue 
parallel, 

(l) Let the angles of incidence be 
in the same plane. 

Let Gllhe the reflecting surface; 

AB, CD two incident rays, BE, DF 
the corresponding reflected rays. o 

Then ABG = EBH and CDG = FDH, by the law of 
reflexion. And ABG = CDG, since the incident rays are 
parallel ; therefore* EBIT = FDH, or the reflected rays are 
parallel. 
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(2) Let the angles of incidence be in different planes. 

Let AB, CD be two incident rays ; 

BGy DH perpendiculars to the reflect- 
ing surface at B and D ; join BD\ and 
let BE be the reflected ray correspond- 
ing to AB. Also let DF be the inter- 
section of the planes EBD, CDH. 

Thcn2^(r,Z)// being perpendicular 
to the same plane are parallel ; (Euc. xi. 6) and AB is parallel 
to CD by hypothesis ; therefore the angles ABG, CDII are 
equal, and therefore the angles of reflexion arc equal. 

Again, since AB^ BG arc respectively parallel to CD^ DH, 
the planes ABG, CDH arc parallel, (Euc. xi. 1 . 5 ) ; and they 
are intersected by the plane EBDF, therefore BE is parallel 
to DF: therefore the angles GBE, HDF arc equal; but 
GBE is the angle of reflexion for the ray AB, therefore 
HDF is equal to the angle of reflexion for the ray CD. 
And IIDF is in the same plane with the angle of incidence 
CDll\ therefore the reflected ray corresponding to CD is 
DF, which has before been shewn to be parallel to BE. 

II. A Spherical Surface. 

14. We have seen that however large a cone of rays is 
incident upon a plane surface, the reflected pencil is accu- 
rately conical ; but this, it is easy to see, will not be the case 
when rays are incident on a spherical surface. If, however, 
we consider the vertical angle of the incident conical pencil 
to be indefinitely small, the reflected pencil will also be 
conical, and it will be our business now to investigate the 
position of the vertex of the reflected cone, that of the inci- 
dent being gh cn. This vertex is called the geometrical focus, 
and if tlic incident rays are parallel, it is called the principal 
focus of the mirror. Also if Q be the focus of incident rays, 
q the geometrical focus of the reflected rays, it is manifest 
from the first of the two general laws quoted in Art. 9, that 
if q be made the focus of incident rays, Q will be the focus 
of reflected rays ; hence Q and q are called w ith reference to 
each other covjugate foci. 
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In those cases of incidence which we are now about to 
consider, the axis of the small incident conical pencil will be 
supposed to be normal to the surface, and therefore coinci- 
dent with the line joining the point of incidence and the 
centre of the sphere. This line is called the axis of the sur- 
face, and incidence of this kind is called direct incidence ; so 
I that we may say, that incidence is direct when the axis of the 
' incident pencil and that of the surface coincide. Or we may 
say, that incidence is direct when the axis of the incident * 
pencil passes through the centre of the sphere. 

If the axis of the incident pencil is inclined to that of 
the reflector, the incidence is said to be oblique. 

The calculations which follow will all refer to the case of 
direct incidence. 

15. Diverging rays are incident upon a concave spherical 
reflector ; to find the geometrical focus^ 

Let BAB' be a section of the reflector, made by a plane 
passing through the centre O of the sphere, and the focus 
of incidence Q. Let QP be any incident ray, QOA the axis 
of the conical pencil : join OP, and make OPq = OPQ, then 



B' 


P5 is the reflected ray ; and the ultimate position of q, when 
P moves up to A, will be the geometrical focus. 

We have, by Euclid, vi. s, since QPq is bisected by PO, 

^ ^PQ 
qO" QO^ 

but ultimately, Pq = A q, and PQ = AQ; 

• ^ ^ . 

. ' * ? O * QO ’ 
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If we denote AQ by u, Aq by v, and AO by we have 

V u 

r -- V u ~~ r’ 

r r 

or 1 = 1 , 

V u 

112 
or - + - = - . 

V u r 

This equation determines v when u is given. 

IG. The same proposition for a convex surface. 


A Q 


In this case we must draw PR, to make with OP pro- 
duced to JV the angle RPN = QPN, and produce RP to cut 
the axis in q. 

Then since the external angle RPQ of the triangle QPq 
is bisected by OPiV, therefore by Euclid, vi. A, 

Pq^PQ 
qO^ QO'^ 

and using the same notation as before, we shall have, 

V u 

j as 

r — v u + r 

r r 

or 1 = 1 - 1 --, 

V u 




410 


OPTICS. 


1 I 2 

or - . 

V u r 

In this case the focus q is virtual 

17. In like manner we might investigate the cases of 
incidence of converging rays. We shall find, however, that 
all four cases may be brought under one formula, by adopt- 
ing a convention respecting the sign -, as indicating direc- 
tion, similar to that which we have already found so conve- 
nient in other subjects. 

It will be found, that, if we suppose light to proceed 
from right to left across the paper, so that Q is on the right 
of the mirror for diverging rays, and on the left for converg- 
ing, the following formuljB will result : 

(1) Concave mirror, diverging rays: 

1 1 2 

- + - =5 -. 

V u r 

(2) Concave mirror, converging rays r 

1 _ 2 

V u r' 

(3) Convex mirror, diverging rayvS: 

1 1 _ 2 

V u r* 

(4) Convex mirror, converging rays: 

1 1 2 

V u r * 

Now let us adopt this convention, that lines shall be 
positive or negative, according as they arc measured towards 
the source of light, or in the opposite direction ; so that u 
will be positive or negative, according as the incident pencil 
is divergent or convergent, v will be positive or negative, 
according as the rcfiectcd rays are convergent or divergent, 
and r will be positive or negative, according as the mirror is 
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concave or convex. Then ic will be seen that the four pre- 
ceding formulsD will all be embraced in the following, 

1 1 2 

V u r 


18. By making u = co^ in the formula 


1 1 

V u 


2 

r 


we find that t; = - , 
2 


which shews that the principal focus of 


a mirror is half-way between the mirror and the centre of the 
spherical surface of which it is formed. This, however, is a 
sufficiently important proposition to deserve a separate in- 
vestigation. * 


To find the principal focus of a concave mirror. 

Let QP be a ray of light parallel to AO, the axis of 
the mirror. Join PO, 0 being the eentre of the sphere, and 


lx 


T 


make qPO = OPQ, then Pq is the reflected ray correspond- 
ing to QP, and F, the ultimate position of q when P moves 
up to A, is the principal focus. 

Then the angle qPO «= OPQ = q OP, since Oq, PQ are 
parallel ; 

. Pq = qO\ 

and this being always true, AF = FO ; 
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A similar demonstration is applicable to tlie case of a 
convex mirror. 

AF is called the focal length of the mirror, and is fre- 

T 

quently denoted by the letter /; so that /= “ • 

112 

19. The formula - + - = - may be put in a different 
vur 

form, by measuring the distances of Q and g from the 
point F, 

For we have 

r T 

QF=u , qF-v . 

2 ^ 2 

r r 

u = ^F + - , and v = qF + - , 

2 2 

and hence the formula i + i = - becomes 

vur 

1 1 2 

— — + = - , 

_ r r r 

qF^- QF+- 

or ^(QF+ji^+r)= ^qF + ^(^QF + ^ 

= qF. QF+ ^|qF + + 
qF.QF^^= OFK 

[The proposition expressed by the preceding formula we 
shall enunciate in words, and demonstrate as follows, without 
reference to the formute already established. 

f 20. W/ien a small pencil of diverging or converging rays 
is incident directly upon a spherical reflector^ the distance of the 
centre of the sphere from the principal focus is a mean propor>-^ 
tional between the distances of the conjugate fod from the same 
point. 
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Let BAS' be the spherical reflector, O its centre, Q the 
focus of incidence, QOA the axis of the pencil, QP any 



incident ray ; join OP, and make OPq = OPQ, then the 
ultimate position of q when P approaches indefinitely near 
to A will be the geometrical focus. 

Draw PC parallel to AQ, and make OP/= OPC; and 
bisect AO in F. 

Then in the triangles QPf, qPf, we have the angle f 
common. Also the angle PQf - CPQ = CPO - OPQ 


=fPO - OPq ^fPq. 

Therefore the remaining angle QPf= angle /qP, and the 
triangles arc similar, * 

Of : Pf :: P/ : qfl 

and this is true ultimately when P coincides with A, and 
/ with F, 

QF : AF :: AF : qF. 

The preceding figure is constructed for the case of diver- 
gent rays incident on a concave surface ; the same demon- 
stration is applicable, mutatis mutandis, when the incident 
rays converge, as is represented in the annexed figure. 
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If the lines CP, QP, OP, q P, fP be produced, the 
figures will serve for those cases in which the rays are in- 
cident upon the convex surface.] 

112 

21. If in the formula we give u any value, 

V u r 

we obtain the corresponding value of v, which, if we attend 
to its algebraical sign, will make us acquainted with the 
form of the reflected pencil. Suppose, for instance, r = 4 in., 

w = I in., then i 1 - -1-, or = - 6 ; hence the rays, 

which diverge upon the mirror from a point one inch and 
a half to the right, diverge after reflexion from a point six 
inches to the left of the mirror. And more generally, if 
we suppose Q to assume all possible positions, we shall be 
able to find the corresponding positions of q: this we pro- 
ceed to do in the following proposition. 

22. To trace the corresponding 2 '>ositiom of the conjugate foci. 

Suppose the mirror to be concave, then we have 

1 1 2 

- + - = 

V u r 


Since the sum of — and — is constant, as one of them 
V n 

increases the other must decrease, and the same will be 
true of their reciprocals v and hence Q and q always 
move in opposite directions. 


(l) Let Q be at an infinite distance to the right of 

r 

the mirror, or the incident rays parallel; then ~ 
q is at F. 
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(2) Let Q move towards O ; then q moves to meet it ; 
and at O they coincide, because when 

(3) Let Q move from O towards F; then q moves to 
tlie right of O ; and when Q has reached F, q is at an infinite 
distance, or the reflected rays are parallel, because when 

r 

W = - , V = 00. 

2 

(4) Let Q move from F towards A ; then q moves from 
an infinite distance on the left of A to meet it ; and when Cl 
has reached ^4, is there also, because when = 0 , ?; = 0 . 

(5) Let Q move to the left of A ; then q moves to the 
right ; and when Q has attained to an infinite distance, q is 

T 

at F^ because when w = 00 , v ^ . 

2 

Q and q are now in the same positions as at first, and 
tliercforc we have traced all their corresponding positions. 

The corresponding positions .of the foci for a convex 
surface may be traced in a similar manner. 

Coil. It appears from the preceding investigation, that Q 
and q are always on the same »sidc of F. 

23. The formula) which have been proved for a spherical 
mirror may be adapted to the case of a mirror formed by the 
revolution of any curve about its axis, by putting for the 
radius r the radius of curvature of the mirror at the point of 
incidence. Thus, suppose the mirror to be parabolical, and 

the latus rectum to be L, then for r we must write and 

the formula becomes 

1 1 4 

V 'll L, 

The truth of tlic principle upon which this substitution is 
made will be seen at once, by considering that in the imme- 

SP'^ 

• The expression for the radius of curvature (paj^e 31J) is , and at the vertex 

this becomes which is equal to ^ . The saiiie will be true for an ellipse or hyper- 
bola. 
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diatc neighbourhood of the point of incidence the curve and 
the circle of curvature may be supposed to coincide. 

24. It has been observed (Art. 14 ) that, when a conical 
pencil of rays is incident on a spherical mirror, the reflected 
rays will not converge to or diverge from a point, unless we 
suppose the breadth of the pencil to be indefinitely small. 
There are however certain surfaces, on which if a pencil of 
rays of any magnitude be incident, the reflected rays will 
converge to or diverge from a point ; such surfaces are said 
to be aplanatic. 

25. The surface formed hy the revolution of a parabola 
about its axis, is aplanatic for rays incident parallel to its 
aods. 

By a property of the parabola, (Conics, Prop. II. Cor. 2, 
page 14 . 9 ), the focal distance of any point and the line drawn 
through that point parallel to the axis make equal angles 
with the normal. Consequently, any ray incident parallel to 
the axis, will, after reflexion, pass through the focus, and 
therefore a pencil of rays, incident parallel to the axis of the 
surface formed by the revolution of the parabola about its 
axis, will have the focus of the parabola- for the focus of 
reflexion. 

26. The surface formed by the revolution of an ellipse 
about its major axis, is aplanatic for rays incident from one 
of its foci. 

By a property of the cllijise (Conics, Prop. II. page 157 ), 
the foeal distances of any point make equal angles with the 
normal at that point. Consequently any ray, incident from 
one focus will, after reflexion, pass through the other, and 
therefore a pencil of rays, incident from one of the foci of 
the surface formed by the revolution of the ellipse about its 
major axis, will have the other focus for the focus of reflexion. 
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27. To find the deviation of a ray of liylit, which is re- 
fleeted at the surface of two jylam, mirrors^ inclined to each other 
at a given angle, in the plane perpendicular to the line of inter- 
section of the planes- 


Through any point O draw OM, 
ON parallel to the normals to the two 
mirrors. Let PO be parallel to the 
incident ray; then, if we make MOQ, 

= MOP, OQ is parallel to the ray 
after reflexion at the first surface ; and 
again, if we make NOR = NOQ, OR ^ 
will be parallel to the ray after reflexion 
at the second surface. Let a be the 
angle between the mirrors. 

Then the deviation of the ray = POR 



= POQ + QOR, 
=-oMOQ + 2NOQ 


= 2 MON = 2 a. 


In otlier words, the deviation is twice the angle between 
the mirrors. This is an important proposition in consequence 
of its application to the construction of Hadley’s Sextant, as 
we shall sec hereafter. 


28. A luminous point is placed between two parallel plane 
mirrors; to find the position of the images, which will he formed 
by the successive reflexions of the rays at the surfaces of the tiuo 
mirrors. 





Ujr 

Q/ A 

d 

JS 

(l3 



Let Q be the luminous point; through it draw AQB 
perpendicular to the two mirrors, and produce, it both ways, 
27 
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Consider the rays which fall from Q on the mirror A ; if 
■we make AQi — AQ, an image of Q will be formed at Qi (Art. 
13); again, make BQ^ =BQi, then the rays falling as from Qi 
on the mirror B will form a second image and if we 
make AQj= AQ^, there will be a third image at Q.j, and so 
on. 

Let AQ = a, BQ = h : then, 

QQi = 2 a, 

QQ, = BQ^ Ba, = BQ + BQ, = QBQ + QQ, 

= 2a + 2&, 

QQ, = AQ + AQ, = AQ + AQ, = + QQ. 

= 4a + 26 , 

similarly, QQ^ = 2BQ + QQ^ = 4a + 46; 
and generally, QQ,^ = 2na + 2a6, 

= (2n + 2) a + 2nb. 

In like manner, if we consider the rays Avhicli fall from Q 

on the mirror B, we shall have a series of images, Q\ Q\, 

suppose, the position of which will be determined by the 
formuliB 

QQ^n = 2na + 2nb, 

+ (2a + 2) 6. 

Coil. If a = 6, and d be the distance between the mirrors, 
we shall have, 

QQ^n = 

QQa/*+i = (2'a + l) df 
QQ'jn = Safi, 

QQ 2m + 1 = (2^i + l) ; 
which formulsG are included in this one, 

QQ,* = nd. 

Hence the whole series of images will be equidistant from 
each other, and the distance between two consecutive images 
will be d. 
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^ 29. A luminous point i,\ placed hetiveen two plane mirrors, 
inclined to each other at a given angle; to find the number and 
j)osition of the images. 

Let AOA\ BOB\ be sections of the mirrors, made by a 
plane perpendicular to their line of intersection, and passing 
through the luminous point Q. With centre O and radius 
OQ describe a circle. 

Consider first the rays which fall from Q on the mirror 
OA; draw QaQ^ perpendicular to OA to meet the circle in 
Qi, then aQi = aQ, and therefore Q, is the image of Q: in 
like manner, if wo draw perpendicular to OB to meet 

the circle in Q.,, Q 2 will be the image formed by rays falling 
from Q, on the mirror OB; and so on, the scries of images 
Q 2 Q:i...all lying on the circumference of the circle, which 
we have described. 



Let the arc AQ = a, BQ = ft: 
then QQy - 2 a, 

QQ, = QB + BQ. ^QB + BQ, ^^QB+ QQ, 

• = 2a + 2)8, 

similarly, QQ, = 4a + 2/3; 

and generally, QQj» = 2wa + ^nft, 

+ 2)a + 2?i/3. 


27—2 
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In like manner there will be a series of images, Q\ Q 2 -*- 
suppose, formed by rays which at first fall on the mirror OBy 
the position of which mIU be determined by the formula?, 

QQ'jn = 2wa + 2^/3, 

QQ 2 n + i = 2'/ia + (2n + 2))8. 

To determine the number of the images, we observe that 
reflexion will be repeated until one of the images falls at the 
back of the mirrors, as in the figure ; that is to say, if Qp 
be the last of the scries of images Qi Qo-.-j P must be such 
that AQp is greater than tt if be even, and BQp greater 
than TT if 2 ^ be odd. 

Suppose p to be even and = 2/?>, then AQ^ = a + 
and we must have 

a + 271a + 27 i/3 > TT, 


or p> — 
a + p 

Suppose ;; to be odd, and = 2?i + 1 , 
then = /3+ 

and we must have 

/3 + (2n + 2)a + 2n/3 > tt, 


or p > 


a + fi 


Hence, whether p be even or odd, it will be the whole 

number next greater than — — 

a + /3 

Similarly, the number of images formed by rays wliich 
fall from Q on the mirror OB will be the whole number 

TT — /3 

next greater than 

a + p 


Con. If a 4* j3, the angle between the mirrors, be an 
integral part of tt, the number of each set of images will be 

^ for this will be a whole number, and — ^ ^ 
a+p a+pa+p 

will be proper fractions. 
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Suppose, for instance, a + j3 = - , then each set will con- 
sist of 3 images. If we suppose the point Q to be sym- 
metrically situated with respect to the mirrors, the last of 
the two series of images will coincide, and there will be 
found altogether 5 images, so that the object and images will 
be in the angular points of a regular hexagon. 

The preceding proposition contains the principle of the 
toy called a kaleidoscope. 


ON REFllACTiON AT A SINGLE SURFACE. 

30. We shall now give investigations of cases of re- 
fraction, analogous to those of rcHcxion already considered. 
The figures will be drawn in general on the supposition of 
light being refracted cither from- vacuum into a medium, or 
from a rarer into a denser medium ; in other words, fx will 
be supposed to be greater than unity, or the refracted ray 
to be bent toivanls the normal, unless the contrary is stated : 
the formula) obtained will however be generally true. 

I. A Plane Surface, 

31. Diverijinij rays are incident iqyon a plane refractiny 
surface; to find the yeomctrical focus. 



Let* be the focus of incidence ; QA a normal to the 
surface AB of the refracting medium ; Pit the refracted ray 
which produced backwards meets QA in <2 ; then the ultimate 
position of </, when P moves up to A, is the geometrical 
focus. 
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Let AQ = Uy Jq = r, AQP = (py AqP = (p'\ 

then, sin 0 = fx sin 0', 

_ . ^ AP , . AP 

but S1U0 = ^-, sm0 

/. Pq^fiPQ; 

and this, being always true, %vill be true when P has moved 
up to A; 

V = /XW. 

Cor. When rays proceed from a denser into a rarer 
medium, fi is less than 1, and therefore q is nearer to the 
surface than Q. lienee wLcn we look at an object which 
is under water, it will appear to be nearer to the surface of 
the water than it really is ; for the rays which ])rocccd from 
Qy AAhen they emerge into air, proceed as if from q. 

Hence also, a pole thrust ijarllj^ into water will appear 
discontinuous at tlie surface of tlie wider, and the jjart sub- 
merged will seem to be bent upwards; for tlie rays from each 
point of the part submerged will come to the eye, as if from 
a point nearer to the surface tlian tlie point itself. 


32. When a ray of liyht passes out of one merlimn into 
another y as the anyle of incidence increasesy tlo aiojh of deviation 
also increases. 


Let (p be the angle of incidence, 

0' refraction, 

then the deviation = (p - (p\ 

Also, let sin 0 = /m sin 0'; 


then 

sin0 + 

sin 0' 


+ 1 


sin <p - 

sin 0' 


- 1 

sin 

<b + <b' <p - 

^ ^ COS - — 

£ 



2 

2 



or 

cos 

0 + 0' . 0 - 
T sm ^ ' 

I" 



2 

2 



.‘.tan 

2 

M- 1 

M + 1 

tan 

0 + 0' 

1 

2 
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Now ‘as 0 increases it is m anifest tliat 0' increases, hccaiisc 
sin 0' = - sin 0 ; ^ ^and Ian ^ ^ ^ j increases ; and 

/. tan “ 2 “" increases, or the deviation 0-0' increases. 


This result is true whether /x is greater or less than unity ; 
that is, whether the refraction takes place from a rarer into a 
denser medium, or from a denser into a rarer. 


/I 33 . Parallel rays refracted at a plane surface continue 
parallel. 


( 1 ) Let the angles of incidence be in the same plane. 
Let GIl be the refracting surface ; 

AB, CD two parallel incident rays, 

BE, DF the corresponding re- 
fracted rays. 

Then ABG = CFG, that is, the g il 

angles of incidence are equal ; con- 
sequently tlic angles of refraction 
must be equal; and therefore EBD, 



FJ)II, w'liich arc the complenients of the angles of refraction, 
are e(iual ; that is, BE is parallel to DF. 


(e) Let the angles of incidence be in different planes. 
Let A B, CD, be two incident rays ; 

GBK, IIDL perpend iciilars to the 
refracting surface at B and D ; join 
BF ; and let BE be the refracted 
ray corresjionding to AB. Also 
let DF be the intersection of the 
planes EBD, CDH. 

Then GBK, HDL being per- 
pendicular to the same plane are 
l)arallel, (I5uc. xi. 6); and AB is parallel to CD by hypothesis ; 
vtlj,crefbre the angles ABG, CDII are equal, and therefore the 
angles of refraction arc equal. 

Again, since AB, BG arc respectively parallel to CD, DH, 
the planes ABG, CDII are parallel, (haic. xi. 1,5) ; and they 
are intersected by the plane EBDF, thcrcfqrc BE is parallel 
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to DF : therefore the migles EBK, FDL arc equal ; but 
is the angle of refraction for the ray AB, therefore FDL is 
equal to the angle of refraction for CD, Anil FDL is in 
the same plane with the angle of incidence CDII\ therefore 
the refracted ray corresponding to CD is DF^ which has before 
been shewn to be parallel to BE, 

11. A Spherical Surface, 

AVc shall give the investigation of the position of the 
geometrical focus, for the case of rays diverging upon a con- 
cave surface ; the student will be able to a])ply the same 
method to all otlier eases, which will, however, be included in 
the formula which we shall obtain, by having regard to the 
convention respecting tlic negative sign explained in Art. 17. 

/t 34. Diverging rays are incident upon a concave spherical 
refracting surface : to find the geometrical focus. 

Let BAB' be a section of the refracting surface, made by 
a plane passing through the centre 0 of the sphere, and the 



focus of incidence Q. Let QP be any incident ray, PR the 
corresponding refracted ray, which i)roduced backwards meets 
QOA ill q. Then the iiltimatc position of y, when P moves 
up to A, will be the geometrical focus. 

Join POi and let 

OPQ = (p, OPq = (p\ AQ = n, = v, AO = r; 
then, in the triangle OPq, / 

Oq sin0' 

Pq sin POq ' 
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and ill tlic triangle OPQ, 

OQ siii0 /xsin0' 

Pii ^mPOQ siiiPOy’ 

jjiOq OQ 
* ■ 'Tq ^ PQ' 

and this, being always true, ivill be true when P has moved 
up to A, in which ease 

PQ = w, Pq = Oq^v - r\ 

— r) u — r 
V u * 

M M 1 1 

or 

r If r u 


UL 1 n - I 

or = - - 

V ii> r 

0ns. It will be seen, that this formula reduces itself to 
that for reflexion by putting /x = - l ; and this is the case 
with all formula) for refraction. 


CoR. If w = CO , or the incident rays are parallel, v = r, 

a result which may also be easily obtained by direct investi- 
gation. 

The focus of refraction for parallel rays may be termed 
tlie principal focus. Hence the distance of the principal 
focus, for rays passing from vacuum into a medium, from the 

surface is r. If the rays had passed from tlic medium 


1 


into vacuum, the distance would have been 


> r = 


1 


- 1 


fx - 1 




(without regard to sign ;) and the distance from the centre 
r /X 


Avould be r + 


r; hence the distance of one of 


M - 1 /X - 1 

tlie principal foci spoken of from the surface is equal to that 
of the other from the centre. 
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o5. The relative positions of the conjugate foci arc not 
so worthy of notice in the case of refraction at a spherical 
surfiicc, as in that of reflexion, because in practice we are 
seldom or never concerned with refraction at a single surface: 
nevertheless, the student will tind the following proposition 
worthy of attention, as tending to familiarize him with inves- 
tigations of the same kind. 

36. To trace the corresponding iwsitions of the conjugate 
foci. 


r 


o 


F 


Suppose the surface to be concave, then no have 
/A 1 fJi — l 

— — — s= , 

V u r 


Since the difference of - and - is constant, as one of 

V n 

them increases, the other must also im-rease, and tlic same 
will be true of v and u ; hence Q and q alway s move in the 
same direction. 


(1) Let Q be at an infinite distance to the right of the 

mirror, or the incident rays parallel ; then v = — r = AF, 

fi - 1 

suppose, and q is at F. 

(2) Let Q move towards O ; then q also moves tow^ards 
O, and at O they coincide, because when u = r, v = r. 


( 3 ) Let Q move from O towards A ; then q also, moves 
towards A, and when Q arrives at A, q arrives there also, 
because when u = 0, v = (). 

(1) Let Q move to the left of A ; then q also moves to 
the left of A, and when Q has reached a point /, such that 



KliriiAC 'i'ioN *vi A sin(;li: stki ai i:. 
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q iy at an infinite distance, or tlic refracted rays 


T 

j)arallel, because when w = — , = go . 

Ik - \ 

(5) Let Q move to the left of f ; then q moves up from 
an inlinitc distance to the ri^ht of A, and when Q has attained 
to an infinite distance, q is at F, because when w = cx) , 

V = r. 

fk - 1 

Q and q arc now in tlic same positions as at first, and 
therefore wc have traced all their corresponding positions. 


[37. The preceding Articles contain a complete investi- 
gation of the form of the refracted pencil for the case of 
incidence on a spherical surfac(^ W'c shall however subjoin 
the enunciation and j)roof of two or three theorems, Avhich 
may readily be deduced from our fundamental formula. 


38. When a small pencil of parallel rays is directly inci- 
dent upon a spherical refractiny smfacCy the distance of the <jeo- 
metrical focus from the surface is to its distance from the centre, 
as the sine of the anyle of incidence to the sine of the anyle of 
refraction. 

There wall be four different cases, 

1. A concave surface ; tlie rays passing from a rarer into a denser medinni. 

‘J d('nsi‘r . . . rarer 

A convex surface ; rarer . . . denser 

4 denser . . . rarer 



Let QP be a ray incident very near .the axis, (> the 
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centre ©f the splierical surfiice, Pq the direction of the re- 
fracted my. Tlicii ill each of the figures we have 

Pq : Oq :: sin POq : sin OPq 
:: sin POA : sin OPq 
:: sin OPQ : sin OPq 

:: sine of the angle of incidence : sine of the 
angle of refraction. 

Xow let P be indefinitely near to A, then q becomes the 
geometrical focus, and Pq becomes Aq^ the distance of q 
from the surface, and 0(i its distance from the centre. Hence 
the proposition enunciated is true. 

89. WJieii 'paralltl rays are directly incident in opj^osite 
directions upon a spherical refractimj surface, the distance of one 
of the foci of refracted rays from the surface is equal to the 
distance of the other from the centre. 

Let F be the focus when the 
rays pass from the rarer medium 
into the denser, / when they pass ^ — - 
from the denser into the rarer. 

Then by the preceding proposi- 
tion 

FA : FO :: /x : i, 

AO : FO : IX ^ i : 1. 

In like manner 

fA : fO : 1 (Art. 9. Cor.) 

:: 1 : M, 

fA : AO 1 : /u - 1. 

Hence FO = fA, 

and fO =fA + AO = FO AO = FA. 

40. When a small pencil of diveryiny or cortveryiny rays 
is incident directly vpon a spherical refract iny surface, the 
distance of the focus of incident rays from the 2 >rinci'pal focus of 
rays cominy in the opposite direction, is to its distance from the 
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centre^ as its distance from, the arface, to its distance from the 
geometrical focus. 

The proposition admits of eight cases, since the rays may 
cither diverge or converge upon a concave or convex surface, 
and may pass from a rarer into a denser or from a denser 
into a rarer medium. We shall give the demonstration in 
two cases, and a similar method will ajiply in all the rest. 

(l) Let the rays diverge upon a concave surface, and 
pass from a rarer medium into a denser. 



Let Q be the focus of incidence, O the centre of the sur- 
face, (iPan ineident ray, F the principal focus of rays coming 
in the opposite direction. 

AVith centre O describe an arc of a circle FG, meeting 
the ray QP produced in ( j ! ; join GO, and draw Pq parallel 
to GO. 

Then since G is the principal focus of a pencil of rays 
incident, (from the left, as the figure is drawn,) parallel to 
GO, any ray of such pencil will after refraction proceed from 
G. Hence, conversely, any ray incitlent from the right and 
lirocecding towards G will after refraction become parallel 
to GO. Hence qP which is parallel to GO will be the di- 
rection after refraction of the ray QP which is proceeding 
towards G. Therefore when P approaches indefinitely near 
to A, q will be ultimately the geometrical focus. 

Now by similar triangles QGO, QP 7 , 

CIG : 0,0 :: QP : Q 7 . 

or OF : 00 OA : Q 7 . 

(2) Let the rays diverge ni)on a convex surface, and 
pass from a rarer medium into a denser. 



^ O A F Q 


The construction will be similar, the differehee will be 
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that Q and are on the same side of the surface, and q on 
the opposite side. We shall have, as before, 

QG : QO :: QP : Qq, 
or QF : QO :: QA : Qq, 

The proposition may be proved in like manner in all the 
other cases.] 


CO]MBINED REFRACTIONS. 

41. Refraction through a }}rism, 

Def. a prism is a portion of a refractine^ medium 
bounded by two jdanes, Avliieh terminate in a eomnioii line 
called the edge of the prism. 

Def. The refracting^ ang^lc of a prism is llie angle of 
inclination of the two bounding planes. 

42. A ray of light is refracted through a pAsni, in a 2)lane 
perpendicular to its edge; to find the dircclknt of the refracted 
ray. 

Let the ])lane of the paper be 
that in which the refraction takes 
place; and let A BCD be the course 
ol’ the ray tliroiigh the jwism. 

Let (pj be the angles of in- 
cidence and refi'aetion at the first 
surface, 

0 

\\/. \|/, those at the second surface, 
i the angle of the iwisin, 

D the whole deviation. 

The deviation at the first refraction is (p - cp\ and at the 
second \p - \p'; and, as w^e have drawn the figure, the two 
deviations evidently take place in the same directions ; 

hence, IJ = (p - (p^ ^ \p - v//, 


and we have, + (// = i 80^’ — RJV C = i ( 1 ) ; 

0 i (2). 
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From the equations (l) and (2), together Avith the relations 
sin <p = fji sin 0', 
sin 0 = /u sin 

may be eliminated, and we shall then have D ex- 
pressed in terms of the given quantities 0 and i. 

If we had drawn the incident ray A B on the other side 
of the normal to the surface of the prism, the deviation D 
A\ ould have been the difference of the two deviations 0—0' 
and 0 - 0'. 

Cor. If i be very small, 0' and 0' are both very small, 
and therefore 0 and 0. Hence 

0 =M0'> 

and 0 = /x0', nearly. 

D = fjL (0' + 0 ) — i = (/X — 1) z. 

This is a remarkable result, sheAving that for prisms of 
very small angles the deviation is independent of the direction 
of incidence. 

43. To construct a prism, such that no ray shall he able 
to 2^ass throuyh it. 

Suppose the angle of the prism to be such, that a ray 
being incident very nearly parallel to one face, emerges very 
nearly parallel to the other ; then it is clear, that if the re- 
fracting angle be greater than that dctcrinincd by this con- 
dition, no ray Avill be able to pass throiigli, because CA^cry ray 
Avhich enters the prism Avill be incident on the second surface 
at an angle greater than the critical angle, and Avill therefore 
be totally reflected within the prism. 

But this condition gives us, that 

0=po«, 0 = 90®; 

sin 0 = — , sin 0 = 

Hence, z = 0' + \J/ = 2 0', 

. i 1 
or sm - = - • 

2 IJL 

The value of this angle for glass is about 83®. 



432 


OPTICS. 


44. Refraction through a lens. 

Def. a lens is a portion of a refracting mctlium, 
bounded by two spherical surfaces. The line joining the 
centres of the spherical siirtaees is called the axis of the lens. 

Under this general definition, w’C include the ease of one 
of the surfaces of the lens being planq, since a plane may 
be regarded as a sphere of infinite radius. 

Tjenscs arc of various kinds, and receive ditferent names 
according to the form of the surfaces which bound them. 
The rule for assigning the proper designation to a lens is 
this : first look at the face of the lens on which the light is 
incident, then reverse the lens and look at the other face ; 
combine tlie names, which indicate the form of the surfaces 
successively presented to the eye, <and the combination will 
give the name of the lens. 

If we suppose, as heretofore, that light proceeds across 
the paper from right to left, then the names and forms of 
tlie various lenses will be as under ; 



I. Concavo-convex^ 

II. Concavo-plane, 

III. Concavo-concave or double concave, 

IV. Plano-concave, 

V. Cbnvexo-concave, 



VI. Convexo-plane, 

VII. Plano-convex, 

VIII. Convexo-convex or double convex. 

IX. - A lens such as that represented by fig. IX., accord- 
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ing to the rule above given, v ould be a eonvexo-eoncavc ; but 
having very different properties from a lens of that descrip- 
tion, it is distinguished by the name of meniscus. 


♦ 45. To find the geometrical focus of a small pencil of di- 
verging rays refracted through a concavo-convex lens^ th>e thickness 
of which is neglected. 

Let r, s be the radii of the surfaces of the lens. 

u the distance from the lens of the focus of incidence. 


V of the focus after re- 

fraction through the first 
surface. 

V I.... through the second. 


Then, by Art. 34, we have 


V 


1 

u 



0 ). 


Now the ray-s fiill upon the second surface, as if they came 
from the geometrical focus, the position of which is deter- 
mined by equation (1); but tlicy emerge from the medium 
of which the lens is formed into vacuum, therefore in adapt- 
ing the formula to this case we must write — instead of 

(Art. 9. Cor.); hence, for the second surface, 

1 

1 

11 1 

Ik V V s ^ 


or 


" 1 M 

V V 



( 2 ). . 


Adding (i) and (2), wc have 

1 - i = - 1) (1 ^ 1] ; 

• vu \r sj 

which is the formula required, and gives v when u is known. 


46. Tlie investigation is quite similar for the case of 
converging or parallel rays, or for any other species of lens. 


28 
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We have taken the particular case of rays diverging on a 
concavo-convex lens, because in it all lines are measured in 
the same direction, namely, towards the source of light ; the 
formula for any other lens may be deduced, by attending to 
the convention already explained respecting the minus sign.' 


47. If we make w = oo , ^ve obtain - = (u - i) - I') ; 

V \r sj 

the point thus determined is called the principal foms^ or 
more briefly, the focusy of the lens. The distance of this 
point from the lens is called its focal lengthy and if we denote 
it by fy we shall have 




On examining this expression it will be seen, that the first 
five lenses, enumerated in Art. 41 , have their focal lengths 
positive, and the last four negative ; that is to say, if parallel 
rays be incident upon either of the first five, they will diverge 
after rcfj*action, if upon cither of the last four, they will con- 
verge. Hence, lenses divide themselves naturally into two 
classes, wliich may be distinguished by the algebraical sign of 
/; those for which/ is positive may be described in general as 
concave lenses, and those for which it is negative as convex. 
So far as the purpose of this treatise is conctn’ned, we shall 
distinguish the lenses used in optical instriuneuts only by this 
general character ; when greater refinement is sought, there 
are other considerations which render the use of particular 
lenses in particular cases desirable. . * 


48. It is manifest that a lens will produce the same ef- 
fect, whichever fiice is presented to the incident light, since 
the formula which determines the position of the geometrical 
focus is not altered by supposing the face changed. Also, it 
appears, that a lens has two principal loci ; for whichever face 
of the lens is exposed to parallel rays, the rays will have the 
same geometrical focus, and therefore a point on the axis of 
the lens, and at a distance / from it on either side of the lens* 
may be called its principal focus, and parallel rays will have 
one focus or the other us their geometrical focus, according 
as they fall on one face of the lens or the other. 
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*^49. To trace the corres^jonding positions of the conjugate 
fociy for a concave lens. 

The formula which determines the position of q is, 

1 11 
V u'^f' 

Since the difference of - and — is constant, - and — must 

V u V u 

increase and decrease together, and the same will be true of 
V and u\ hence Q and q move always in the same direction. 

Let F and f be the foci of the lens, which are at a dis- 
tance / from A. Then, 


V 

7 

/ A 

/ 

¥ 

A 


(1) Let Q be at an infinite distance to the right of 
or the incident rays be parallel ; then q is at F, because when 
u — ao , V =jf, and the rays are divergent. 

(2) Let Q move towards A ; then q moves in the same 
direction, and at A they coincide, because when u = 0, v = 0. 

* (3) Let Q move to the left of A ; then q also moves to 
the left of A, and when Q has reached f q is at an infinite 
distance, because when v = oo , and the refracted rays 

are parallel. 

(4) Let Q move to the left of f; then q moves up in 
the same direction from an infinite distance on the right of 
A^ and when Q is at an infinite distance, q is at Fy because 
when u = CO , V ^f. 

Q and q are now in the same positions as at first,* and we 
have’ therefore traced all their corresponding positions. 

In the figure we have represented a double concave lens, 
but the same investigation is applicable to aU len’ses for which 

28—2 
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y is positive. On account of the importance to the student of 
perfect familiarity with the relative positions of the conjugate 
foci, we shall consider at length the case of a convex lens, or 
in general of a lens for which f is negative. 


50. To trace the corresponding positions of the conjugate 
fociy for a coiivex lens. 

The formula which determines the position of q is, 



Q and q move in the same direction, as before. Let F and f 
be the foci of the lens, which are at a distance f from\4. 
Then, 


(1) Let Q be at an infinite distance to the right of A, 
or the incident rays parallel ; then q is at Fy because when 
n = cc, V - - f and the refracted rays are convergent. 

(2) Let Q move towards / ; then q moves to the left of 
F, and when Q has reached/, q is at an infinite distance, be- 
cause when u -f v - oo, and the refracted rays are parallel. 

(3) Let Q move from / towards A ; then q moves up 

from an infinite distance on the right of the lens towards Ay 
and at A tliey coincide, because when u = 0, 0. 

(4) Let Q move to the left of A ; then q also moves to 
the left of Ay and when Q is at an infinite distance, q is at Fy 
because when w = oo, ^; = — / 

Q and q arc now in the same positions as at firfet, and 
therefore we have traced all their corresponding positions. 


51. In examining the preceding investigations, it will be 
seen, that the concave lens always diminishes the conver- 
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gency or increases the ‘livergency of rays, and that the 
convex lens has exactly the reverse effect. This very im- 
portant property of lenses admits however of simple direct 
proof, as in the following proposition. 

** 52. . A concave lens diminishes the convergency or increases 
the divergency of a pencil of rays, and a convex lens produces the 
opposite effect. 

For the concave lens, 

111 

- ss - + 

V U f 

Suppose tt positive, or the incident rays divergent, then - 

1 ^ 
is greater than - , or u less than u ; therefore the geometrical 

focus is nearer to the lens than the focus of incidence, or the 
refracted rays arc more divergent. If u is negative, or the 
incident rays convergent, v is either positive or a greater 
negative quantity than u\ therefore the refracted rays are 
cither divergent, or less convergent than the incident. 

For the convex lens, 

1 _ 1 _ 1 

v~ u f' 

From the discussion of which equation, the opposite con- 
clusions to the above are deduced. Hence the proposition 
is true. 

53. When reflexion takes place at a spherical surface, 
it is evident that a ray which passes through the centre of 
the sphere suffers no deviation, because it falls upon the 
surface in a direction coinciding with the normal at that 
point : there is a similar point on the axis of a lens, through 
which,* if the direction of a ray during its course through the 
lens pass, it will emerge parallel to the direction of incidence, 
and therefore if we neglect the thickness of the lens, will 
suffer no deviation : this point by analogy is called the centre 
of the lens. 
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54. ♦ To find the centre of a lens. 

Let the lens be concavo-convex. O 0> the centres of the 
first and second surfaces respectively. . 

D 



Draw any line OP to the first surface, and O'P', parallel 
to OPy to the second surface ; join PP " ; and let BPPD be 
the course of a ray through the lens ; produce PF^ to meet 
the axis in C. 

Then, since OP, 0*P are parallel, the planes perpen- 
dicular to them are parallel, and therefore the ray BPPD 
passes as through a medium bounded by parallel surfaces, and 
PD is parallel to PP. 

Again, by similar triangles, CPO, CPO\ 

CO ca 

po " pa " 

r - AC' s - t - AC , . , 

or, = , where t is the 

r s 

thickness of the lens ; 

rt 

.-. AC = . 

5 - r 

This formula determines the position of C, the centre of 
the lens, which, as we see, depends on the form of the lens 
only. 

<i 

55. If the surfaces of the lenses have their convexities 
turned in opposite directions, that is, if r and s have different 
algebraical signs, the distance AC is very small when t is very 
small; and hence, in the case of double convex or double 
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concave lenses, which are very thin, we may consider in prac- 
tice that the centre coincides with the middle point A of the 
lens, and therefore that a ray passing through A suffers no 
deviation. 

But the centre of a concavo-convex or of a meniscus lens 
may be at a considerable distance from the lens, if r and s 
be nearly equal. 

56. Sometimes two lenses are placed on the same axis, 
and very near to each other, so as to serve the purpose of 
one lens : the focal length of the lens, which would produce 
the same effect on a pencil of rays as the two together, is 
called the focal length of the combination. 


if57. To find the focal length of a combination of two 
lenaesy omitting their thickness. 

Let ff be the focal lengths of the lenses, F that of the 
combination. 

Suppose rays to diverge from a point at distance u from 
the first lens, and let V be the distance of the geometrical 
focus; from this focus rays diverge upon the second lens, 
let V be the distance of the geometrical focus after this 
second refraction. 

Then we have, 

^11 

r^u'^f^ 


and - 

V 


1 ^ 1 


adding these equations. 


1 1 _ 1 2 . 

V u / ^ ' 


But if the rays diverged upon a lens of foeal length 
F, the formula would be * 


I 11 
V u F* 
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Hence, in order that this lens may be equivalent to the 
combination, we must have 

i _ 1 * 

If the first lens be concave^ and the second convex, we 
should have in like manner, 

1 1 ^ 

and so in other cases. 

A similar investigation is applicable to three or more 
lenses. 

[58. The preceding articles contain a sufficient investi- 
gation of the properties of lenses for the purposes of this 
treatise ; but as in the case of reflexion and refraction at a 
spherical surface, we shall subjoin one or two propositions, 
which differ from some of those already given only in the 
mode of enunciation and the method of demonstration. 

V 59. To determine hy geometrical comtniction the principal 
focus of a lens of inconsiderahU thickness. 

AVe shall give the figures for two cases, the double convex 
and double concave lens. 


P 



Let BAl/ be a lens, A its centre, O, O' the centres of the 
first and second surface respectively. Let QA be the axis of 
a small pencil of parallel^ays, incident very nearly parallel to 
the axis of the lens ; then the ray QA passes through the lens 
without deviation, and therefore the focus of the refracted 
rays is upon QA or QA produced. 
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Through O draw OP parallel to QJ, and let it meet the 
first surface in My then the ray PM of the incident pencil 
suffers no deviation at the first surface. In hp or OP pro- 
duced take MV ^ ikOV\ join FO' and produce it, if neces- 
sary, till it cuts Q,Ay or QA produced, in G, and the first and 
i^cond surface in S and T respectively. Draw SR parallel 
to QA, 

11 - 



Then all the rays in the small pencil PMSR, will, after 
the first refraction, converge to or diverge from V ; and in this 
state they will fall upon the second Airfacc ; but of this pencil 
the ray ST suffers no refraction, since its direction passes 
through O' ; therefore the focus of refracted rays will be upon 
ST produced. 

But the focus of refracted rays is upon QA, or QA pro- 
duced ; hence the focus of refracted rays is G, the point of 
intersection of QA and ST produced. 

By similar triangles OVO\ AGO\ we have 

Oa : OF A(S : AG\ 

which determines the distance of the principal focus from the 
centre of the lens. 

W 60 . a small •pencil of diverging or converging rays 

is incident directly upon a lens ; the distance of the focus of inci- 
dent rays from the centre of the lens is a mean proportional 
between the distances of the same point from the principal 
focus of rays coming in the opposite direction and the geometric- 
cal focus. 

In this, as in the preceding proposition, we shall give the 
figures for the double convex and double concave lens. 

Let BAlf be the lens, A its centre, Q f;he focus of inei* 
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dent rays. Let QP be any ray incident, making a very small 




angle with the axis. Let PH be the emergent ray, q the 
point in which PH produced cuts the axis of the lens. 

Take / the principal focus of rays coming in the opposite 
direction ; with centre A, and distance A /, describe a circular 
arc / G, meeting QP or QP produced in G. Join GA. 

Then G is the principal focus of a pencil of rays incident 
from the left (as the figures are drawn) parallel to GA. Con- 
sequently any ray incident from the left parallel to GA will 
after refraction through the lens pass through G. And there- 
fore, conversely, any ray proceeding from the rifflit, and 
passing through G, will after refraction be parallel to GA. 
Hut QP jn'occeds from fhe right and passes through G, and 
Pq is its direction after refraction ; hence Pq is imrallel to 
GA. Thcrefoi’e GAQ, PqQ are similar triangles; 

QG : QA :: QP : Qq ; 
or ultimately Qf : QA :: QA : Qq. 

It is almost unnecessary to remark, tliat from the results 
of this and the preceding article, the fundamental formula of 
Art. 45 may be deduced. The student will find it a good 
exercise to deduce the one from the other.] 


ON IMAGES FORMED BY REFLEXION OR 
REFRACTION. 

01. When light is incident from a luminous point upon 
a reflecting or refracting surface, or upon a combination of 
surfaces, whether plane or spherical, the investigations of the 
preceding pages enable us to determine the focus of the re- 
flected or refracted rays ; and the focus so determined is to 
be considered as the wiaqe of the luminous point, that is, the 
rays will proceed from it as from a luminous point, and 
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will therefore produee the same effect upon our organs of 
vision as an actual luminous point. Our investigations only 
apply strictly to the case of an indefinitely small conical 
pencil of rays, incident directly on the reflecting or refracting 
surface, that is, having its axis coincident with the axis of the 
surface ; if the incidence be oblique,^ that is, if the axis of the 
pencil be inclined at some angle to the axis of the surface, 
the reflected or refraeted pencil will manifestly be altered in 
its form, and our formulae will not be strictly correct. Never- 
theless, since in practice the obliquity is generally small, and 
since the consideration of the general question of the form of 
oblique pencils would lead us into calculations more compli- 
cated- than we desire to introduce into this treatise, we shall 
suppose that the formulas already established for direct, will 
also hold for oblique incidence ; ‘ a supposition which the 

student will bear in mind is only approximately true. 

« 

62. Having then solved the problem of finding the image 
of a point, we may now proceed to consider the more general 
one of finding the image of any object formed by reflexion or 
refraction. Wc may conceive any object to be made up of 
physical points, each of which is a focus of incidence, and has 
a corresponding focus of reflexion or refraction ; if then avc 
construct the geometrical foci, corresponding to all dilferent 
points of the object, we shall have the image of the object 
required. 

We shall confine our attention almost exclusively to the 
case of the image of a small straight line, because this is the 
simplest figure which the object can have, and the determina- 
tion of the image in this case wnll be sufficient for our purpose, 
when wc come to apply our results to the construction of 
optical instruments. 

V 63. Wc shall first, however, shew how to apply our 
formula to the finding of the image of a point, from which 
the rays fall obliquely on a mirror or a lens. 

Let BAB' be a concave spherical mirror, and AO its axis. 
Let Q be a luminous point not on the axis of the mirror. 
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Draw QOP through the centre 0 of the mirror, and take q 
such that 

J 2 

Pq^P^~PO' 
then q will be the image of Q. 

The position of q may be determined very easily and suf- 
ficiently nearly for many purposes, by means of the investi- 
ption of Art. 22. Bisect OP in /, then if Q were at an 
infinite distance q would be aty; but as Q moves towards O, 
q also moves towards O, therefore when Q has the position 
given to it in the figure, q is somewhat between / and O. In 
like manner, if Q were between O and f, q would be on PO 
produced ; and if Q were between f and P, q would be on OP 
produced. 

In like manner we may find the image of a luminous 
point in the case of a convex mirror. 

64. Next let us consider a lens. Let BAff be a double 
convex lens ; Q a luminous point not on its axis. Let A be 



the centre of the lens, which, on account of the thinnosg of 
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the lens, wc may suppose to be any point of that portion of 
its axis^hich lies within the lens; for distinctness’ sake, wc 
will suppose the centre to be the point, in which the line 
joining B and B" cuts the axis. Draw QAq through the 
centre of the lens ; then, by the property of the centre, this 
ray will undergo no deviation, and-KSonscquently the image 
of Q must be somewhere on the line Qjiq. If we suppose 
the formula proved in Art. 45, to apply to this case of oblique 
incidence, the distance (Aq) of the image from A will be 
given by the formula, 

" " - _L * _ 1 

^ T- Aq~ ~ y 

But, as in the case of reflexion, we may determine the 
position of q sufficiently nearly for many purposes, by consi- 
dering that ii A (the focal length of the lens,) q is at an 

infinite distance from A^ and that as Q moves away from A, 
q moves from the left towards A^ and will have some position 
to the left of F. 

In like manner, we may determine the image of a lumi^- 
nous point, in the ease of a double concave or any other Igitis. 

65. The same method may be adapted to the case, in 
which a small pencil of rays falls excentrically on a lens, that 
is, in which the axis of the incident pencil does not pass 
through the centre of the lens. For we may conceive a 
complete pencil, having its axis passing through the centre, 
to fall upon the lens, and we may determine the image in 
this case, and the same will be the position of the image 
when the pencil is so restricted that it becomes cxcentrical ; 
the difference will be, that there will be fewer rays diverging 
from, or converging to, the geometrical focus. 

Suppose, for instance, a very small excentrical pencil falls 
from Q on the portion a a of a double convex lens BAB': 

draw QAq through the centre of the lens, and take q such that 

1 I ^ 

" AQ “ 7’ 

then the rays incident from Q will, after refraction through 
the 'tens, converge to 



446 


OPTICS. 



If AQ—f, Aq ^ 00 , and the refracted rays are parallel; 
hence, when a small pencil of rays is incident on a convex 
lens from a point at a distance from it equal to its focal 
length, we must draw a line through the point and the centre 
of the lens, and the rays will emerge parallel to that straight 
line. 


6G. A similar method is applicable to a small excen- 
trical pencil, incident on a mirror. A pencil is in this case 
said to be excentrical, when the point in which its axis meets 
the mirror is not that in which the axis of the mirror* 
meets it. 

Let Q be the origin of a small pencil, incident on the 
small portion a a of the mirror. Draw QOqP through the 



centre 0 of the spherical surface, and take the point q such 
that 

• 112 

* By the axis of the 7nirror is to be understood here the line drawn from the centre of 
the spherical surface to the central point of the mirror ; the mirror itself being a portion 
of a sphere cut off by a plane. 
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then the rays of the small excentrical pencil will, after re- 
flexion, converge to q. 

67. Wc are now prepared to consider the formation of 
the image of a straight line, placed before a reflecting surface, 
or before a lens. 

The image of an object, placed before a plane reflector, 
will manifestly be precisely similar to the object, and each 
point of the image will be as far behind the mirror, ^s the 
point of which it is the image is distant from the mirror. 
This follows at once from Art. 12. 

When a small straight line is placed before a spherical 
I mirror, its image, that is, the locus of the geometrical foci 
I corresponding to the different points of it, will evidently not 
^ be a straight line. If the line be indefinitely distant from 
the mirror, the image will evidently be a small arc of a circle; 
in other cases it may be shewn to be a portion of a conic 
section, but this we shall not do, since we shall not be con- 
cerned with the particular form which the image assumes : if 
however the object be supposed to be extremely small, it will 
be sufficient to consider its image to be also a straight line, 
and the only point with which we shall engage ourselves will 
be the determination of the position of this straight line. 

68. We shall here give results, which the student will 
have no difficulty in verifying for himself. 

• Concave Mirror, When the object is at a distance from 
the mirror greater than its radius, the image will be small, 
inverted, and between the centre and principal focus. When 
the object is between the centre and princijial focus, the 
image will be magnified, inverted, and at a distance from the 
mirror greater than its radius. When the object is between 
the principal focus and the mirror, the image will be mag- 
nified, erect, and behind the mirror. 

Cinvex Mirror. The image will always be small, erect, 
behind the mirror, and between the mirror and its principal 
focus. 

. Concave Lens. The image will be small, erect, on the 
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same side of the lens as the object, and between the lens and 
its principal focus. 

Convex Lens, When the object is at a distance from the 
lens greater than its focal length, the image is on the opposite 
side of the lens, inverted, and at a distance from the lens 
greater than its focal length. When the object is between 
the lens and its principal focus, the image is erect, and on the 
same ^clc of the lens as the object. 


ON THE EYE. 

69. The theory of the formation of images, which we 
have been explaining, is applicable to the explanation of the 
construction of the eye; which, to take the simplest vie^C, 
may be conceived of as a convex lens, by means of which, 
images of external gbjects are formed upon a screen behind 
it, these images, affecting the brain by means of nerves, and 
in some inexplicable manner conveying to the mind the sense 
of vision. 

70. The figure represents a hori- 
zontal section of the human eye ; its 
general form is spherical, but the 
front BAIL is more convex than the 
rest. 

The outer coat is called the scle- 
rotica^ and is white and opaque, except 
in the front, which is occupied by 
the transparent convex portion BAB* 
called the cornea. 

The interior of the sclerotica is lined with a soft thin 
coat, called the choroid membrane; at the junction of this 
membrane with the sclerotica arises the uvea^ an opaque 
membrane, having an aperture ad in its centre called the 
pupil, through which light enters the eye, and by the spon- 
taneous enlargement and diminution of which the quantity 
of light admitted is regulated. The diameter of the pupil 
varies from about th to J th of an inch. 
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The interior of the clioioid membrane is covered with a 
black substance called the jdgmentum nigrum, the office of 
which is to absorb stray rays of light, and so prevent inter- 
nal reflexions, which would be the source of iimch confusion* 
At the back of the eye, and imbedded in the pigmenluni 
nigrum, is the retina; the retina is a net\^'ork of very flue 
nerves, which branch oft' from, and may be looked upon as a 
continuation of, the optic nerve, which proceeding directly froui 
the brain enters at O, on the side of the eye next the nose. 

CC is a soft, transparent substance, in the form of a 
double convex lens, and called the cryatalline lens. 

The space between the crystalline lens and the cornea is 
filled witli a transparent fluid resembling water, and called the 
aqueous humour. That between the crystalline and the retina 
is filled with another humour, called the vitreous humour. The 
refractive indices of these humours dilfcr very little from that 
of water. 

71. When a pencil of light diverges from a luminous 
point upon the exterior surface of the eye, it suflers refraction 
at the cornea, and again at the surface of each successive 
humour^ through which it passes, and by the combined re- 
fraction of all is made to converge to a point upon, or very 
near to, the retina. In like manner the image of an external 
object is formed upon the retina, each point in the object 
having its corresponding point in the image. 

72. The focal length of the eye is not constant, but is 
varied instinctively by the eye, so as to adapt itself to vision 
at diUerent distances. The shortest distance to which the eye 
can adjust itself varies in different persons, and is called the 
least distance of distinct vision; with regard to vision of distant 
objects, the majority of persons can see when the object is at 
such a distance that the rays from it may be considered to be 
parallel to each other, but some eyes require the rays entering 
them to ’have a certain degree of divergency: in general, 
however, we say that rays of light arc fitted to produce distinct 
vision, when they arc parallel to each other. It may be ob- 
served, that no eye can see by means of rays having the 
smallest amount of convergency. 

29 
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73. The eyes of animals, though agreeing in principle, 
are different in many of their details from those of men ; the 
difference being, in general, such as can be accounted for, by 
consideration of the different circumstances of vision, to which 
it is desirable that they should be adapted ; but the student, 
who desires information on this head, must consult other works 
on the subject. 

74. We shall now explain and illustrate with figures a few 
cases of actual vision ; and for distinctness’ sake we shall first 
consider the object viewed as a point, and secondly as of finite 
dimensions. 

75. When rays diverge from a luminous point they di- 
verge in all directions; and if an eye be exposed to the rays 
it will select a small pencil of them, limited by the magnitude 
of the aperture of the pupil, and provided the object be not 
within the least distance of distinct vision the small pencil will 
be made to converge to a focus on the retina. 

This will be fully explained by the figure. 



76. Again, suppose the object viewed to be not a point 
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but a small object ; then wluxt was true of the single point will 
be true of each physical point in the object, and an image will 
be formed on the retina as in the figure. 

77. It will be observed from the last figure that the 
image upon the retina is necessarily inverted with respect to 
the object, and hence some persons have perplexed themselves 
by inquiring why objects do not appear to us inverted. The 
apparent difficulty suggested seems to rest entirely upon the 
confusion of two things which are very different, namely, the 
formation of an image on the retina, and the perception of an 
external object by the mind through the medium of that image. 
Until some light is thrown upon the mysterious agency by 
which the mechanical impression upon the retina is transmuted 
into the sense of sight, it would appear to be idle to inquire 
into the connexion between an inverted image on the retina, 
and the impression of an erect .object on the mind ; in fact it 
must be demonstrated that there is a difficulty before we can 
be called uiioii to explain it. 

78. Next, let us consider the case of vision after re- 
flexion at a plane surface. 

Let Q be a luminous 
point, q the foeus of re- 
flected rays, E an eye in 
any position. Then Q will 
be seen by moans of a small 
cone of rays having q for 
its vertex, and the aperture 
of the eye for its base; 
and the actual course of the pencil from Q will be as in the 
figure. 

79. If instead of a single luminous point we were to take 
an object of finite dimensions, then each point of the object 
would be seen by means of a pencil, the course of which 
would be found as in the preceding case. 

80. As another example let us take the case of a lumi- 
UQus point between two mirrors, as in Art. 2p, and trace the 

29—2 
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])encil by mcjiiis of which the luminous point will be seen after 
any number of reflexions by an eye situated any where in the 
plane passing through the point and perpendicular to the 
intersection of the mirrors. For example, let us trace the 
l)cncil after three reflexions. 



Let Q be the luminous point, Q„ Q., the throe images 
found as in Art. 29; E the eye. Draw a line from E to Q,; 
from the point in which this line meets one of the mirrors 
draw a line to Q . ; from the point in which this line meets the 
other mirror draw a line to Q, ; and from the point in which 
this line meets the first mirror draw a line to Q, We shall 
thus have obtained the course of a ray from Q to the eye, 
and the pencil can be drawn as in the figure. 

81. As a last example we will consider the manner in 
which a small object PQ is made visible to an eye E, (not 
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very distant from the axis,) after reflexion at a splicrical 
surface BAB\ 

Let O be the centre of the surface. Join PO, QO, and 
upon them (produced if necessary) take p, q tlie geometrical 
foci corresponding to P and Q, Then pq will be the image 
of PQ» To determine the pencil by means of which any 
])oint as Q becomes visible, describe a cone having q for its 
vertex and the aperture of the eye for its base ; the cone will 
intersect the surface in a curve, which will be the base of the 
cone of rays from Q by means of which Q becomes visible. 


ON DEFECTS OF SIGHT. 

82. Perfect vision requires that a pencil of rays incident 
on the cornea should be made, by refraction through the 
several humours of the eye, to converge accurately to a point 
upon the retina. Vision will therefore be imperfect, when 
the rays converge to a point in front of the retina and then 
diverge upon it, or when they converge to a virtual focus 
behind it. The resulting defect is nearly the same in the 
two cases, for in both the image of. a point, instead of being 
a point, is a small circle or disk of light, and the image of an 
objedt is therefore formed of such small circles, 'which, over- 
lapi^ing each other, produce indistinctness or confusion. 

The former defect is that of shortsiqht, and arises from 
the too great convexity of the refracting surfaces of the eye. 
It may be remedied by the use of a concave lens, which will 
give the rays the degree of divergency necessary to enable 
the eye to bring them to a focus upon the retina. 

The latter defect is that of lomjHhjht, and arises from the 
too great flatness of the refracting surfaces of the eye ; it is 
a defect usually brought on by old age. It may be remedied 
by the use of a convex lens, which will cause the rays to enter 
the eye in a state of parallelism, and so to be fit to produce 
distinct vision. 
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ON VISION THROUGH A SINGLE LENS. 


* 83. To determine the angle under which a given olgect will 

he seen by the eye, when viewed through a concave lens. 

Let A be the centre of the lens, E the eye, PQ the object; 
join QJ, and let pq be the image of PQ. Join Eq ; then 



qEp is the angle under which the object is seen through the 
lens, or the visual angle. 

Let PQ = X, AP «» u, AE = d, /= the focal length of the 
lens, Q = the visual angle. 


Then tan 6 - 


angles, Apq, APQ,) 
_ \ 
u 


pq PQ Ap 

AE + Ap AE + Ap AP 


, (by similar tri- 


1 


d 

^ '^Tp 


X 

u 


1 + 




(Art. 45 .) 


Let a be the angle under which the object would have 

been seen by the naked eye, then tan a = — ^ ; 

w + a 


tan Q 
tan a 


u + d 


w + + 


du 

T 


This ratio is less than unity, and the effect is that the 
object appears diminished. 

If wc had taken ^he case of a convex lens, we i^ould have 
found, that 

tan d u + d 
tana , du' 
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If « + d be greater thau — , the object will appear mag- 
nified, and it may be magnified to any extent. But if be 

greater than m + d, tan d will be negative, and the image will 
be inverted and not necessarily magnified. 


84. If we suppose the lens so adjusted that the rays 
enter the eye in a state of parallelism, we must have u =f, 
and then (for the convex lens), 


tan 0 f+d d 

tan a / + d - d 

The magnification by a convex lens will be therefore 


greater as ^ is greater ; hence it has been proposed, to call 
•/ 


the quantity ~ the power of a lens. 
*/ 


85. A very small convex lens, of short focal length, or a 
very small sphere of glass, may be used as a magnifying glass 
ill a way slightly differing from the preceding. When an 
object is placed very near the eye, a magnified image is 
formed on the retina, but on account of the too great di- 
vergency of the rays the eye is not able to obtain a distinct 
perception of the object. K now a very small lens, not 
exceeding in breadth that of the pupil of the eye, and of 
focal length so short that the object shall be in its principal 



focus, be placed close to the eye, the rays of light emerging 
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from the lens nill be parallel to each other, and therefore fit 
to pi'oduce distinct vision, and the magnification of the image 
on the retina will be the same as before. The raj^s will in 
this ease pass ccntrically th]|;oiigh the lens. 

The formation of the image on the retina in this case will 
be understood from the above figure. 

ON THE GENERAL PRINCIPLE OF TELESCOPES. 

86. When a small object at a great distance is viewed 
by the naked eye, there are two reasons why the vision is 
indistinct, namely, the smallness of the angle which the object 
subtends at the eye or the visual angle, and the small quan- 
tity of light which comes to the eye from any point of the 
object. The ends to be accomplished therefore by an instru- 
ment used for viewing distant objects arc also two, namely, to 
increase the visual angle, and to increase the quantity of light 
whifch reaches the eye. The lattei* is accomplished by allow- 
ing the rays to fall upon a’convex lens, called the object-glass, 
which collects from each point of the object a quantity of 
light, bearing to the quantity which would enter the naked 
eye, the ratio of the area of the object-glass to the area of the 
]>upil of the eye; and the former by deficcting the rays 
through a system of lenses, the arrangement of which varies in 
telescopes of different constructions. In some telescopes the 
rays are received on a concave reflector, instead of a convex 
lens, but the principle is the same- 

87. It may be seen, without any difficulty, that the two 
defects of vision, which are to be remedied, are in some 
measure antagonistic. For, suppose, that from a very small 
distant object a certain quantity of light falls on the object- 
glass of a telescope, then the magnifying power is greater in 
proi)ortion as the light is spread over a larger extent of the 
retina ; but the brightness of the illumination of the retina is 
greater in proportion as the light is more concentrated, or 
spread over a smaller extent of the retina ; hence, when an 
image is formed on the retina, we have this general relation, 

brightness of the image } . -• 

magnilieation produced 
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If therefore, with a .£>iven object-glass, we increase the 
magnifjring power, we diininish the brightness of the image, 
and thus we have a limit put to increase of magnification. 
Hence, in order that we may hiwe telescopes of great power, 
we must have object-glasses, or object-mirrors, of very large 
diameters ; and in the construction of these lies the difficulty 
of making powerful telescopes. 

88. We shall now proceed to describe the construction of 
various telescopes, premising that we shall describe them in 
their simplest form ; to render them practically useful instru- 
ments, it would be necessary to introduce a variety of refine- 
ments of eonstruction, which the elementary mode of treating 
the science of Optics adopted in this treatise precludes us 
from making intelligible to the student. 

Telescopes may be divided into two classes, llcfracting, 
and lleflecting. The former are more generally used; the 
only advantage possessed by the latter is that object-mirrors 
pan be made of a larger size than object-glasses, and therefore 
reflecting telescopes can be made of greater power than refract- 
ing. But for the greater number of astronomical purposes this 
is no advantage; and moreover a large refieeting telescope is 
an instrument of much less utility than at first sight might 
appear, OAving principally to these two circumstances, that the 
condensation and in cold Aveather the freezing of vapour upon 
it frequently quite unfits it for use, and that it is impossible 
to preserve the lustre of the polish for more than about tAvo 
years together. 


ON REFRACTING TELESCOPES. 

^ 89. The Common Astronomical Telescope. 

n 



The common astronomical telescope consists of two con- 
A^ex lenses, a larger one BAB' called the object-glass, and 
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a smaller one baJy called the eye-glass, placed on the same 
axis, and at a distance from each other equal to the sum of 
their focal lengths. 

Let the axis of the instrument be directed to a point P 
of a very small object PQ, so distant that rays from any 
point of it which fall upon the object-glass are sensibly 
parallel ; then an inverted image pq will be formed in the 
focus of the object-glass, and the rays which diverge from 
any point q of the image upon the eye-glass will, after re- 
fraction, emerge approximately parallel to the line qa, which 
joins q with the centre of the eye-glass, since aq nearly = ap 
= the focal length of the eye-glass. If therefore an eye be 
placed at jE, the point at which the axis of the pencil from q 
crosses the axis, the rays entering the ej^e will be fit for 
producing distinct vision, and an image of PQ will be seen. 

Objects seen through this telescope will appear inverted, 
but this is of no importance in the case of celestial objects. 


90. The Magnifying Power. 

The magnifying power is measured by the ratio of the 
visual angles, when the object is viewed through the telescope 
and with the naked eye respectively. 

The angle under which PQ would be seen with the naked 
eye is PAQ= angle under which pq seen 

is paq, since the rays emerge parallel to ^a; 


magnifying power = 


pAq 


nearly, 

ap 


_ 4 . 

// 

where f represent the focal lengths of the object-glass 
and eye-glass respectively. 


91. The field of View. 

The field of view is the angle subtended at the eye, or at 
the centre of the object-glass, (for on account of the distance 
of the object the two wiU be sensibly the same,) by the largest 
object which' at , a given distance can be seen through the 
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telescope. This definition, however, though apparently precise, 
is not so really ; for, suppose we find a point in the object 
from which a pencil of rays, after being refracted through the 
object-glass, just fall on the eye-glass : then if we take a point 
a little further from the axis, the rays from it will not all fall 
on the eye-glass, but some of them will be lost ; still more 
will this be the case with a point a little further from the 
axis ; and so on, until at last we come to a point from which 
no rays fall upon the eye-glass, and therefore none reach the 
eye. The result is, that in looking through a telescope such 
as we have described, the outer portions of the field instead of 
being clearly defined would gradually fade away; this im- 
perfect part of the field is called the ragged edge of the field 
of view. 

The ragged edge may be cured by placing a stojj, or 
annulus of metal, in the focus of the object-glass ; for by this 
means we can stop any rays we please, and limit the field to 
any extent. If this be done, the angular extent of the field 
of view will be the angle subtended by the aperture of the 
stop at the centre of the object-glass.^ 

92. The telescope which we have now described is not 
applicable to vision of terrestrial objects, on account of its 
inverting property; But it may be adapted to the purpose 
by using a combination of lenses called an erecting eye-piece^ 
instead of the simple eye-glass. The construction of such an 



eye-piece will be sufficiently understood from inspection of the 
annexed figure, which represents one fgrm of its construction. 

^ 93. Galileo's Telescope. 



• This telescope consists of a convex lens • BAffy and a 
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concave lens hal), placed on the same axis, at a distance from 
each other equal to the difference of their focal lengths ; 
BAB* is the object-glass, and is of much greater breadth and 
focal length than the cycrgliffes hab*, which need not be larger 
than the pupil of the eye. 

Let the axis of the instrument be directed to a point P 
in an object PQ, which is at such a distance that rays from 
any point of it may be considered to fall upon the object-glass 
in a state of parallelism ; then if nothing were interposed, an 
inverted image pq would be formed of PQ in the focus of ' 
the object-glass. If now an eye were placed at E the rays 
converging to any point q would not produce distinct vision 
(see Art. 66); but if a small concave lens bah* be placed before 
the eye, and at a distance from the image equal to its focal 
length, the rays will emerge in a state of parallelism, and 
therefore will produce distinct vision ; and the visual angle 
will be paq, since the rays which before refraction at the 
eye-glass were converging to q emerge parallel to aq. The 
rays being intercepted by the eye-glass before they have 
crossed the axis, objects will appear erect. 


^ 94. The Magnifying Power. 


Let /o, fc be the focal lengths of th^ object-glass and eye- 
glass respectively ; then the visual angle for .^een Avith the 
naked eye is PAQ,, the visual angle Avhen seen tlirough the 
telescope is paq ; ' 


magnifying power 


FAQ 


jwq 

pAq 


f 

= j nearly. 
Jl’ 


V 95. The Field of View, 

The ragged edge m Galileo’s telescope is not curable by 
the use of a stoj) as in the astronomical telescope, because no 
real image is allowed to be formed by the object-glass, and 
it is manifest therefore that a stop placed any where within 
the telescope Avill not stop imperfect pencils only. 

In this telescope the field of view will be limited by the 
object-glass, and not by the eye-glass, as in the case of the 
astronomical telescope. Vor the field will necessarily be 
limited in any combination of lenses, by the first lens through..^ 
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which the rays pass excciitrically ; and in Galileo’s telescope, 
the rays pass excentrically through the object-glass; for 
although rays fall upon the whole extent of the object-glass 
from each point of the object, yet the eye-glass selects a 
small pencil, (as will be seen distinctly from the figure,) and 
this small pencil, with which alone we are concerned, passes 
through the object-glass excentrically. 

96. Galileo’s telescope possesses great historical interest, 
as being the first combination of lenses so used; the con- 
struction is, however, now only applied to opera-glasses, and 
for astronomical purposes is wholly useless. The capital 
defect of the telescope is that no image is formed by the 
object-glass; now observations of the stars are made by means 
of fine wires, which, being placed in the focus of the object- 
glass of an astronomical telescope, become visible by stopping 
pencils of rays which there converge to points, and the place 
of a star is noted by referring it to these wires; but in 
Galileo’s telescope wires cannot be so used, there being no 
position in which they can be made visible ; hence for astro- 
nomical purposes the construction is totally useless. 


ON REFLECTING TELESCOPES. 

97. In reflecting telescopes, the place of the object-glass 
is supplied by an object-mirror, or concave speculum of metal, 
which reflects the incident rays and causes them to converge. 
We shall describe four kinds of reflecting telescopes, whicli 
involve however, (as will be seen) only two essentially different 
constructions. 

98. IJerscheVs Telescope, 

* BAR* is a concave speculum, having its axis AF inclined 
at a Small angle to A P the axis of the tube of the telescope, 
so that a ray incident in the direction of the axis of the tube 
is reflected in the direction Ap ; on the line Ap as axis is 
placed the convex lens baV, at a distance from A equal to 
the sum of the focal lengths of the mirror anddens. 
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If the axis of the instrument be directed to P, a point 
in a small distant object PQ, an inverted image pq will be 



formed on Ap^ and at a distance from A equal to the focal 
length of the mirror : and this image being by the construc- 
tion in the focus of the eye-glass, the rays after refraction 
through it will emerge in a state of j)arallclism, and will 
therefore be fit for the production of distinct vision. Objects 
will appear inverted. 

The form of the object-mirror should be parabolical, not 
spherical. Sec Art. 25 . 

99. This is the most simple construction of the reflecting 
telescope, and is nearly analagous to that of the astronomical 
telescope. It has a considerable advantage over the other 
constructions, which will be presently described, in the small 
number of reflexions which the rays undergo, and hence it is 
well adapted for viewing very faint objects, when no unneces- 
sary loss of light can be afforded. But it has this very great 
defect, that the pencil which forms the centre of the field of 
view is not incident directly upon the mirror, and the reflected 
pencil has defects of a very serious kind owing to this obli- 
quity. Consequently HerschePs telescope is not advantageous 
when great distinctness of definition is the point principally 
desired. The construction is adapted only for very large 
instruments, because if the telescope be not large, the ob- 
server’s head, when looking into the telescope, w'ill materially 
interfere with the incidence of the rayss this defect is ob- 
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viated by Newton’s construction, which we shall presently 
describe. 


100. Tlie Magnifying Power. 

The visual angle for the object PQ, viewed with the naked 
eye is PJQ,’, when viewed through the telescope it is pa q. 


magnifying power 


PAQ 

fo 

f: 


pAq 


= — , nearly, 
ap 


where are the focal lengths of the object-mirror and 
eye-glass respectively. 


101, The Field of View, 

The ragged edge may be cured, as in the astronomical 
telescope, by placing a stop at the common focus of the 
mirror and eye-glass, and the field of view will then be mea- 
sured by the angle which the diameter of the stop subtends 
at the central point A of the mirror. If there be no stop, 
we may take the angle subtended by the eye-glass at the 
same point as the measure of the field of view. 

102. Newton's Telescope, 



BAB' is a concave mirror, which, if light were incident 
upon it from a small distant object PQ, would form an in- 
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verted image pq PQ in the prineipal foeus. Hut a small 
plane mirror DCD\ plaeed at an angle of 45 ® with the axis 
of the object-mirror, eauses the image to be formed at p q\ 
instead of pq^ and if a eoiivex lens bal) be placed on Cp as 
axis, and at a distance from pq equal to its focal length, the 
rays will emerge after refraction through haV in a state of 
parallelism, and therefore a distinct image of PQ will be seen 
by an eye at E. 

103. The Magnifying Power ^ and Field of View, 

Both of these will be the same as in Herschers con- 
struction ; the two telescopes arc in fact the same, the plane 
mirror in Newton’s being introduced principally for the sake 
of avoiding the necessity of looking directly towards the 
object-mirror, which in the case of small instruments would 
manifestly be most inconvenient. 


1 04. Gregory's Telescope, 



BAS is a concave mirror, which being directed to a dis- 
tant object PQ forms an inverted image of lipq in its principal 
focus. DCS is a small concave mirror, on the same a'xis as 
BAB\ and at a distance from p rather greater than its focal 
length; the rays from the different points oipq diverge upon 
DCD\ and after reflexion form an inverted ^mage p q' of 
pq^ which will therefore be erect with respect to PQ. The 
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adjustment is such that pq is formed in the focus of a 
convex lens hah\ on the same axis as the two mirrors, and 
on which the light falls through a circular aperture in the 
middle of the object mirror ; the rays of light therefore, after 
refraction through it, emerge in a state of parallelism, and 
produce distinct vision of the object PQ to an eye at E. 

Objects seen through this telescope will appear erect. 

105. The Magnifying Power, 



To find the magnifying power let us trace the course of 
the ray, which ivould fall, from the point Q of a distant object, 
on A the middle point of the object- mirror ; let AB be the 
reflected ray, which, after reflexion at tlie small mirror will 
pass very nearly through f the focus of •the small mirror, (on 
account of the distance of the point A being very consider- 
able,) and passing through the point q of the final image, and 
being refracted through the eye-glass, emerges in the direc- 
tion hE, parallel to qa. 

Then QAP may be regarded as the visual angle of PQ to 
the naked eye, qap the visual angle when the object is viewed 
through the telescope ; 

r -n • <1<^P W BfC fp AC 

therefore, power . 

. ^neorlji, 

• JeJm 

where are the foeal lengths of the object-mirror, small 

mirror, and eye-glass respectively*. 

* The approximations in this and the following article are of a very rough kind, 
A e and/p being each considered to be equal to/«. But it will ^e easily seen that little 

30 
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106. Field of View. 

The fickl of view may be limited either by the eye-glass, 
or by the small mirror. With the same figure as in the last 
article, suppose the ray there traced to fall on the extreme 
point b of the eye-glass, then the eye-glass will limit the field, 
and we shall have. 


the field of view s= 2 PJQ 

,fc 

AC 


2BJC 




eye-glass. 



h nearly, where h is the breadth of the 


If the field of view is limited by the small mirror, we 
must, suppose the ray traced in the figure to pass through 
the extreme point D of the small mirror, in which case the 

field of view = - , where c is the breadth of the 

AC f 

small mirror. 

In order that the field, as limited by these two considera- 
tions, may be the same, we must have 

f 

Practically, the field of view will always be limited by the 
eye-glass, and not by the small mirror ; if it were limited by 
the small mirror, the construction of the instrument would be 
defective. The preceding investigation points out the smallest 
breadth which the small mirror can have without diminishing 
the field of view. 

If we call the magnifying }>ower My we have 
field of view 

/. M 


value would be attributable to a more careful approximation, since a rough estimate 
of the power of the telescope is all which is required in practice. It may be observed, 
however, that the expression given in the text is a more accurate value of the ratio of 
the angles qdpy QAJ*y than it would seem to be from the manner in which it is 
obtained. * '' 
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From this expression it appears that a teleseopc of high 
magnifying power will have a very small field of view, in 
consequence of which it is very difficult to bring such an 
instrument to bear upon a heavenly body. Hence powerful 
telescopes are always supplied with a small telescope, called a 
fimder, having its axis parallel to that of the larger instrument ; 
the heavenly body having been found with this less powerful 
telescope, and brought into the centre of its field, will then 
also be in the centre of the field of the more powerful 
instrument. 

« 


107. Cassegrain^ s Telescope. 



The construction of this instrument differs from that of the 
preceding, only in having a convex small mirror instead of a 
concave. 

BAB' is a concave mirror, which, being directed to a dis- 
tant object PQy would form an inverted image of it pq in its 
principal focus ; but the reflected rays arc intercepted by the 
small convex mirror DCD\ which is so placed that its focus 
is a liitle further from the object-mirror than the principal 
focus of that mirror, and consequently an image p' q^ inverted 
with respect to PQ, is formed at some distance from the small 
mirror. The adjustment is such that this image is formed in 
tlie focus of the eye-glass hab\ and conseq^ucntly the rays 

30—2 
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after refraction emerge in a state of parallelism, and are there- 
fore fitted to produce distinct vision. 

Objects seen through this telescope will appear inverted. 


108. 27te Magnifyinff Power. 

Let a construction be made similar to that for Gregory’s 
telescope. 



Then the magnifying power = 


qap BfC 
qfp BAG 


fp AC 
ap fC 


fl. 

fjm 


nearly. 


109. Field of View. 

If the field be limited by the eye-glass we shall have, 
field of view = 2PAQ = 2 BAG 


fC 



6, nearly. 


110. The Compound Refracting Microscope. 

We have already explained (Art. 85 ,) the prineiple upon 
which a small convex lens of very short focal length may.be 
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used as a magnifying glass, or simple microscope. Combina- 
. lions of lenses may be used for the same purpose, or combi- 
nations of reflectors and lenses, and such combinations are 
called compound microscopes. We shall confine ourselves to 
the description of the compound refracting microscope in its 
simplest form, observing that to make it practically useful 
a number of refinements must be introduced. 



BAB' is a small convex lens, before which, and at a 
distance from it a little greater than its focal length, if a 
small object PQ be jdaced, an inverted image pq will be 
formed of it. The adjustment is such tlmt pq is formed in 
the focus of a convex lens hah\ and therefore the rays when 
refracted through it emerge in a state of parallelism, and 
therefore in a state fit to produce distinct vision ; and an 
eye at E will sec a magnified inverted image of PQ- 
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ASTRONOMY. 


1. We propose in the following treatise to give some 
account of the physical constitution of the universe, the mo- 
tions of the heavenly bodies, and the resulting phenomena, 
with the mode of making observations ; all which and other 
kindred subjects are classed under the head of Plane Astro- 
nomy: we shall not here treat of the Physical branch of 
astronomy, which investigates phenomena on the principles of 
Mechanics, and refers them to general laws, but only of that 
branch which deals with facts as matters of observation. 

As it is of the utmost impoiiance that the student should 
be perfectly familiar with the notion of a sphere, and of lines 
drawn upon it, we shall commence by presenting him with a 
few of the most elementary propositions and notions belonging 
to the doctrine of the sphere. 


ON THE SPHERE. 

2. Def. a sphere is a surface every point in which is 
equidistant from a given point, called its centre. 

The distance from the centre to the surface is called the 
radius, and any line passing through the centre and bounded 
by the surface is called a diameter of the sphere. 

3. Every section of a sphere 
made by a plane is a circle. 

Let EDF be any such section 
of a sphere, of which the centre is 
0. Draw OC from 0 perpendi- 
cular to the cutting plane, and join 
CD, OD, D being any ^oint in the 
section EDF. 


A. • 
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Then since OC is perpendicular to the cutting plane, it 
is perpendicular to any line in that plane, and therefore to 
CD\ 

OD^ = OC^ + Ciy, 
or CD^ OC^; 

but OD and OC are both constant quantities, therefore CD 
is constant, or the section is a circle having C for its centre. 


4. A section of a sphere made by a plane passing through 
the centre is called a g7'eat circle ; other sections are called 
small circles. 

The diameter of the sphere, which is perpendicular to the 
plane of any circle on the sphere, is called the axis of that 
circle ; and the points in which the axis meets the sphere are 
called the poles of the circle. 

It is evident that the poles of a great circle are equi- 
distant from it ; also it is easy to see that the pole of a circle 
is equidistant from every point in the circle, 


5. The angle which is mhtended at the centre of a sphere 
hy the arc joining the poles of two great circles^ is the angle of 
inclination of the planes of the circles. 


Let O be the centre of the 
sphere ; DCE, FCG the two great 
circles ; OA, OB, lines respectively 
perpendicular to the planes of the 
circles, so that A, B are their poles. 

Join OC. 

Then OC being in the jdanc 
DCE is perpendicular to AO, 
and being in the plane FCG is 
perpendicular to BO\ therefore CO is perpendicular 
plane in which AO, BO lie, and therefore EO and 



.-. EOG h the inclination of the planes of the circles. 


But EOG = 90 ® - BOE ^ AOB\ 

therefore the angle subtended by AB is the inclination of the 
planes of the circles. 
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Cor. Hcncc rIso it ^ippcars, tliRt tho arc joining the 
points in two great circles distant 90® from the point of^ their 
intersection, subtends at the centre of the sphere an angle 
equal to the inclination of the planes of the circles. 

6. To determine the position of a point on a sphere. 

Let A he a point on a sphere, 
the centre of which is O; then its 
position may be most conveniently 
determined as follows. 

Let POP' be a given diameter of 
the sphere ; through P, A and P draw 
the great circle PAP\ then if the 
angle which the plane of PAP' makes 
with a given plane passing through 
PP\ and the arc PA, be given, the 
position of A will be completely determined. 

ON THE FIGURE OF THE EARTH. 

7. The form of the earth is nearly, but not accurately, 
spherical. Its true form is that of a slightly oblate spheroid, 
or a surface generated by the revolution of an ellipse, having 
its axes nearly equal, about its minor axis. In the greater 
number of cases it is sufficient to consider the earth’s figure 
to be that of a sphere. 

The round form of the earth is easily concluded from such 
considerations as the following ; the tops of the masts are the 
first portion of a ship which become visible ; all the heavenly 
bodies with which we are acquainted have that form; and 
moreover the earth has been actually sailed round. The ex- 
periments which determine the actual figure to be spheroidal 
arc of a far more delicate kind, and cannot be entered upon 
• here. 

8. * The heavens present to an observer on the earth’s 
surface the appearance of a hollow sphere, at the centre of 
which the observer stands ; and it will be convenient to con- 
ceive of such a sphere, which we may call the celestial sphere, 
and in the sdrfacc of which we may conceive dhe heavenly 
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bodies to be ; the actual point on the surface of the celestial 
sphere, to which we shall refer any given objeet, will be the 
point in which the line joining the eye of the observer and 
the object meets the surface of the sphere. 

On account of the enormous distance of the heavenly 
bodies from the earth, it will be, for many purposes, indif- 
ferent whether we consider the centre of the earth or the 
position of the observer as the centre of the celestial sphere. 

9. The earth, revolves, as will be explained more par- 
ticularly presently, about a certain axis coinciding very nearly 
with the minor axis of its figure, considered as a spheroid ; 
the^ points in which this axis produced meets the celestial 
sphere are called the Noii'th and South Poles. The great 
circle of which these points arc the poles is called the equator^ 
and the two equal portions into which the plane of the 
equator divides the celestial sphere are called the Noh^thern 
and Southern Hemispheres. 

The i^laiie of the equator cuts the surface of the earth 
into two equal portions, which are also called respectively 
the northern and southern hemispheres; and the circle in 
which the plane cuts the earth is sometimes called the equa- 
tor, as well as that in which it cuts the celestial sphere. 

The direction of a line perpendicular to the surface of 
still water at any place on the earth's surface, is called the 
vertical at that place ; and the points in which the vertical 
line meets the celestial sphere, are called the zenith and 
nadir of the place. The vertical direction will be very ap- 
proximately that of the line joining the place with the earth’s 
centre. 

A plane perpendicular to tBe vertical at the earth\s sur- 
face, is called the sensible horizon; a plane perpendicular 
to the same line at the earth’s centre, the rational horizon. 
In the greater number of cases, the sensible and rational 
horizon may be considered as coincident. 

The meridian of a place is the great circle passing through 
the poles of the heavens and the zenith of the place. 
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ON TERRESTRIAL I.ATITUDE AND LONGITUDE. 

10. The position of a place upon the earth’s surface 
may be determined on the principle explained in Art. 6, Let 
the meridian of some place, as Greenwich, be considered as 
given ; then the angle between the meridian of Greenwich 
and that of the place in question is called the longitvde of 
the place, and the angle subtended by the arc of the meridian 
between the zenith of the place and the equator is called 
the latitude; and the latitude is said to be north or southy 
according as the place is to the north or south of the equator. 
The latitude and longitude being given, the position of the 
place is defined. 

The complement of the angle which measures the latitude 
of a place is called the co-latitude. 

It is usual to measure longitude through 180^ cast and 
west of Greenwich ; perhaps it would be more convenient to 
measure through SiW in the same direction, but in practice 
longitude is never so reckoned. 


ON THE EARTirS MOTION. 

11. The motion of the earth may be conceived of, as 
being compounded of two motions, namely, a motion of re- 
volution about an axis, while at the same time that axis is 
moving in space. 

Let us first consider the revolution about the axis : and 
for a first approximation we may say, that the earth revolves 
about a line coinciding with its shorter axis and remaining 
fixed in space ; this we shall find afterwards to be not strictly 
true. The time of revolution is twenty-four hours ; and the 
effect produced to an observer on the earth’s surface is this, 
that, imagining himself to be fixed in position, the celestial 
sphere appears to revolve about its poles, carrying the hea- 
venly bodies with it;* so that the sun and stars describe 
circles about the axis of revolution, the greater part small 
circle?, those only describing great circles which happen to 
be in the equator. When a heavenly body comes into the 
horizon of any given place it is said to rise, when it reaches 
the meridian it culminates, and when it again reaches the 
horizon it sets. 
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All this coincides with observation; for the stars are 
observed to revolve about a certain point in the heavens, 
nearly coinciding with a bright star, known as the Pole Star, 
and we arc therefore obliged to adopt one of two hypotheses, 
namely, that the celestial sphere actually revolves about the 
earth as fixed, or that the celestial sphere being fixed the 
earth revolves about an axis which remains fixed in space. 
The great simplicity of the latter hypothesis leaves no doubt 
concerning its truth. 

This is the diurnal motion of the earth, which gives rise 
to the succession of day and night ; in addition to this there 
is an annual motion, that is*, the earth is carried round tlie 
sun in a certain period, which constitutes one year. In this 
motion the axis of revolution moves always parallel to itself, 
' as is shewn by the fact of its appearing always to point to 
‘ the same point of the celestial s]^cre. The centre of the 
earth does in fact describe an ellipse in one plane about the 
centre of the sun, and this ellipse does not diller much from 
a circle ; at present, however, we are not concerned witli the 
actual path described by the earth, but only with the fact 
of its moving rolmd the sun in the plane of a great circle, 
in the course of a year. According to observation, the sun 
appears to move in that time round the earth, but tlie phe- 
nomena will be exactly the same, wli ether the earth move 
round the sun, or the sun round the earth, and the consi- 
deration of the enormous magnitude of tlie sun as compared 
with the earth, combined with other reasons which will ap- 
pear hereafter when we come to treat of the planets, leave 
no doubt as to the correctness of the hypothesis of the 
motion of the earth about the sun, not the sun about the 
earth. 


12. For purposes of explanation however, we shall in 
general speak of the sun as moving in a great circle about 
the earth, and this great circle we shall call the ecliptiq. 

The inclination of the plane ’of the equator to that of the 
ecliptic is an angle of about and is called the obliquity 

of the ecliptic. 
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ON THE SEASONS. 

13. If a small plane be exposed to heat, which ema- 
nates from any given source, as for instance the sun, it is 
manifest that the quantity of heat received will be greatest 
when the plane is perpendicular to the direction in which the 
heat emanates, and the smaller the angle which the plane 
makes with that direction, in other words, the greater the 
angle of incidence of the sun’s rays, the smaller will be the 
quantity of heat received. On this principle we can explain 
the change of the seasons. 

14. Let O O*** Cf O** be the path of the earth’s centre 


o'" 



round the sun S. Then the earth revolves fiboiit an axis, 
{OP or O'P',) making an angle of 23® 28' with the perpendi- 
cular to the plane of this path. 

Consider the position O of the centre of the earth when 
the angle SOP is the greatest possible, that is, when SOP 
= 113 ” 28 '. Let A be any point on the earth’s surftice ; join 
OA and produce it to Z, and join SA : then the angle of in- 
cidence of the sun’s rays is SAZ. Now consider the exactly 
opposite position of the earth in its orbit, when the angle 
SO'P' is the least possible, that is, when SO'P' = 6 ‘ 6 ® 32 '; and 
let A^ be the position of the place A in this case ; then joining 
OA' and producing it to Z', the angle of incidence of the 
sun’s rays is SA'Z\ an angle much less than SAZ. Hence 
the heat in the position A' will be much greater than in the 
position A : A' will, in fact, be enjoying midsummer, A will 
be in mid-winter. The positions O'" 0" will be positions of 
intermediate heat, and will correspond to spring and autumn 
respectively. . . 
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Another very efficient cause of the greater heat of sum- 
mer than winter will be found in Art. 21. 


ON THE SUN’S MOTION IN THE ECLIPTIC. 

15. Let O be the centre 
of the earth, supposed fixed; 
and let the plane of the paper 
pass through O, the pole of the 
equator P, and the pole of the 
ecliptic 11; A* nr E' is the equa- 
tor, S nr S’ the ecliptic. 

Then Avc may say, that the 
sun describes its course in the 
ecliptic round 0 uniformly in 
the course of a year. The ecliptic is conceived to be di- 
vided into twelve equal portions, each therefore consisting of 
50'’, and these portions are called the twelve signs of the 
Zodiac ; they are known by the following names : Aries, Tau- 
rus, Gemini, Cancer, Leo, Virgo, Libra, Scorpio, Sagittarius, 
Capricornus, Aquarius, Pisces; the origin of these names will 
be seen hereafter ; they are denoted by difi’erent symbols, one 
only of which we shall use, (nr), which is the symbol for 
Aries, The first point of Aries is determined by the inter- 
section of the equator and ecliptic, the other point of inter- 
section being the first point of Libra, 

Suppose the sun to be at nr, which will happen at the time 
of year called the vernal equinox, and suppose it to be moving 
in the ecliptic towards S : for three months its distance from 
the equator will increase, and at the end of that time it will 
be at S, a point in the great circle passing through P and IT. 
Its distance from the equator will then diminish, until at the 
end of three months it will again be in the equator ; this will 
happen at the autumnal equinox. The sun will now go to 
the south of the equator, and at the end of the next three 
months will ,be at S on the great circle passing through- P 
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and n. Lastly, after passiiig S' the sun will again approach 
the equator, and at the end of three months more will be 
again at T . 

IG. For a few days before and after passing the points 
S and S', the sun will move nearly parallel to the equator, 
and therefore, will neither approach it nor recede from it; 
hence, so far as motion to or from the equator is concerned, 
the sun may be said at those points to be stationary for a 
short period, and they are on this account called the solstices. 
S is the summer solstice. S' the winter solstice ; the great 
circle passing through the solstices and the poles of the 
equator and ecliptic, is called the solstitial colure. 


ON CLIMATE. 

17. It will be easily seen, that all parts of the earth's 
surface are not equally affected by the sun's heat ; the term 
climate is used to express the difference between the several 
regions of the earth in this respect. 

T.et 0 be the centre of the earth ; t S the ecliptic, nr E 
the equator, O, P, their respective poles ; and let tt, p, s, e. 



be the points in which the lines OH, OP, OS, OE, respectively 
meet the earth’s surface ; also tt it, ss', small circles on the 
earth's surface made by planes parallel to the equator, and ed 
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the great circle in which the plane of the equator cuts the 
earth. 

Then the portion of the earth’s surface to the north, of 
TTw, and an equal portion to the south of a similar small 
circle round the south pole, are called the frigid Zones : the 
portion between tttt^ and ss, and a similar portion in the 
southern hemisphere, are called the temperate Zones : and the 
portion between ss^ and a similar circle in the southern hemi- 
sphere arc called the torrid Zones. 

Tlie small circle -ttit' is called the Arctic Circle^ and a 
similar one in the southern hemisphere the Antarctic Circle. 
The small circle ss is called the Tropic of Cancer^ and a 
similar one in the southern hemisphere the Tropic of Ca- 
pricorn; because the sun after receding from the equator, 
turns {Tpeiret) on entering the signs of Cancer and Capri- 
corn, and again approaches the equator. 

18. The peculiarity of the torrid zone is that a place 
situated within it will have the sun vertical, that is, exactly in 
its zenith, twice in the year. For let or be the place of the 
sun at any given time, then, if we join Oo-, this line will 
manifestly intersect the earth’s surface at some point between 
the tropics, and that place, with all others in the same latitude, 
will have the sun in the zenith ; and the same thing will take 
place when the sun has passed the solstice by a distance equal 
to <tS, Even when the sun is not exactly vertical, its rays 
fall with a smaller obliquity on places between the tropics 
than in the temperate zones ; hence the extreme heat of 
tropical climates. 

The peculiarity of the frigid zones will be noticed in 
Article 20 . 


ON THE LENGTH OF THE DAY. 

19. The motion of the sun in the ecliptic during one 
day is not very great ; hence in considering the effect of its 
motion on the length of the day it will be sufficient to suppose 
it to preserve the same position in the ecliptic during one 
revolution of the earth, or during one of its own apparent 
revolutions about the earth. 
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Let O be the earth’s centre, Z the zenith of a place on its 
surface, ////' the horizon of the place, MSM' the equator, 





P its pole. Then we can determine the length of the day for 
any given position of the sun in the ecliptic, by supposing 
it to describe a small circle in a plane perpendicular to OP ; 
as long as it is above the horizon it is day, the remainder 
of the twenty-four hours is night. We shall consider three 
cases. 

(1) Let the sun be in the equator ; then its diurnal path 
will be the great circle SMy and if we join PS by an arc of a 
great circle, half the day will be measured by the angle MPS 
(called an hour-angle). But it is not difficult to see that the 
angle MPS is a right angle, hence the hour-angle measuring 
the length of the day is two right angles ; consequently that 
which measures the length of the night must be two right 
angles, or the day and night are equal. When therefore the 
sun is in the equator, day and night are equal all over the 
world ; hence the equator is sometimes called the equinoctial 
line, and the first points of Aries and Libra are called the 
equinoxes, 

(2) Suppose the sun to be in the summer solstice ; then 
its diurnal path will be the small circle S^M^ the arc MM^ 
bjeing that which measures the obliquity of the ecliptic. Join 
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S,P by an arc of a great circle ; then the hour-angle SiPMi 
measures half the day, and this angle is greater than a right 
angle, hence the days are longer than the nights to places in 
northern latitudes. 

( 5 ) In like manner, if the sun is in the winter solstice, 
and 8.31^ its diurnal path, the hour-angle S-^PM., will measure 
half the day, and the days will be shorter than the nights. 

For intermediate positions of the sun the results will be 
easily inferred. 

20. Let us consider the peculiarities of day and night in 
the frigid zones. Let us suppose PZ to be equal to the 
obliquity of the ecliptic, then the small circle S^3Ii will pass 
through H\ that is to say, when the sun is in the summer 
solstice it just does not set to a place upon the Arctic Circle, 
and in general, in order that the sun may set to any given 
place its angular distance from the Pole, (or North Polar 
distance, as it is called,) must be greater than the latitude of 
the place ; suppose, for instanee, we take a, place in latitude 
70 ®, then the sun will not set to that place from the time that 
its north polar distance is 70 ®, until after having passed the 
solstice its north polar distance is 70® again. Corresi^ondiiig 
to those long summer days there will be equally long winter 
nights ; and at the poles there will bo a <lay of six months 
in length, succeeded by a night equally long. 

21. The greater length of day in summer than in winter, 
is an additional reason for the greater heal of that season ; 
for since the earth receives heat from the sun during the day, 
and gives back the heat by radiation from its surface, the 
longer time the sun is above the horizon the greater will be 
the quantity of heat received by a body on the earth's surface, 
both directly from the sun, and also by radiation from the 
earth. 
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ON THE MODE OF DETERMINING THE PLACE OF 
. A HEAVENLY BODY. 

22. This will be done on the general principle explained 
in Art. 6, and a]teady applied to the case of terrestrial lati- 
tude and longitude in Art. 10. 

Ijet O be the centre of the celestial sphere, the 

equator, S ^ the ecliptic, P, 

11 their respective poles. Let 
a be any heavenly body, the 
position of which we desire to 
determine : draw through a 
the arcs of great circles P a A, 

OerL; then nr -4 is called the s 
Right Ascension, A a the De- 
clination of a, and if these be 
given the position of cr will be 
determined. It will be the 
same thing if we suppose iV, 
the North Polar distance, to be given instead of the declina- 
tion. The Right Ascension is measured from nr in the 
direction of the sun’s motion. Right Ascension is usually 
written in tlie abbreviated form R.A., and North Polar Dis- 
tance, N.P.D. 

2^. The position of cr may be equally well determined 
by means of the arcs nr L and L cr, which are called respec- 
tively its longitude and latitude. 

24. By measuring R.A. and longitude from nr , we 
appear to assume that nr is a fixed point. This is not accu- 
rately true, as we shall see hereafter ; its motion however is 
sufficiently slow to allow us, in general, to conceive it to be 
fixed ; in making observations the motion is allowed for. 
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ON THE MODE OF MAKING OBSERVATIONS 
OF THE HEAVENLY BODIES. 

25. Wc propose to explain the mode in which the Right 
Ascension and Declination of a star become matters of obser- 
vation, and to describe the principal instruments by means of 
which the observations are made. 

Let Z be the zenith of the place of observation, O the 
centre of the celestial sphere, £ t the equator, P its pole, 
IIZP the meridian of the place. 

Let cr be the star or other 
heavenly body, the R. A. and de- 
clination, (or N.P.D.,) of which 
wc wish to determine, and sup- 
pose it to be on the meridian 
when w-e make our observations. 

Then by means of an instru- 
ment called the Mural Circle, 
soon to be described, we can ob- 
serve with great accuracy Zer, 
the zenith distance of o-, and this added to ZP, the co-latitude 
of the place of observation, which may also be supposed 
known, will be the N.P.D. of or. Again, since the whole 
heavens turn about OP uniformly iu 2 i hours, called sidereal 
hours, if wc note the time of nr passing the meridian and that 
of (7, the difference between these times nill measure the arc 
nr E, or the R.A. of a ; for instance, suppose the difference of 

360 ® 

time was 1 hour, then the R.A. would be , or 15®. The 

24 

method adopted in practice is to have a clock which indicates 
0** 0™ when nr is on the meridian, and then the sidereal time 
of a star’s passing the meridian, or the time of its transit, 
converted into degrees at the rate of 15® to l hour, wiU be 
the R.A. of the star. 

Thus the determination of the R.A. and N.P.D. of a 
heavenly body is reduced to that of the time of passing the 
meridian, and the meridian zenith distance. We shall proceed 
to describe the Transit Instrument and the Mural Circle, by 
means of whjch this is effected. 
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26. Thi Transit Instrument. 


B 



This instrument consists of a common astronomical tele- 
scope, fixed firmly to an arm FF', the 
extremities of which are cylindrical and 
are supported by two pillars of solid 
masonry E, W, so placed that the arm 
FF' points east and west. In the focus 
of the object-glass are placed a certain 
number of fixed vertical wires, usually 
five or seven, and one horizontal wire 
passing through the centre of the field, as in the annexed 
figure. 

The telescope moves, as will be seen from the preceding 
description, in the plane of the meridian, and the mode of 
observation is as follows : Before the object to be observed 
comes upon the meridian, the transit instrument is set in 
such a position that the object shall pass as near as possible 
through the centre of the field of view ; this may be done 
by means of a variety of contrivances, but it requires an 
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approximate value of the zenith distance of the object, which 
however may be supposed known from previous observations 
sufficiently nearly for the purpose, in the case of all bodies 
of which it is necessary to observe the transit. The time 
of transit is the moment at which the object crosses the 
middle vertical wire, supposing that wire to be in perfect 
adjustment ; but to avoid the error of imperfect adjustment, 
and also to diminish as far as possible the errors of observa- 
tion, it is usual to note the time of transit across each of the 
vertical wires, and take the mean of these observed times 
as the true time of transit. 

The observation requires the assistance of a sidereal clock 
which beats seconds in a very distinct manner ; the observer 
before looking into the telescope takes notice of the time indi- 
cated by the clock, and by counting the beats of the pendulum 
knows the time which elapses afterwards ; having a book and 
pencil in his hand, he thus notes with great accuracy the time 
of transit over each wire. 

27. The transit instrument is in perfect adjustment when 
the line of collimation^ that is, the line joining the intersection 
of the horizontal and middle vertical wire with the centre of 
the object-glass, moves in the plane of the meridian, the instru- 
ment being turned about its horizontal axis. 

In order therefore that the adjustment may be perfect, (l) 
the line of collimation must be accurately perpendicular to the 
geometrical line in the transverse axis about which the instru- 
ment turns ; (2) this geometrical axis must be accurately hori- 
zontal ; ( 3 ) the same axis must point accurately east and west. 

In practice the transit instrument is seldom or never in 
perfect adjustment, and even if it could be made perfect at 
any given time, so small a cause is sufficient to sensibly dis- 
arrange it that the adjustment would soon cease to be perfect. 
The three errors therefore corresponding to the three adjust- 
ments above mentioned, and which are known as the errors 
of collimation^ levels and deviation, respectively, arc ascertained 
and correction made in the observed time of transit. 

28. The Sidereal Cloclc. 

The clock when properly adjusted ought to indicate 
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0^0*“ O'’ when the first point of Aries is on the meridian, 
and should indicate the lapse of 24 sidereal .hours during^ 
the interval of two successive transits of that point. The time 
of the transit of a star according to the sidereal clock will 
be the star’s ll.A. in time. 

The clock is corrected by observing the time of transit of 
a star, the Jl.A. of which is accurately known, and comparing 
the known R.A. with that indicated by the clock. 

By observing ‘two transits of the same star, or the transit 
of two known stars, we can ascertain the clock’s ratey that is, 
the rate at which it is gaining or losing. 

And by observing three transits, we can ascertain whether 
its rate is regular. 

29. The Mural Circle. 



This instrument consists of an astronomical telescope 
firmly clamped to jv flat circular rim, which moves about an 
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axis passing into a strong vertical wall to which the back of 
the instrument is applied. The graduation is made on the 
side of the rim perpendicular to the wall, and the reading off- 
is effected by means of microscopes A, B, C, D, E, F. In 
the focus of the object-glass are two fixed wires, one vertical 
and one horizontal, and besides these there is a moveable 
horizontal micrometer wire, the nature of which will require 
some explanation. 

A micrometer wire is one which is moveable by means of 
a screw within the observer’s reach, the head of which is gra- 
duated and so contrived as to indicate the distance through 
which the wire is moved. Suppose, for instance, in the above 
case, when the micrometer wire coincides with the fixed hori- 
zontal wire, the pointer on the screw-head indicates o* o' o", 
then if when the wire is made to coincide mth any given 
object in the field of view the reading of the screw-head is n" 
we shall know that the distanee between the image and the 
fixed horizontal wire subtends an angle of n* at the centre 
of the object-glass, in other words, that the angular distance 
between the object and the centre of the field of view as 

measured by an arc of a great circle on the celestial sphere 
• // 

IS n . 


30. Since the purpose of this instrument is to observe 
the zenith distance of heavenly bodies as they pass the meri- 
dian, the line of collimation ought to move in the plane of the 
meridian.^ But it is not difficult to see that the error occa- 
sioned by a slight deviation of the line of collimation from 
that plane will not be so important as in the case of a transit 
instrument : the error of principal importance is this ; when 
the instrument is pointed to the zenith, one of the micro- 
scopes ought to indicate accurately o", and this will not ge- 
nerally be the case, the error in the reading may be called 
the error of collimation in altitude, and may either be cal- 
culated and allowed for, or may be got rid of entirely by a 
method of observation which we shall presently desoribe. 
Properly speaking, the error which we have called that of 
collimation in altitude consists of two, one arising from the 
fact that if the line 6f collimation were in perfect adjustment 
there would in general be an index error, ,and the other from 
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the usual want of accurate adjustment of the line of colli- 
niation ; these two however are necessarily joined together, 
and may be conveniently spoken of as one error. 

31. The reading off is made with six microscopes instead 
of one, for the sake of greater accuracy, especially in these 
j espccts : we diminish the probability of error from defective 
graduation ; but still more we avoid any error arising from 
false centering, i.e. from the centre about which the circle 
turns not coinciding with the actual centre of the graduated 
rim ; for it will be easily seen that if on this account any 
microscope gives a reading in excess, the opposite one will 
give a reading as much in defect, and thus the mean of the 
two will be correct. The mode of reading by means of a 
microscope is simply this : the part of the graduated rim, the 
image of which coincides with the centre of the field of the 
microscope, is that the position of which we desire to deter- 
mine ; biSt this will in general not happen to coincide with a 
line of graduation ; we have therefore to determine the dis- 
tance of the centre of the field from the nearest line of gra- 
duation. This is done by meani of a micrometer wire, 'which 
when it coincides with the centre of the field gives a reading 
on the screw-head of o", and hence if we turn the screw-head 
until the micrometer wire coincides with the image of the 
nearest line of graduation, the reading on the screw-hcad 
will be the quantity to be added to the reading of the circle, 
corresponding to the nearest line in question. The first 
reading is thus made with the naked eye, and the micro- 
scope then furnishes a correction to this reading. 

32. The mode of observation with the mural circle is as 
follows. 

Before the star, or other heavenly body to be observed, 
crosses the meridian, let the telescope be directed downwards 
towards a trough of mercury, in such a manner that the 
image* of the star seen by reflexion at the surface of the 
mercury may pass through the field of view : this can be 
done, because the zenith distance is supposed to be known 
approximately. Let the circle be clamped in this position, 
RUd the microscopeqi read. 
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When the star, as seen by reflexion, comes into the field 
of view, let it be bisected by tfie moveable micrometer wire, 
a short time before it reaches the middle of the field. 

Let the circle be now undamped, and turned rapidly 
round until the star is visible by direct vision, and by means 
of a screw provided for the purpose let the circle be slightly 
moved until* the star is bisected by the fixed horizontal wire. 
This may be effected by a skilful observer soon after the star 
has passed the middle of the field. 

The microscopes may now be read, and the mean of the 
six readings will be the result of the observation by direct 
vision. The micrometer may also be read, and this reading 
added to the mean of the readings of the six microscopes, 
as examined before the observation, will give the result of 
the observation by reflexion. 

The mean of the two observations will give the true al- 
titude or zenith distance of the star, free from error of col- 
limation in altitude. That this will be so may be seen as 
follows. 


33. Let be the poiltion of the line of collimation, 

when the star a is seen by reflexion. Then if Z be the 
jzenith point, the reading ought to be Zi, but in consequence 
of the collimation error let it be Zt -h C, Also let T' f! be 
the position of the line of collimation, when the star is seen 
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by direct vision, and the reading will be Z^'+ C; hence 

Zt — Z 

■ the mean of the readings = = — = the true altitude 

2 2 


of the star. 


34. The Transit Instrument and the Mural Circle are 
the instruments of daily use in observatories, and we recom- 
mend the student, if it should be within his power, to visit 
some observatory for the purpose of inspection of the instru- 
ments. We shall conclude this part of the subject by de- 
scribing Hadley’s Sextant, an instrument of great importance 
on account of its applicability to nautical purposes ; the 
instruments already described, and all others which require 
fixed supports, are useless at sea on account of the constant 
motion of the vessel. 


35. Hadley 8 Sextant. 

The principle on which this instrument is constructed, 
depends upon a proposition proved in Optics, (Art. 27, p. 401*), 
viz. that when a ray of light is reflected at two mirrors, the 
angle of deviation is equal to twice the angle between the 
mirrors. 

The figure represents Hadley’s Sextant ; DF is a portion 
of a graduated rim, the graduation, as the name imports, 

< 5 " 
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extending usually to about one sixth of a circumference, but 
sometimes to more. JE is a moveable radius of the circle, 
which carries with it a small mirror A of silvered glass at one 
end, and a vernier at the other*. ^ is a piece of glass silvered 
over half its surface, and is so fixed that when the reading 
of the vernier is zero, the surfaces of the mirrors A and B are 
parallel. C is a small telescope attached to the instrument, 
and so arranged that its axis passes through the line of 
division between the silvered and unsilvered parts of the 
glass B. 

To find the angle subtended by the line joining two 
objects, cr, a, let the instrument be held in such a position, 
and the moveable radius so adapted, that the image of o- as 
seen by reflexion at the two mirrors, coincides with that of 
a, as seen by direct vision ; then the angle between the two 
objects will be twice the angle between the mirrors, or twice 
the arc between the pointer of the vernier and the zero point 
of the instrument, since when the mirrors were parallel the 
reading of the vernier was zero. Consequently, if we gra- 
duate the arc DF in such a manner as to make one of its 
divisions correspond to 2% the reading given by the vernier 
will be the angle required. 

By means of this instrument the angular distance between 

• [The Vernier is a contrivance for reading off more accurately than is possible with 
a simple pointer. 

Let AB be a portion of the giaduated limb of any instrument, and suppose that 
instead of a simple pointer we have a small piece of brass CD, having a pointer £ and 



the space between E and D CTaduated in such a manner that n of its graduations shall 
be equal to w - 1 of those on the limb AB. / •' 

Let a, j3 be the lengths of the respective graduations ; ^ ^ ^ ’ 

no = (ra-l).ft vtp-a=t. 

Now suppose that after an observation E ddes not point accurately to any line of 
graduation of the instrument ; let a be the nearest, then we must add to the reading at 
a the distance between a and the pointer. Suppose the 9^ division of the vernier almost 
exactly points to a line of graduation, as at 6 ; then the quantity to be added to the 
reading at a 

Q 

= rR-ro=r 
^ n 

Suppose, for instance, that ^ = 1®, and » = 6, then ^ = 10' ; and if r = 4, the quantity to 
be added to the reading at a = 40^] ‘ i 
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two objects, or the altitude of a lieavenly body above the 
horizon, may be ascertained with suflScient exactness for 
nautical purposes. 

ON METHODS OF FINDING THE LATITUDE OF 
A PLACE. 

In our explanation of the mode of finding the 
N.P.D. of a heavenly body, we have assumed the latitude of 
the place of observation to be known ; we proceed to shew 
how it may be ascertained. 

Let a G be the small circle described z 
by a circumpolar star, round the pole P, 
in consequence of the diurnal revolution 
of the heavens ; Z the zenith of the 
place of observation, Zer -Po-' its meri- 
dian. 

When the star is on the meridian at its upper transit, let 
its zenith distance Za be observed; and when it is again on 
the meridian at its lower transit, let its zenith distance Zer' 
be observed. 

Then ZP= - the co-latitude; 

hence the latitude is known. 

The preceding method is applicable, only when we have 
a fixed instrument in the plane of the meridian, as in an Ob- 
servatory. Methods applicable to observations made at sea 
require mathematical calculations, into which it is not the 
purpose of this treatise to enter. 

ON THE FIXED STARS. 

87. If we look at the heavens night after night, we shall 
easily conclude that the greater part of the stars preserve, 
at least' approximately, the same relative positions, and if we 
determine their II.A. and N.P.D., we find them nearly con- 
stant ; such stars are called fixed stars, a name which dis- 
tinguishes them from the planetary bodies, of which we shall 
afterwards have to £^eak more particularly. The modes of 
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determining the R.A. and N.P.D. of a star, which we have 
described, will require considerable correction, but, supposing 
that we have the means of determining accurately these 
elements, we can make a catalogue of the fixed stars. Such 
catalogues have been made, and are of the utmost use in 
practical Astronomy; the place of a star becomes known 
accurately, only by a long series of observations, and when 
the R.A. and N.P.D. of a star have thus been satisfactorily 
established, it is called a known star. These fixed stars are 
at an enormous distance from the earth, as is at once con- 
cluded from this fact, that the most powerful telescope does 
not exhibit any sensible disk ; but of the greatness of their 
distance we shall presently have a more definite notion, when 
we come to speak of parallax. The stars are divided into 
groups called constellations ; this however is not done upon 
any good and convenient system, but in a manner apparently 
quite arbitrary, and certainly very fanciful. If we refer the 
places of the stars, and those of tJie sun, moon, and planets, 
to the surface of the eelestial sphere, the stars will be fixed 
in position, and the sun, moon and planets will move amongst 
them ; hence we may speak of the jnotion of the sun among 
the fixed stars ; and the signs of the zodiac are in fact the 
names of twelve constellations, which at the time the names 
were given were coincident in position with the signs bearing 
the same names, but now, for reasons to be hereafter assigned, 
occupy other positions. 

The latitude and longitude of a star may be deduced from 
its right ascension and declination, and stars may be catalogued 
accordingly ; but this method is not so convenient as that of 
registering their right ascensions and declinations. 


ON THE CORRECTIONS OF ASTRONOMICAL 
OBSERVATIONS. 

38. We have described the mode of determining by 
observation the R.A. and N.P.D. of any heavenly body, but 
the observations so made require several important corrections, 
which we now proceed to explain. ; 
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ON KEFUACTION. 

39. The first correction is due to the deviation caused 
in a ray of light by its passage through the atmosphere. 



Let O be the centre of the earth, A the place of obser- 
vation, Z its zenith. And conceive tlic atmosphere to be 
formed of concentric strata of air, diminishing in density as 
they are further from the earth’s surface. 

Then a ray of light in passing through the atmosphere 
will, on entering each stratum, be bent towards the normal, 
(Optics, Art. 7, page 38g), and consequently the ray of light 
by which the object a is seen by an observer at A will be of 
the kind represented by the line aahcdeA, In the limit, 
when we consider the strata to be indefinitely thin, the path 
of the ray through the atmosphere will be a continuous curve, 
and the direction in which the object will be seen will be the 
tangent to the curve at the point nearest the observer’s eye. 

The .atmosphere will be exactly similar on opi)osite sides 
of the vertical plane through ZA o-, and therefore the ray of 
light will nfit be refracted out of that plane. Hence a heavenly 
body appears to be raised in a vertical plane above its true 
position, and the zenith distance given by observation will be 
32 



498 


ASTRONOMY. 


too small; the amount of correction to be applied depends 
upon calculations into which we shall not enter. 

40. On the phoenomenon of Twilight. 

The consideration of the effect of refraction upon the 
directions of rays of light passing through the atmosphere, 
renders this a convenient place to explain the phoenomenon 
of twilight. We have shewn in the preceding article, that 
the heavenly bodies are apparently raised in a vertical plane 
by the refraction of the atmosphere, and it follows that they 
become visible on the earth’s surface when they are in fact 
somewhat below the observer’s horizon. But before it be- 
comes visible, the rays of light from the sun below the horizon 
illuminate the atmosphere, which to some extent reflects and 
scatters the rays in all directions, and the result is a faint 
light which precedes the rising of the sun and follows its 
setting, and which we call twilight. Twilight begins and 
terminates when the sun is about 18° below the horizon; but 
its duration manifestly varies with the latitude, for the time 
which is required for the sun to rise through 18° vertically 
depends upon the inclination of its diurnal path to the horizon 
of the place, and is less as this inclination is greater, that is, 
as the place is nearer to the equator. To take an extreme 
case, suppose the place to be on the equator, and for simpli- 
city’s sake, suppose the sun to be in t , then its diurnal course 
will be a vertical great circle, and the duration of morning or 
evening twilight will be the time taken to describe 18° or not 
much more than an hour. 

In more northern latitudes the twilight may endure all 
night : it is not difficult to determine the conditions under 
which this will take place. 

Let Z be the zenith of the place, 

H'H the horizon, P the pole of the 
equator, S the sun at midnight. 

Then the condition of twilight last- 
ing all night is, that the greatest ^ 
depression of the sun below the 
horizon shall not be more thaii 18°, 
or HS not greater than 18°. 
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Let I be the latitude of the place = 

S the sun’s declination = 90® — PS : 
then = PS- -ffP = 90"- 5 - 1; 

we must have 

90® - S - ; not > 18®, 
or S + Z not < 72°. 

For instance, the latitude of London is 5ll®, therefore 
twilight endures all night so long as the sun’s declination is 
not less than 20^®, that is, from the latter end of May to the 
latter end of July. 

ON PARALLAX. 

41. This second correction is rendered necessary by the 
fact of our observations being made at the surface of the 
earth, and not at the centre. If the position of a heavenly 
body were registered according to its apparent position as seen 
from a certain place, the position so determined would not 
agree with that determined by another observer at a different 
place on the earth’s surface ; a correction is therefore applied 
to observations, such as shall reduce them to what they would 
have been if made from the earth’s centre. This we proceed 
to explain more particularly. 

Let O be the earth’s centre, A 
the position of an observer on its sur- 
face, Z the zenith ; and let a be some 
heavenly body, which an observer at A 
will refer to the point <7i on a sphere 
described with centre O, and an ob- 
server at O will refer to Hence 
the zenith distance of <r as observed 
from A will have to be diminished by 
the quantity ci 0-3 in order to reduce 
it to what it would have been if observed from O. Paral- 
lax, it is evident, takes place in a vertical plane, and depresses 
a heavenly body, which is exactly the opposite effect to that 
^ ‘ 32—2 
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of refraction ; in speakings however, of parallax as compared 
with refraction, it is to be carefully borne in mind that they 
are corrections in very different meanings of the word, for, in 
consequence of refraction, the object is not actually in the 
position in which it seems to be, whereas the correction for 
parallax is merely a reduction of the observations made at 
one place to what they would have been if made at another. 


42. In the figure let p = AaO = nearly, ZJa « 
then, from the triangle AaO, 


sinp 


AO 

0(T 


Sin 




or since p is very small, if we use the circular measure, 

AO . 

-sm.. 


This quantity jp, since it varies with the* altitude of the 
body, is called the diurnal parallax ; its greatest value is when 
the body is in the horizon ot z ^ 90 °, in which case (if we 
call the value P\ 

P = — , and p = P sin c ; 

Oar 

P is called the horizontal parallax. 


43. It is found that some of the heavenly bodies, namely, 
the fixed stars, have no sensible horizontal parallax, but for 
the sun, moon, and the planets, (of which we shall hereafter 
speak more particularly,) the value is sensible, and the deter- 
mination of its value in each case becomes a matter of great 
moment ; for it will be seen, that the knowledge of the hori- 
zontal parallax of a heavenly body informs us at once of the 
distance of that body from the earth’s centre in terms of the 
earth’s radius, the magnitude of which we shall presently 
shew how to find. In fact, we have by the last article 
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and if R be the earth’s radius, x the distance of the heavenly 
body, and the horizontal parallax be given in seconds, 

180 X 60 X 60 
X = R. 

P X 3.14159 

(See Trig, Art. 55, page 140.) 

Thfi value of the sun’s horizontal parallax is about 8.75", 
that of the moon’s 57' 4". 

44. To find th^ horixontal parallax of a heavenly body 
by observation. 

Let ZZ' be the zeniths of t* 

two places on the same meri- 
dian PZZ^ : and let cr be a 
heavenly body upon . the me- 
ridian, which is referred by 
observers at the two places to 
the points o'a on the celes- 
tial sphere respectively, its 
true position as seen from the 
centre of the earth being o-i. 

Then if P be the horizontal 
parallax of cr, we have 



cTi 0*2 = P sin ZcTg, „ * ^ ^ \ : 

CTi (T;, = P sm Z 0 - 3 , 

also Z<r 2 - O’, 0-2 + Z' — <Ti(J 3 = ^Z', 

p Z<t2 + - ZZ ' 

sin Z<r 2 + sin ZVa * 

In this equation Z<t 2 , ZVg are known by observation, and 
ZZ' is the diflFerence of the latitudes of the places, (or the sum, 
if the places are on opposite sides of the equator, as in the 
figure ;) hence P is completely determined. 

This method is applicable to the moon, the parallax of 
which is considerable; but the sun’s parallax being a very 
minute* quantity, can only be satisfactorily determined by the 
help of very particular phenomena, a description of which we 
shall not here enter upon. 

45. The diurnal parallax of the fixed stars is found to 
be wholly insensible :* but there is another kind of parallax due 
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to the change of position of the earth in her orbit, which is 
called annual parallax, and it becomes a question how far this 
will affect the apparent position of a fixed star. 


IT 



Let S be the sun, E, E' two positions of the earth on 
opposite sides of it ; o- a star which an observer on the earth 
at E refers to the point cti, and an observer on the earth at 
to the point on the celestial sphere; then EaE- is the 
greatest variation in the position of o* caused by parallax, and 
as the distance EE^ is about 190,000,000 miles, we should 
expect that this angle would be sensible : but so enormous is » 
the distance of the fixed stars that ordinary observations 
detect no annual parallax. By observations of extreme deli- 
cacy, Bessel, the eminent astronomer of Kbiiigsburg, detected 
parallax in one star (61 Cycni) ; this is a double star, that is, 
when seen through a good instrument it appears to consist 
of two distinct bodies revolving about each other, or rather 
about the centre of gravity of the two, and this was one 
reason for its selection for the purpose of attempting to detect 
parallax, because the distance of the point halfway between 
the two stars from any given point admits of more exact 
determination than that of the distance of a star itself : 
another reason for choosing this star was, that it has a larger 
amount of proper motion, that is to say, its place in the 
heavens instead of being absolutely fixed, is, after every cor- 
rection has been made, found to vary regularly from year to 
year, and to whatever cause £his may be due, a large amount 
of proper motion would seem almost certainly to indicate pro- 
portionate jiroximity to our system. The mode of observation 
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was to determine the distance of the point midway between 
the stars from two other small stars, which it was considered 
'might be supposed to be free from sensible parallax, and 
by continuing the observations for a year, it was found that 
after every allowance had been made, there appeared to be a 
change of position due to annual parallax. The result is, that 
the star 6l Cycni appears to have an annual parallax of about 
o".348, which gives its distance from the sun to be 657,700 
times that of the earth from the sun, or 62,484,500,000,000 
iftiles : light takes rather more than 10 years to traverse this 
space; yet this is probably one of the nearer of the fixed 
stars. The period of revolution of the component stars about 
their centre of gravity is about 540 years ; hence, concluding 
their distance from each other from the preceding calculated 
distance from the earth and their apparent angular distance 
from eacb' other, we can deduce the sum of their masses, 
which proves to be about half that of the sun 

ON ABERRATION. 

46. The third correction to be applied to observations 
is due to the fact of light traveUing with a finite velocity; the 
manner in which this circumstance affects the apparent posi- 
tion of a star may be explained as follows. 

Suppose a particle to move with a uniform velo- 
city from S towards T, and suppose it is required ® 
to hold a tube ABCD, which is also in uniform 
motion in a direction perpendicular to ST, in such a 
position that the particle shall move along its axis. 

Let a, a point in the axis, be the place of the par- 
ticle at any given time ; let c be any other point ; 
draw cd perpendicular to ST, then if the inclina- 
tion of the axis of the tube to ST be such that 

cdi ad :: velocity of tube : velocity of particle, 

it is manifest that when the particle has arrived at 
d, c will also have arrived there, and the particle 
will always be on the axis of the tube, as was required. 

* There are eight other ;9tars to which annual parallax has been assigned with more 
or less accuracy. See Herschel’s Outlines of Astrotiomy, page 551.' 
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X«et Q be the angle of inclination of the tube, v the velo- 
city of the tube, V that of the particle, then we must have 

V 

tan0 = — . 

V 

Now the case we have supposed is nearly analoj;ous to 
that of a heavenly body viewed through a telescope ; for the 
telescope is in motion in consequence of the motion of the 
point of the earth’s surface on which it is fixed, and in order 
that a star may be visible through it, we must hold it in su«h 
a direction that a ray of light coming from the star may pass 
down its axis ; hence we conclude from what precedes, that 
the direction of the axis of the telescope does not coincide 
with the direction in which light proceeds from the star, but 
is inclined at an angle {&) determined by the equation 

• tan0 = 

where v is the velocity of the earth in itis orbit, and V the 
velocity of light. > If then v be comparable with F, there will 
be a consequent error in our observations, and this error is 
said to be due to aberration. We shall shew how it can be 
ascertained by observation that the error is appreciable, but 
first we must explain more particularly the effect of aberration 
in altering a star’s apparent place on the celestial sphere. 

47- Let AOB be the ecliptic, n its pole, S the sun, E 
the earth in its orbit CED, a a fixed star. Draw EG o. 


Tt 



tangent to the earth’s orbit, then EG the direction of the 
earth’s motion, and crE that of light from the star, hence 

/ 
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aberration takes place in the plane aEO\ join a 0 by an arc 
of a great circle, and let be the apparent place of the star. 
Join <t'E, and draw a'E parallel to ctE ; then, by what has 
been said, we must have 

EE : aE (= a E) :: veloeity of earth : velocity of light ; 

EE 

/. sin (j(j = sin gEg = sin EaE « sin a EO, 

a E 

, velocity of earth . 

or aa = — 7 rT;-T-T sin cr O, nearly . 

velocity of light 

The angle aO is called the earths way. 

The velocity of the earth in its orbit is so much greater 
than that of any point in its surface due to rotation about the 
axis, that we may confine our attention to the former as pro- 
ducing the error of aberration. 

It will be easily seen, that the effeet of aberration is to 
make the apparent place of a star describe a small curve about 
its real place in the course of a year. 

48. Let us now examine a particular case : suppose or to 
be on the solstitial colure AWPBy and the earth to be in nr , as 
at the autumnal equinox. Then the earth is moving towards 



A pai'allel to the solstitial colure, and consequently the star a* 
is displaced by aberration into the position o-', if 


aa = a sin a A — a sin a 




where a 


velocity of earth\ 
velocity of light/ 
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Again, at the vernal equinox the apparent place of the 
star will be a" if 

• * 'n 9 

era = a Sin aJi = <t<t . 

Hence we are furnished with the means of determining the 
coefficient of aberration (a) without previous knowledge of the 
velocity of light. For let deV be the N.P.D. of the star at the 
autumnal and vernal equinox respectively, then 

^ d ^ c = SLgg = 2a sin gB « 2a cos {d + o), 

(w being = HP, the obliquity of the ecliptic); 
d! ^d 

r ^ • 

2 cos {d + w) 

49. Hence, also, wc are able to determine the velocity of 
light, for it may be deduced at once from the value of a, if 
the velocity of the earth in its orbit be known ; but this is 
determined by the distance of the earth from the sun, which 
is known from the value of the sun’s parallax. Thus the phe- 
nomenon of aberration enables us to determine the velocity 
of light, and the coincidence of the value thus obtained with 
that deduced by a perfectly independent method, w^hich will 
be mentioned in the sequel, leaves little doubt concerning the 
truth of the principle of both investigations. 


ON PRECESSION AND NUTATION. 

60. The preceding articles contain an account of the 
three astronomical corrections which arc necessary to be ap- 
plied to any observation ; but besides these, another correction, 
though of a different kind, must be applied to the R.A. and 
N.P.D. of a star, as determined by observation, in order to 
make them coincide with those registered in a catalogue of 
stars. To understand this, it is only necessary to observe, 
that the R.A. and N.P.D. of a star, when considered as fixing 
its position, necessarily assume the pole of the equator and 
the point nn to be fixed with regard to the ecliptic, which 
they are not. We have already alluded in a cursory manner 
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to this fact; vfe shall now attempt an exposition of its physical 
cause. 

We shall hereafter shew how to prove by observation a 
fact which has been already mentioned, and which we shall 
here assume, namely, that the figure of the earth is not 
accurately spherical, but that of an oblate spheroid or sur- 
face generated by the revolution of an ellipse about its minor 
axis. 

51. Let us first con- 
sider the motion of a hoop, 
which is revolving uniform- 
ly in its own plane about 
its centre O, supposed sta- 
tionary: and let NON' be 
the line of intersection of 
the plane of the hoop with a certain fixed plane through O. 
Now suppose each particle of the hoop to receive a sudden 
•small impulse perpendicular to its plane, and tending to 
bring it to coincide with the fixed plane before-mentioned ; 
let us see what the effect will be. Consider any particle P 
which is moving in^ the direction Pt, and receives a sudden 
impulse in the direction Ptf, then the resultant motion of P 
will be in a direction intermediate to and P^', and pro- 
ducing this direction to meet the fixed plane, we see that 
the line NN will have regreded by the impulse into the 
position nn. The angular velocity of the hoop will not be 
affected, because the impulse on each particle is perpendicular 
to the motion of the particle. Moreover the inclination of 
the plane of the hoop to the fixed plane will not be affected, 
for whatever tendency there is in the impulse on a particle 
P, which is moving from the plane, to diminish the inclina- 
tion, there is exactly the same tendency in the impulse on a 
particle P', which is moving towards the plane, to increase 
it. If instead of a single impulse, we suppose continuous 
forceps acting in the manner described, namely, always tending 
to bring the plane of the hoop into coincidence with the 
fixed plane, the result will be, that the angular velocity and 
inclination will be unaltered, and the line of intersection of 
the two planes will regrede on the fixed plane, that is, will 
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move in the opposite direction to that of the hoop’s revo- 
lution*. 

52. Tlie motion which we have described will also be 
that of a body shaped like the earth, which may in fact be 
conceived of as a sphere surrounded by hoops of matter, 
producing the protuberance at its ‘equator. And the attrac- 
tive force of the sun has always a tendency to make the plane 
of the equator coincide with that of the ecliptic, as may be 
seen with a very little consideration, since it tends to bring 
all particles into the plane in which it is itself moving. 
Hence the result of the sunk’s attraction on the protuberant 
matter, in the mid-regions of the earth’s surface, is to make 
the first point of Aries regrede, that is, move in a direction 
opposite to that of the earth’s rotation, or of the sun’s motion, 
without affecting the length of the day, or the obliquity of 
the eclij^tic. This regression of nr gives rise to what is called 
the precession of the equinoxes ; for since v moves in the 
opposite direction to the sun, it goes as it were to meet the 
sun, and consequently the time of arriving at the equinox 
will precede the time at which the sun would reach it if it 
were stationary. The whole phaenomenon of the motion of the 
first point of Aries is called Precession; the motion is about 
5o" annually. It is not difficult to see, that in consequence 
of the regression of the line of intersection of the equator 
and ecliptic, the pole of the former will describe about that 
of the latter a small circle of the celestial sphere ; in other 
words, the straight line drawn through the earth’s centre, 
perpendicular to the plane of the equator, will describe about 
the line perpendicular to the plane of the ecliptic, a cone 
having for its semi-vertical angle the obliquity of the ecliptic. 

53. The results of this processional motion are remark- 
able : it will be easily seen that the fixed stars will change 
their position, with respect to the equator and its pole, and 
the change of their position will be represented by supposing 

* The explanation here given is necessarily of a most incomplete kind, because the 
problem is one concerning the motion of a rigid body and not that of a particle, the 
action of the sun also is not exactly of the kind supposed in the text. Nevertheless 
^’hat has been said may tend to explain to some extent the nature of the mechanical 
action by which the precession of the equinoxes is produced.^ 
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the whole celestial sphere to revolve with a slow angular 
motion from west to east, about an axis passing through the 
pole of the ecliptic ; the time of this revolution is about 20,000 
years. As an illustration it may be observed, that it is only 
an accident of the present age, that we have what is called a 
pole star ; the star which is now so near the pole, will, after a 
scries of years, leave that position, and only return to it 
after a complete revolution of the heavens. 

It may also be observed, that when the names, Aries, 
Taurus, &c., were given to the signs of the zodiac, the be- 
ginnings of those signs were found in constellations bearing 
those names ; but now the signs are far distant from the 
eonstdlations which have respectively the same, names. 

54. It is not difficult to see, that the action of the sun 
on the earth is not exactly the same for all periods through- 
out the year ; the mean effect on the pole of the equator will 
be such as has been described, but to represent the facts 
more accurately, we must suppose the pole to describe about 
the pole of the ecliptic, not a small circle, but a tortuous 
curve, sometimes approaching the pole of the ecliptic, some- 
times receding from it, this curve, however, never diflering 
much from a circle. This irregularity of the motion of the 
])olc is called its nutation. 

55. There will be, in like manner, a Precession and Nu- 
tation of the pole of the equator due to the action of the 
moon, but these are not nearly so important as those due 
to solar action, and will not be further considered. 


ON THE PROPER MOTION OF THE FIXED STARS. 

56. If the R.A. and N.P.D. of any fixed star be found 
by observation, and all the corrections which we have de- 
scribed be applied, it will nevertheless be found that the 
position of the star is not actually fixed. The change of 
position is very small and regular, and for many stars is a 
known quantity. No physical cause has been certainly assigned, 
but the variation is attributed to a proper motion of the stars 
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themselves* And reflection will shew that such a proper 
motion miglit have been expected a priori ; for supposing the 
law of attraction which holds in our own sj^stem to extend, as 
most probably it does, to the regions of the fixed stars, then 
the mutual attractions of the stars must prevent them from 
being actually fixed in space. Nevertheless, in consequence 
of their enormous distance, the proper motion of a star will 
produce an extremely small apparent change of position to 
an observer on the earth’s surface, and therefore we still use 
the name Jla!ed stars, although believing the bodies so called 
to be really in motion. 


ON THE MODE OF DETERMINING THE EARTH’S 
FIGURE AND MAGNITUDE. 

57. We shall first explain how the radius of the earth 
may be found, supposing its form to be si)herical. 

We have already explained (Art. 36), how to determine 
the latitude of a place ; now let two places be found on the 
same meridian, the dilFerence between the latitudes of which is 
1®, and let the distance between these two places be measured 
as accurately as possible, and be found to be J?. Let li be 
the earth’s radius, then its circumference is Stt/Z, where 

TT = 3,14159 (See Trig. Art. 51, page 135); and since 

angles are proportional in the same circle to the subtending 
arcs, we have 

SttjR 36o® 


w 

which equation determines : from such measurements it is 
found that R « 4000 miles nearly. 

58. But it is found that when the distance betw^een two 
places, the latitude of which differs by 1®, is measured in 
different parts of the same meridian,, the results do not agree. 
It is found that the length of a degree (as it is called) in- 
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creases with the latitude, i. e. is least at the equator and 
increases as we approach the poles; in other words, near 
the equator it requires a smaller change of our position than 
near the poles to produce the same amount of change in the 
position of the zenith : now it is manifest, that the more the 
surface of the earth is curved the more rapid will be the 
change of zenith to a person walking over it, hence we con- 
clude that the curvature of the earth is greatest at the equator, 
and diminishes towards the poles. Hence the cquatoreal radius 
must be greater than the polar radius, and the earth may be 
conceived of in general as a globe slightly flattened at the 
poles. Accurate observation shews that the rate, at which the 
curvature of the earth’s surface changes, agrees with the 
hypothesis of its form being that of an oblate spheroid as 
lias already been assumed. 


ON THE PLANETS. 

59. We shall now proceed to give a more accurate ac- 
count of the sun and the bodies revolving about it, of which 
the earth is one. 

The principal planets arc named as follows, the order 
being that of their distances from the sun, Neptune, Uranus, 
Saturn, Jupiter, Mars, the Earth, Venus, Mercury. Besides 
which there are nine very small planets, called asteroids, and 
bearing the names, Ceres, Pallas, Vesta, Juno, Astraea, Hebe, 
Iris, Flora, and Metis ; these are invisible to the naked eye, 
and in point of distance from the sun are intermediate to 
Mars and Jupiter. Six of these, namely, Neptune and the 
five last mentioned asteroids, have been very recently added 
to the list, and even now others may exist which have not 
been recognised ; for among the multitude of telescopic 
stars, few, comparatively speaking, have been sufficiently 
observed to enable us to decide upon the constancy of their 
positibn. 

60. The paths of the planets, with the exception of the 
asteroids, are in planes making a small angle with the plane 
of the ecliptic, and their motions are governed by the three 
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following remarkable laws, called from their discoverer Kepler’s 
Law’s. 

I. The planets move in ellipses, each having the sfun^s centre 

in one of its foci. 

IT. The areas swept out hy each planet about the sun are, 
in the same orbit, proportional to the time of describing them. 

III. The squares of the periodic times are proportional to 
. the cubes of the major axes. 

It will be easily seen that these three law^s follow at once 
from the hypothesis of a force, varying inversely as the square 
of the distance, resident in the sun’s centre. (See Newton, 
Props. I. XI. and XV.) Speaking aecurately, the centre of 
the sun is not a fixed point, the motion taking place in fact 
about the centre of gravity of the whole system; but on 
account of the enormous mass of the sun, as compared with 
any one or with all of the planets, the centre of gravity is 
very near the centre of the sun, and may generally be con- 
ceived of as coincident with it. Moreover, no one of Kepler’s 
laws is quite rigidly true, because not only docs tlic sun 
attract each of the planets, but the planets mutually attract 
each other, and produce slight pertuibations or deviations 
from laws which would hold strictly for any one undisturbed 
planet ; it may be as well to observe here, that with respect 
to such perturbations theory and observation are in complete 
accordance. 

61. The planets which are at a greater distance from the 
sun than the earth, are called superior planets, those which 
are at a smaller distance, inferior. It will be anticipated that 
the phaenomena exhibited by these two classes to an observer 
on the earth’s surface will be in many respects dift'erent. 

Let S be the sun’s centre, EE the earth’s orbit, PE 
the orbit of an inferior planet, supposed for simplicity’s sake 
to be in the plane of the ecliptic. Then it is evident that the 
planet’s elongation from the sun, that is, the angle subtended 
at the earth by its distance from the sun, can never exceed a 
certain limit; for from E, the position of the earth, draw 
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J?P, EP^ tangents to tli<j planet’s 
orbit, then PESy or PESy will be 
•the maximum angle of elongation, 
and the elongation will vary between 
zero and this value ; sometimes the 
planet may even pass between the 
earth and the sun, and it will then 
be seen to cross over the sun’s face 
like a dark spot. Now suppose the 
sun and the planet to revolve round Ey then the time of 
passing the meridian of any given plnee will not be very 
different for the sun and the planet ; for example, let Venus 
have her maximum elongation, and suppose her to rise some 
time before the sun so as to be a morning star, then the time 
by Avhich her rising precedes that of the sun diminishes until 
at last she is so near the sun that she becomes invisible : 
afterwards she begins to rise after the sun, and therefore to 
set after him, and tlius becomes an evening star. Mercury is 
seldom suflficiently far from the sun to be visible with the 
naked eye. Tlicre is manifestly no limit to the elongation of 
the superior i)lancts, and therefore no connexion between the 
times of their rising or setting and that of the sun. 

62. The inferior planets present to the earth phases, 
exactly as does the moon : this will be seen to be a necessary 
result of the manner in which they are illuminated, for since 
only one hemisi)herc of the planet, namely that which is turned 
toAvards the sun is illuminated, the portion of the illuminated 
surface visible from the earth must depend upon the relative 
positions of the sun, earth, and planet. Of the superior planets. 
Mars, which is the nearest to the earth, presents sometimes a 
slightly gibbons appearance, that is, a phase like that of tlie 
moon Avhen near full, but the others have no percei)tible 
changes of phase, because the direction in Avhieh light fiills 
upon them from the sun is, on account of their great distance, 
very ilearly the same as that in which they are viewed from 
the earth. 

63. The limits of this treatise will not allow us to enter 
upon a description of the physical peculiarities of the various 

33 
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planets. We cannot however omit to take notice of the very 
remarkable object called Saturn's ring. It would be more 
correct to si)eak of t\vo rings, for there arc in fact two, lying’ 
in one plane and separated from each other by a narrow inter- 
val, the inner one being separated by a much wider interval 
from the planet itself. The ring has a rapid rotation in its 
owij plane, the centrifugal force arising from which is doubt- 
less the means of preserving its form and its position. 

64. The earth and the superior planets arc accompanied 
by secondary bodies, termed satellites^ revolving about them in 
the same manner as they themselves revolve about the sun. 
Of these satellites or moons, the earth has one, Jupiter four, 
Saturn seven, Uranus certainly two and perhaps six ; only 
one satellite has at j)rcsent been observed as attending Nep- 
tune. 

For much interesting information on this and other sub- 
jects the reader is referred to Sir J. F. AV. Ilerschers Treatise 
on Astronomy, being a volume of the Cabinet Cucloptvdkiy or 
to the larger work of the same author, entitled Outlines of 
Astronomy. 


ON THE MOON. 

65. The earth is accompanied (as has been already men- 
tioned) in its course round the sun by a secondary body, which 
we call the moon, and which revolves round it in the same 
kind of way as the earth revolves about the sun, and from 
west to cast. The distance of the moon from the earth, as 
concluded from the value of its horizontal parallax, is about 
60 of the earth’s radii. The moon revolves round the earth 
according to the ordinary rules of bodies moving in central 
orbits, deviating however from the strictness of these rules 
materially in consequence of the disturbing force of the sun, 
which is much greater than that of one planet on another, and 
therefore causes the moon’s orbit to deviate more from the 
elliptical form than is the case wnth the orbit of a planet. 
The time of tlie moon’s revolution about the earth is 27 days 
7 hours nearly. 
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66. The most remarkable phenomenon exhibited by the 
moon is the change of her phase, which has been already 
alluded to in speaking of the phases of the inferior planets, and 
which is an immediate result of her being illuminated by the 
sun. It is manifest that when the moon and sun are on oppo- 
site sides of the earth, or the moon is in geocentric opposition, 
the bright side of the moon will be turned towards the earth, 
or it will be fall-moon ; and when the moon is between the 
earth and sun, or in geocentric conjunction, the bright side 
will be turned away from the earth, or it will be new-moon. 
Between these two extreme cases the moon will present 
every variety of phase. The time elapsing between two suc- 
cessive full-moons is not that of the moon’s revolution, because 
the sun has, during the month, advanced in its course ; the 
time will be equal to the time of revolution of the moon, 
together with that which the moon takes to pass over the 
space moved through by the sun, or about 29 -t days. ■ This is 
called a lunation, or a synodic period. 

67. It may be noticed that the moon when full, being in 
exactly the opposite quarter of the heavens from tlie sun, or 
in other words, distant from the sun 180^ in II. A., comes upon 
the meridian 12 hours after the sun, i, e. at 12 o’clock at 
night ; hence the moon is brightest at a time when the dark- 
ness of the night would otherwise be the most intense. 

68. The moon revolves on its own axis in the same 
direction in which it revolves about the earth, and in the 
same period; the consequence is that it always presents to 
the earth the same face. The appearance of the face is 
extremely ragged and mountainous ; the height of some of 
the mountains has been ascertained, and it thus appears that 
they are very much greater as compared with the size of the 
moon, than in the case of terrestrial mountains. 

The most obvious oflSce of the moon is that which it per- 
forms In giving light to the earth, but an equally important 
one is that of producing tides, of which we shall presently 
speak more particularly. 

Tlic pliscnomcnon of eclipses also, which the moon is in- 
strumental in producing, will be separately considered. 

33—2 
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ON TIDES. 

69. The accurate theory of tides is one of the utmost 
diflSculty ; but a general explanation, sufficient for many pur- 
poses, may be given as follows. 

Let E be the earth, M the moon ; and suppose the earth 
to be surrounded by a sea, and the moon to be at rest with 
respect to it. Then the attraction of the moon on each particle 



of water will tend to draw the water away from the earth 
on the side turned towards it, and thus to make a protube- 
rance of water : there will be a similar protuberance on the 
opposite side of the earth, because the force which draws any 
particle of water away from the earth is the difference between 
the attraction of the moon on that particle and on the earth, 
and hence the force in question upon a particle on the op- 
posite side of the earth from the moon will tend from the 
earth ; and hence, as we have said, there will be a protube- 
rance of water on the side of the earth which is turned away 
from the moon, as well as on the other. The accurate form 
of the surface of the sea is a spheroid, having its larger axis 
passing through the moon. 

If there were no moon there would be a similar disturb- 
ance of the spherical form of the sea by the sun’s attraction. 
In order to determine the result of their combined action, it 
will be sufficient to observe, that if the sun and moon arc on 
the same side of the earth, or the moon in geocentric con- 
junction, the action of the two will be combined, and we may 
suppose the effect to be the sum of those due to their separate 
actions : the same will be the case when the sun and moon 
are on opposite sides, or the moon in geocentric opposition ; 
when the moon is halfway between opposition and conjunc- 
tion, the effect may be considered to be the difference of 
those due to the lunar and solar action ; in other positions of 
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the sun and moon the results will be intermediate. Let us 
now suppose that as the moon revolves the tidal protuberance 
Tollows it, then as the earth turns on its axis each place of 
the surface will have low and high water succeeding each 
other at intervals of twelve hours. From what has been said 
it is clear that the highest tides will be at the new and full 
moon, and the lowest at the times halfway between ; the 
former are called spring-tidesy the latter neap-tides. In order 
to make this theory agree tolerably well with observation, it 
is necessary to suppose that the axis of the tidal spheroid lags 
somewhat behind the moon. 

ON ECLIPSES. 

70. Eclipses are of two kinds, namely, of the moon and 
of the sun, and may be described in general as being caused 
respectively, by the passage of the moon through the shadow 
thrown behind the earth, and by the passage of the moon 
between the earth and the sun, so as to intercept the sun’s 
light from the earth. It is manifest that if the motions of 
the sun, earth, and moon, be accurately known so that tlicir 
relative positions at any time can be predicted, it will be only 
a matter of calculation to determine when an eclipse will take 
place ; but the method of calculation must be very different 
in the case of a lunar from that of a solar eclipse, and the 
latter will be very much more complicated than the former, as 
will be seen when we have described the phenomena more 
particularly. 

Lunar Eclipse. 

71. Let S be the sun, E the earth, draw the common 
tangents to their surfaces ACU, 13DU, meeting in U, and the 
two APDP^'y BPCP\ meeting in P between the sun and 
earth. 
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Then the portion of the cone, of which the vertex is U, 
behind the earth is the earth’s shadow, and is called the 
umbra ; the portion of the cone, of which the vertex is P, 
behind the earth is partially free from the sun’s rays in con- 
sequence of the intervention of the earth, and is called the 
penumbra. When the moon is eclipsed it is observed to enter 
the penumbra first, and afterwards the umbra: on account 
of the relative magnitude of the earth’s diameter and the 
distance of the moon, the distance of the vertex of the umbra 
from the earth is always greater than that of the moon, and 
hence the moon will always pass through the umbra if at the 
time of geocentric opposition its path is rightly directed. 

72. But there is not necessarily an eclipse of the moon 
at each opposition, because the moon’s orbit is inclined to 
that of the ecliptic, and at the time of opposition it may not 
be sufficiently near to a nocUy (or point in which its path 
crosses the ecliptic,) to pass through the umbra. We shall 
endeavour to explain the mode of making the calculations to 
determine whether at any given opposition the moon will be 
eclipsed, and to what extent. 

73. Let EN be a small portion of the path of the centre 
of the earth’s shadow at the distance of the moon, considered 
as a straight line, MN a portion of the path of the moon’s 
centre, M being the position 
at the time of opposition, 
and N the node. Then it 
will be convenient to sup- 
pose the earth to remain 
fixed, and the moon to move 
in an imaginary orbit MN\ 
called a relative orbit, such that the distance between the 
centres of the moon and shadow shall always be the same as 
they actually are. Let m! be the moon’s centre when the 
centre of the shadow is at E ; join Em\ take m'm equal and 
parallel to EE^ and join Em\ then Em will be equal and 
parallel to Em\ and m will therefore be a point in the rela- 
tive orbit. It is not difficult to see that the relative orbit 
MN' will be a straight line, and its inclination MEE to the 
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plane of the ecliptic may be calculated from a knowledge of 
the inclination of the moon’s orbit and of the relative veloci- 
ties of the earth and moon. 

The radius of the umbra at the moon’s distance, or rather 
the angle subtended by that radius at the earth, may be easily 
calculated from the parallax of the sun and moon and their 
apparent diameters ; all which quantities are known and 
registered. 

Now draw EA perpendicular to the relative orbit, then 
since ME^ which is the moon’s latitude at the time of op- 
position, and EMA are known, EA may be calculated. EA 
is the nearest approach of the centres of the moon and the 
umbra ; if then EA be greater than the sum of the radii of 
the moon and the umbra, there will be no eclipse, if less there 
will be an eclipse of greater or smaller degree of obscuration 
according to the value of EA. If we draw two lines Eu^ 
Eu\ each equal to the sum of the radii of the moon and 
umbra, then u and it will be the positions of the moon’s 
centre at the commencement and termination of the eclipse 
respectively ; and by calculating these positions we can easily 
determine the time of the commencement and termination. 

74. Since a lunar eclipse is caused by an actual depriva- 
tion of the sun’s light, in order to determine the places at 
which a given lunar eclipse will be visible, it is only necessary 
to determine the places w hich will have the moon above their 
horizon at the time. The calculation is easily made, but for 
practical purposes it is sufficient to proceed as follows : Take a 
common terrestrial globe, determine upon it the moon’s place 
at the commencement of the eclipse, then all places on the 
hemisphere lying round this point w^ill see the commencement 
of the eclipse ; in like manner determine the hemisphere from 
all places of which the termination is visible ; then the w hole 
of the eclipse will be visible from all places which are common 

to these two hemispheres. 

•• 

Solar Eclipse. 

75. The calculation of a solar eclipse is more difficult 
than that of a lunar, because the moon by its interposition 
bet^veen the earth and sun will intercept the sun’s light from 
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some portions of the earth’s surface, but not from others, and 
the sun may be visible at a given place during an eclipse 
although the eclipse may not be visible. 

We shall attempt to give some account of the mode of 
calculating the circumstances of a solar eclipse, premising 
that as wc have already supposed the earth to remain fixed 
and the moon to move in a relative orbit, so here we shall 
suppose the sun to be fixed and the moon to be apparently 
depressed by the difference of the solar and lunar parallax, 
or (as we may call it) the relative parallax. This relative 
parallax, as well as the apparent diameters of the sun and 
moon, are known from the Nautical Almanack, or some 
equivalent work. 

7 G. Let P be the pole of the equator, and for distinct- 
ness’ sake, let the plane of the paper be the plane of the 
solstitial colure : S the sun’s centre supposed fixed, MM* the 
moon’s relative orbit ; round S draw a small circle, having for 
its radius the sum of the apparent semidiameters of the sun 
and moon ; then to any place, which is so situated that the 
moon’s centre can* be sufficiently depressed by parallax to 
make it fall within this small circle, the eclipse will be visible. 



Let us find the place at which the eclipse will be first 
seen. Draw SaM an arc of a great circle, and make Ma 
equal to the relative parallax, and produce SM to Z, so that 
Za = 90®, then Z will be the zenith of the place required, for 
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to such a place M will be depressed towards S by the whole 
relative horizontal parallax. 

Again, suppose wc wish to determine those places on the 
earth’s surface to which the first contact fgr different positions 
of the moon first becomes visible. Let m be any position of 
the moon in the relative orbit, then from m we can draw, 
in general, two arcs of great circles each equal to the relative 
horizontal parallax to meet the small circle round S, and if 
we produce these to Z'and Z", making mZ'=mZ"= 90 ° -the 
relative parallax, the moon will appear depressed as much 
as possible to these tAVO places, and therefore for the position 
m of the moon Z'Z" are the zeniths of the two places 
to which an apparent contact will be first visible. And 
so we may trace a curve on the earth’s surface including all 
places determined by this construction. 

In like manner any other problem may be solved; the 
most general perhaps is this. To find all places on the earth’s 
surface at which a given portion of the sun’s surface will 
appear obscured at a given time. 

By methods founded upon the principles Avhich we have 
endeavoured briefly to describe, maps are constructed, such 
as those in the Nautical Almanack, exhibiting curves on the 
earth’s surface comprehending all places for which an eclipse 
will be visible in a given degree. 

ON THE SATELLITES OF THE PLANETS. 

77. The satellites have been already described as se- 
condary bodies, which attend the planets in their orbits, and 
revolve about them in the same manner as the planets them- 
selves revolve about the sun. The earth is, as Ave Avell knoAv, 
attended by one such satellite, viz. the moon, a body which 
on account of its peculiar interest to ourselves has already 
received a separate notice. In these systems Kepler’s laws 
are obeyed, except so far as the motion is disturbed by ex- 
traneous causes. 

78. The satellites of Jupiter are those which have been 
most observed ; they revolve from west to east, that is, in the 
same direction as the moon and planets, and in planes nearly 
coinciding with the equator of the planet. Their eclipses 
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are frequent; in fact, on account of the smallness of the 
inclinations of their orbits and the great length of Jupiter’s 
shadow, three out of the four arc eclipsed at every revolution, 
usually the fourth ^Iso, though on account of the greater 
inclination of its orbit not invariably. 

79. The most remarkable result of observations of Ju- 
piter’s satellites is the discovery of the fact of the propagation 
of light with a finite velocity, and the actual calculation of 
that velocity. This we proceed to explain. 

It was observed by Hoemer, that the eclipses of Jupiter’s 
satellites always happened too soon, that is, sooner than he 
expected from an average of observations, when Jupiter was 
in geocentric ojyposiiion, and therefore the earth as near to 
Jupiter as possible, and too late when in geocentric conjunc-- 
tiouy and therefore the earth as far from J iipiter as possible. 
This was accounted for by the hypothesis that light required 
a finite time for its propagation, and that therefore the same 
phenomeno.n would not appear to happen at the same moment 
to two observers at stations 190 , 000,000 miles apart, as is in 
fact the case with two observers at opposite sides of the 
earth’s orbit. It is easy to see that, supposing the error in 
the time of the eclipses to be due to this cause, we heave 
sufficient data for calculating the actual velocity of light, 
and the velocity thus found coincides with that which results 
from the phenomenon of aberration, which has been already 
explained (Art. 49) : the coincidence of the two independent 
determinations leaves no doubt respecting the accuracy of 
each. 

ON TIME. 

80. There are three kinds of days recognised by astro- . 
nomers, viz. Sidereal, Solar, and Mean Solar, Each of them 
is divided into 24 hours, each hour into 60 minutes, and each 
minute into 6o seconds. 

The sidereal day is the interval between two successive 
transits of the true first point of Aries ; or it is the time of 
the eartli’s revolution on its axis. Sidereal hours arc those 
marked by the sidereal clock already described. (Art. 28.) 

The solar day is the interval between two successive 
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transits of the sun, and is therefore not of constant length ; 
hence, although the beginning of this day is marked by a very 
obvious phenomenon, viz., the transit of the sun, yet it would 
be extremely inconvenient as the ordinary standard of time. 

The mean solar day is equal in length to the average of 
true solar days ; its commencement is marked by no actual 
phenomenon, but by the transit of an imaginary sun which is 
supposed to move uniformly in the equator with the sun’s 
mean or average velocity. 

Ordinary clocks indicate mean solar time, and are there- 
fore sometimes in advance of the sun, sometimes behind it. 
TIic quantity which must be added to, or subtracted from,, 
true solar, to give mean solar time, is called the equation of 
time, and requires a particular explanation. 

81. The Equation of Time, 

The equation of time may be conceived of as arising from 
two distinct causes, viz., first, the motion of the sun in the 
ecliptic, and not in the equator, in consequence of which the 
time of noon would vary even if the motion of the sun in its 
orbit were uniform ; and, secondly, the variable motion of the 
sun in its orbit, in consequence of which there would be an 
equation of time even though the ecliptic had no obliquity. 
It will give distinctness to our explanation to consider tlicse 
two parts of the equation separately. 



I. ^^et jB T jE' be the equator, nr C the ecliptic, P, 11 
their respective poles : and let S be the sun in the ecliptic 
between nr and the summer solstice. Draw the declination 
circle PSS^ then' Si is the place of the sun in the equator. 
Now the mean sun is to be supposed to start with the true 
sun from , and to move in the equator with the sun’s velo- 
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city ; hence it is manifest that the two suns will be on the 
solstitial colure at the same time, and will meet at the au- 
tumnal equinox. But between nr and the solstice, the R.A. 
of the mean will be greater than that of the true sun, for the 
R.A. of the mean sun is to be equal to *9 nr , which it is easy 
to see is greater than ♦S'l nr ; because, if we take the case of 
the sun being very near nr , we may treat S nr Si as a plane 
right-angled triangle, in which the hypothenuse is the 
greater side, and the same Avill be true until the sun reaches 
the solstice, Avhen the R.A. of the two is the same. Take 
then as the place of the mean sun, being further from 
*nr than Si. Now the earth revolves about its axis in the 
same direction as that in which the sun moves, consequently 
the meridian of any place is brought to Si before it reaches 
S 2 , that is, apparent noon precedes mean noon when the sun 
is moving from an equinox to a solstice. In like manner it 
will appear, that the reverse is the case from a solstice to an, 
equinox. Hence the equation of time, so far as it depends 
upon the obliquity of the ecliptic, is subtractive from an 
equinox to a solstice, additive from a solstice to an equinox, 
and vanishes at both solstice and equinox. 

II. In consequence of the eccentricity of the sun’s 
orbit, and the law of Kepler, according to which the areas 
swept out in equal times are equal, the sun moves with more 
than its mean velocity when near perigee, and less when 
near apogee. Suppose a fictitious sun to move in the ecliptic 
with the sun’s mean motion, and to coincide with the real 
sun in perigee ; then from perigee to apogee the real sun 
will be before the mean sun, and therefore mean noon will 
precede apparent; the opposite will be the case when the 
sun is moving from apogee to perigee : hence from perigee 
to apogee the equation of time is additive^ from apogee to 
perigee suhtractivCf and zero at both apogee and perigee. 

To conceive of these two effects as combined, it is only 
necessary to consider the sun which moves in the ecliptic, 
and which we spoke of as the real sun when discussing the 
equation of time arising from the obliquity, to be not the 
real sun, but a second fictitious sun moving in the ecliptic 
with the sun’s mean motion, and coinciding with the real in 
perigee and apogee. 
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^ 82. To find the Mean Time hy observation, ^ 

If we have a fixed observatory, nothing is more simple, 
because we have only to observe the time of the sun’s transit, 
which will give the time of apparent noon, from which we 
(Reduce the time of mean noon by adding or subtracting the 
equation of time : or we may observe the transit of a known 
star, which will give us the sidereal time, from which the 
solar may be deduced ; for the sidereal time determines the 
position of t , and since we have tables giving the mean R. A. 
of the sun, we may hence deduce the position of the mean 
sun with respect to our meridian at the time of observation. 

But when we have no fixed observatory, we must resort 
to other methods : we shall describe only one. Let an obser- 
vation of the altitude of the sun be made before noon, and 
another made when the altitude is the same after noon ; then 
the sun was on the meridian at a period equidistant from the 
two observations ; or, if a cloek indicates h and K hours at 
the two observations respectively, the time of apparent noon 

by the clock is - : apparent noon being known, the mean 

time may be deduced. 

The preceding result is only approximately true, on ac- 
count of the sun’s motion between the two observations ; but, 
if necessary, a correction may be introduced. 

83. On the different kinds of years, 

iThree kinds of years may be reckoned, which we may 
call astronomical, the tropical, the sidereal, and the anoma^ 
listic ; besides which there is the year in the vulgar accepta- 
tion of the word, which we may call the civil year. 

The tropical year is the interval between the two succes- 
sive arrivals of the sun at the first point of Aries, and its 
length is about S65^ 5^ 48™, 

The sidereal year is the interval between the sun’s leaving 
and the same point of the heavens. Its length 

differs from that o^ the tropical year on account of the motion 
of , which has Ween before explained, and is found to be 
a()5** e*’ 9"'. 

The anomalistic year is the interval between two succes- 
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^sive passages of the sun through perigee, and differs from th# 
preceding on account of a slow motion of the perigee, pro- 
duced by the disturbance of the planets ; its length is 365^ 
6^ 13”». 

No one of these years would be convenient for ordinary 
purposes, bec*ausc a year, to be convenient, should consist of 
an integral number of days. The civil year is therefore 
made to consist of 365 days, but to prevent the seasons from 
falling at different periods of the year, every fourth year, or 
leap year, is made to consist of 366 days. By this means 
the average length of a civil year is made to be 365"^ 6\ 
which is rather more than a tropieal year ; to correct this 
error, which in the course of centuries would become con- 
siderable, the intercalation is ordered to be omitted in the 
years completing centuries, when the number of centuries 
is not divisible by four ; thus only 97 days are intercalated 
in 400 years instead of 100 : the error which remains will not 
amount to a whole day in 4500 years. 

ON THE MODES OF DETERMINING TERRESTRIAL 
LONGITUDE. 

84. The problem of finding the longitude is one of the 
greatest practical importance, and one \vhicii for a long time 
presented great difficulties. It is evident tliat if by any 
means we can ascertain at a given moment what is our own 
mean time of day, and also what is the mean time at some 
given place, as Greenwich, we shall know how many deuces 
we are situated to the east or west of Greenwich ; now the 
time of day at any place may be ascertained by observation, 
as already explained (Art. 82), hence the problem of the lon- 
gitude reduces itself to that of ascertaining at any given time 
and place mean Greenwich time. 

It is obvious therefore that the problem is solved, if we 
can obtain watches set to Greenwich time and of sufficient 
accuracy to be depended upon ; and the 'jo' which 

chronometers have been brought, has in fact made the dis- 
covery of the longitude at sea a matter of ^perfect simplicity. 
Nevertheless there are certain astronomi'^al methods which 
deserve notice ; the following are some of them. 
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85. By observation of an eclipse of Jupiter's satellites. 

The time of an eclipse of one of Jupiter’s satellites is 
evidently quite independent of the place from which it is 
observed ; and the motions of the satellites being known, it 
i.^possible to predict every eclipse and to register the time 
of its happening according to Greenwich mean time ; if then 
an observer at another place observes an eclipse and notes 
the time of its happening, he will be able to compare, by 
means of the Nautical Almanack, his own mean time with 
that of Greenwich, and so determine his longitude. 

8G. To find the longitude by observing the distance of the 
moon's centre from certain fixed stars. 

This is a mode which can be practised at sea. 

Let the observer with a Hadley’s sextant observe the dis- 
tance of a star from the moon’s centre, by noting its distance 
from the nearest and furthest point of the moon’s disk and 
taking half the sum of these distances. The distance thus 
found must be corrected for ptarallax and refraction. 

Also, let the observer, immediately after making the pre- 
ceding observation, (or another observer simultaneously,) take 
the altitude of the star. From this observation, coiqded with 
the N.P.D. of the star and the latitude, which are supposed 
known, the apparent time of tlie place of observation may be 
found. 

Ifcw the Nautical Almanack gives the distance of the 
moc^from certain stars, of which that observed must be one, 
for every three hours, and from this we can easily determine 
tlie Greenwich time for which the distance of the moon and 
star is exactly that which we have determined, that is, we can 
determine the Greenwich time of taking the observation; and 
the comparison of this with the apparent time at the place 
of observation determines the longitude. 

87 ^tttUiJlpi^ 5 i^dc of a fixed Observatory may be deter- 
mined thus. SuppSse the moon is observed at the Obser- 
vatory in question » culminate with a certain fixed star, then 
the same star and il^e moon will not culminate together to a 
place on a different meridian, because the moon will have 
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moved in B. A.: suppose that the difference of time (a) be- 
tween the transit of the moon and the star is observed at 
the second place, which will be in fact the moon’s motion. in 
II.A. Also let A be the motion of the moon in K.A. in the 
time of a complete revolution of the earth, and oo the dif- 
ference of longitude of the two places, then we shall have 
aP : 360 ^ :: a : A ; 

or 0 ?** « ~ 36*0'', the difference of longitude required. 

A 

OX COMETS. 

88. We shall conclude this treatise with a few words on 
comets. These are in fact planets revolving in conic sections 
about the sun in their focus, but in orbits of very great 
eccentricity ; the orbits of the greater number are ellipses so 
much elongated as to be sensibly parabolas, and some seem 
to move in hj^perbolas. The number of these bodies be- 
longing to, or rather infesting, our system, appears to be 
very great indeed ; but few have been sufficiently observed 
to identify them, when after travelling far into space they 
again approach the sun, and become visible to us. Of the 
few so observed we may notice that which bears the name 
iyf Halley’s Comet, the period of wliich is about 75 years ; 
also Encke**s Comet, the period of which is 3 I years ; and 
Bicla’s, 6^ years. 

The last two possess remarkable interest ; the farmer 
from the fact of its period being found to diminish, its 
distance from the sun to diminish, a fact which would seem 
to indicate the existence of some resisting medium in which 
the planets move, but which has at present not sensibly 
affected the motions of the larger planets. The latter is 
remarkable as having been lately discovered to be a double 
comet, or combination of two comets, probably revolving 
round the centre of gravity of the two. 


THE END, 
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